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Preface

Despite a somewhat esoteric title, this book deals with a classic subject,
namely that of linear differential equations in the complex domain. The pro-
totypes of such equations are the linear homogeneous equations (with respect
to the complex variable t and the unknown function u(t))

du

dt
=
α

t
u(t) (α ∈ C),

du

dt
=

1
t2
u(t).

The solutions of the first equation are the “multivalued” functions t �→ ctα

(α ∈ C, c ∈ C) and those of the second equation are the functions t �→
c exp(−1/t). On the other hand, the “multivalued” function log is a solution
of the inhomogeneous linear equation

du

dt
=

1
t
,

or, if one wants to continue with homogeneous equations as we do in this
book, of the equation of order 2:

t
d2u

dt2
+
du

dt
= 0.

Thus, the solutions of a differential equation with respect to the variable t,
having polynomial or rational fractions as coefficients, are, in general, tran-
scendental functions. Needless to say, other families of equations, such as the
hypergeometric equations or the Bessel equations, are also celebrated.

Once these facts are understood, the question of knowing if it is neces-
sary to explicitly solve the equations to obtain interesting properties of their
solutions can be stated. In other words, one wants to know which properties
of the solutions only depend in an algebraic way on (hence are in principle
computable from) the coefficients of the equation, and which are those which
need transcendental manipulations.

Following this reasoning to its end leads one to develop the theory of
differential equations in the complex domain with the tools of algebraic or
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complex analytic geometry (i.e., the theory of complex algebraic equations).
One is thus led to treat systems of linear differential equations, which depend
on many variables. The algebraic geometry also invites us to consider the
global properties of such systems, that is, to consider systems defined on
algebraic or complex analytic manifolds.

The differential equations that we will consider in this book will be named
integrable connections on a vector bundle. Our Drosophila melanogaster (fruit
fly) will be the complex projective line, more commonly called the “Riemann
sphere” and denoted by P

1(C) or P
1, and will be the subject of some experi-

ments concerning connections: analysis of singularities and deformations.

The theory of isomonodromic deformations serves as a machine to produce
systems of nonlinear (partial) differential equations in the complex domain,
starting from an equation or from a system of linear differential equations
of one complex variable. It provides at the same time a procedure (far from
being explicit in general) to solve them, as well as remarkable properties of
the solutions of these systems (among others, the property usually called the
“Painlevé property”). If, at the beginning, the main object of interest was
the deformation of linear differential equations of a complex variable with
polynomial coefficients, it has now been realized that the deformation theory
of linear systems of many differential equations can shed light on this question,
thanks to the use of tools coming from algebraic or differential geometry, such
as vector bundles, connections, and the like.

For a long time (and such remains the case), this method serve specialists
in dynamical systems and physicists who analyze the nonlinear equations pro-
duced by integrable dynamical systems; to exhibit these equations as isomon-
odromy equations is, in a way, a linearization of the initial problem. From this
point of view, the Painlevé equations have played a prototypic role, beginning
with the article by R.Fuchs [Fuc07] (followed by those of R.Garnier) who
showed how the sixth one can be written as an isomonodromy equation, thus
avoiding the strict framework of the search for new transcendental functions.

A nice application of this theory is the introduction of the notion of a
Frobenius structure on a manifold. If this notion had clearly emerged from
the articles of Kyoji Saito on the unfoldings of singularities of holomorphic
functions, it has been extensively developed by Boris Dubrovin, who used mo-
tivations coming from physics, opening new perspectives on, and establishing
a new link between, mathematical domains which are apparently not related
(singularities, quantum cohomology, mirror symmetry).

My aim to keep this text a moderate length and level of complexity, as well
as my lack of knowledge on more recent advances, led me to limit the number
of themes, and to refer to the foundational article of B.Dubrovin [Dub96], or
to the book of Y.Manin [Man99a], for further investigation of other topics.

Chapter 0, although slightly long, can be skipped by any reader having
a basic knowledge of complex algebraic geometry; it can serve as a reference
for notation. It presents the concepts referred to in the book concerning sheaf
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theory, vector bundles, holomorphic and meromorphic connections, and locally
constant sheaves. The results are classic and exist, although scattered, in the
literature.

The same considerations apply to Chapter I, although it can be more
difficult to find a reference for the rigidity theorem of trivial vector bundles in
elementary books on algebraic geometry. We restrict ourselves to bundles on
the Riemann sphere, minimizing the knowledge needed of algebraic geometry.
In this chapter, we do not give the proof of the finiteness theorem for the
cohomology of a vector bundle on a compact Riemann surface, for which
good references exist; we only need it for the Riemann sphere.

With Chapters II and III begins the study of linear systems of differential
equations of a complex variable and their deformations. The type of singular
points is analyzed there. Here also we do not give the proof of two theorems
of analysis, inasmuch as the techniques needed, although very accessible, go
too much beyond the scope of this book.

One of the fundamental objects attached to a differential equation or,
more generally, to an integrable connection on a vector bundle, is the group of
monodromy transformations in its natural representation, reflecting the “mul-
tivaluedness” of the solutions of this equation or connection. The Riemann-
Hilbert correspondence—at least when the singularities of the equation are
regular—expresses that this group contains the complete information on the
differential equation. Thus, one of the classic problems of the theory consists
of, given a differential equation, computing its monodromy group. Let us also
mention another object, the differential Galois group—which we will not use
in this book—that has the advantage of being defined algebraically from the
equation.

We will not deal with this problem in this book, and one will not find
explicit computations of such groups. As indicated above, we rather try to
express the properties of the solutions of the equation in terms of algebraic
objects, here the (meromorphic) vector bundle with connection. In this mero-
morphic bundle exist lattices (i.e., holomorphic bundles), which correspond
to the various equivalent ways to write the differential system.

To find the simplest way to present a differential system up to meromorphic
equivalence is the subject of the Riemann-Hilbert problem (in the case of
regular singularities) or of Birkhoff’s problem. In all cases, it is a matter of
writing the system as a connection on the trivial bundle. Chapter IV expounds
on some techniques used in the resolution of the Riemann-Hilbert or Birkhoff’s
problem. One will find in the works of A.Bolibrukh [AB94] and [Bol95] many
more results.

Chapter V introduces the Fourier transform (which should possibly
more accurately be called the Laplace transform) for systems of differential
equations of one variable. It helps one in understanding the link between
Schlesinger equations and the deformation equations for Birkhoff’s prob-
lem, analyzed in Chapter VI. In the latter, the notion of isomonodromic
deformation is explained in detail.
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Chapter VII gives an axiomatic presentation of the notion of a Saito struc-
ture (as introduced by K.Saito) as well as that of a Frobenius structure (as
introduced by B.Dubrovin, with its terminology). We show the equivalence
between these notions, using the term “Frobenius-Saito structure”. Many ex-
amples are given in order to exhibit various aspects of these structures. This
chapter can serve as an introduction to the theory of K. Saito on the Frobenius-
Saito structure associated with unfoldings of holomorphic functions with iso-
lated singularities. The proofs of many results of this theory require techniques
of algebraic geometry in dimension � 1, techniques which go beyond the scope
of this book and would need another book (Hodge theory for the Gauss-Manin
system).

This text, a much expanded version of my article [Sab98] on the same
topic, stemmed from a series of graduate lectures that I gave at the univer-
sities of Paris VI, Bordeaux I and Strasbourg, and during a summer school
on Frobenius manifolds at the CIRM (Luminy). Michèle Audin, Alexandru
Dimca, Claudine Mitschi and Pierre Schapira gave me the opportunity to
lecture on various parts of this text.

Many ideas, as well as their presentation, come directly from the articles
of Bernard Malgrange, as well as from numerous conversations that we had.
Many aspects of Frobenius manifolds would have remained obscure to me
without the multiple discussions with Michèle Audin. I also had the pleasure
of long discussions with Andrey Bolibrukh, who explained to me his work, par-
ticularly concerning the Riemann-Hilbert problem. Joseph Le Potier answered
my electronic questions on bundles with good grace.

Various people helped me to improve the text, or pointed out a few mis-
takes: Gilles Bailly-Maitre, Alexandru Dimca, Antoine Douai, Claus Hertling,
Adelino Paiva, Mathias Schulze and the anonymous referees.

I thank all of them.

The original (French) version of this book has been written within INTAS
program no. 97-1644.

The English translation differs from the original French version only in the
correction of various mistakes or inaccuracies, a list of which can be found on
the author’s web page math.polytechnique.fr/~sabbah.

math.polytechnique.fr/~sabbah


Terminology and notation

Some words used in this book may have various meanings, depending on the
context in which they appear. For instance:

• the flatness property (in differential geometry), the absence of curvature
(for a metric, a connection...) is synonymous with integrability; on the
other hand, in commutative algebra, it expresses good behaviour with
respect to the tensor product;

• torsion is a geometric notion (for a connection on the tangent bundle),
but is also an algebraic notion (for a module on a ring); one can consider
the torsion of a flat connection, but a flat module on a integral ring has
no torsion.

Analogously, the name “Frobenius” can refer to various distinct properties:
Pfaff systems which share the integrability property in the sense of Frobenius
are called foliations, although the notion of Frobenius manifold (or of Frobe-
nius structure on a manifold) refers to the structure of Frobenius algebra on
the tangent bundle of this manifold; nevertheless, the notion of integrability
comes in the construction of such structures.

Make note of the distinction between the mathematicians L.Fuchs (Fuchs
condition, Fuchsian equation, etc.) and R.Fuchs (isomonodromy and Painlevé
equations), as well as K. Saito and M.Saito.

Regarding notation, I have tried to use and maintain throughout the text
a simple rule.

The letters M,N,X only serve (in principle) for manifolds, the letter X
often denoting the parameter space of a deformation, while the letter M rather
denotes the space on which the deformed object lives.

The letters E ,F ,G serve for sheaves on a manifold, the letters E,F,G
for the corresponding bundles, when meaningful, and the letters E,F,G for
their germ at some point. The “meromorphic bundles” are denoted in general
by the letter M (and sometimes N ), their germ at some point by M or N.
Lastly, in the algebraic framework, the module of global sections of a sheaf
E ,F ,G ,M is denoted by E,F,G,M.
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In a family parametrized by a space, the restriction of an object A for the
value xo of the parameter is denoted by Ao.

Finally, a white square on a white background � means the end of a proof,
or its absence.
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The language of fibre bundles

This chapter assembles the main concepts referred to in this book. It also
establishes the notation used throughout the text.

We assume some familiarity with the language of sheaf theory.
The notion of vector bundle and of connection enables one to take up global

problems of the theory of linear differential systems and of their singularities.
We consider here only the holomorphic or meromorphic setting. We have tried
to provide intrinsic statements, independent of the choices of coordinates or
of basis. Therefore, the reader will not be surprised not to find the notion of
fundamental matrix of solutions, of the Wronskian, etc. On the other hand,
we do insist on the difference between the notion of a meromorphic differential
system (where meromorphic base changes are allowed) and that of a lattice
of such a system (where only holomorphic base changes are allowed).

1 Holomorphic functions on an open set of C
n

The reader can refer to [GR65, Chap. I], [GH78, Chap. 0], [Kod86, Chap. 1]
(and also to [Hör73, Chap. 1] or [LT97, Chap. 1]) for the elementary properties
of holomorphic functions.

Let n be an integer � 1 and U be an open set of C
n. The coordinates are

denoted by z1, . . . , zn, where zj = xj + iyj is the decomposition into real and
imaginary parts.

Let f : U → C be a function of class C1. We put

∂f

∂zj
=

1
2

(
∂f

∂xj
− i ∂f

∂yj

)
,

∂f

∂zj
=

1
2

(
∂f

∂xj
+ i

∂f

∂yj

)
.

A function f of class C1 on U is said to be holomorphic if, for any z ∈ U , the
Cauchy-Riemann equations

∂f

∂zj
(z) = 0, j = 1, . . . , n,
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are satisfied. We denote by O(U) the ring of holomorphic functions on U and
by OU the sheaf of holomorphic functions on U .

1.1 Theorem (The holomorphic functions are the analytic func-
tions). A function f : U → C is holomorphic if and only if it is analytic,
that is, can be expanded as a converging series of (z1− zo

1 , . . . , zn− zo
n) in the

neighbourhood of any point zo ∈ U .

Proof. Analogous to the proof for functions of one variable. Let

Δ(zo, r) =
n∏

j=1

D(zo
j , rj)

be an open polydisc of polyradius r = (r1, . . . , rn) ∈ (R∗
+)n, centered at zo ∈ U

and contained in U . The result follows from the “Cauchy polyformula”, that
one shows by induction on n: for any z ∈ Δ(zo, r) we have

f(z) =
1

(2iπ)n

∫
C(zo

1 ,r1)

· · ·
∫

C(zo
n,rn)

f(w)
(z1 − zo

1) · · · (zn − zo
n)

dz1 ∧ · · · ∧dzn. �

Let us fix zo ∈ U . The germ of the sheaf OU at zo, denoted by OU,zo , can
thus be identified with the ring of converging series with n variables, denoted
by C{z1 − zo

1 , . . . , zn − zo
n}.

1.2 Some properties.

• Any holomorphic mapping from an open set of C
n with values in C

p is a
C∞ mapping.

• Any bijective holomorphic mapping between two open sets of C
n is biholo-

morphic.
• Any nonconstant holomorphic function on a connected open set of C

n is
an open mapping.

• We have at our disposal the implicit function theorem and the inverse
function theorem for holomorphic mappings.

• Let U be an open set of C
n, let ϕ : U → C be a holomorphic function

�≡ 0 and let Z ⊂ U be the set defined by the equation ϕ(z1, . . . , zn) = 0
in U . If f is any holomorphic function on U � Z which is bounded in the
neighbourhood of any point of Z, then f can be extended as a holomorphic
function on U .

2 Complex analytic manifolds

The reader can refer to [GH78, Chap. 0] or [Kod86, Chap. 2] for more details or
examples. Let M be a topological space. An open covering U of M is a family
(Ui)i∈I of open sets of M indexed by a finite set I, such that

⋃
i Ui = M .
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A topological space M is said to be paracompact if it is Hausdorff and if,
for any open covering U of M , there exists an open covering V of M which
is locally finite and finer than U, that is, any compact set cuts only a finite
number of open sets of V and any open set Vj of V is contained in at least
one open set Ui of U.

A complex analytic manifold M of dimension n is a paracompact topolog-
ical space which admits an open covering (Ui)i∈I and charts ϕi : Ui → C

n,
where each ϕi induces a homeomorphism from Ui to some open set Ωi of C

n,
such that, for any i, j ∈ I, the change of chart

ϕi (Ui ∩ Uj)
ϕj ◦ ϕ−1

i−−−−−−−−−→ ϕj (Ui ∩ Uj)

is a biholomorphism.
A holomorphic function on a complex analytic manifold is a function of

class C1 such that each f ◦ ϕ−1
i is a holomorphic function on the open set

ϕi(Ui) of C
n.

Any chart Ui admits then coordinates systems (z1, . . . , zn) coming from
those of Ωi.

A mapping between two complex analytic manifolds is said to be holomor-
phic if, for one (or any) choice of holomorphic local coordinates of the source
and the target, the components of the mapping are holomorphic functions of
coordinates.

A complex analytic submanifold N of M is a locally closed subset of M
for which, in the neighbourhood of any point of N in M , there exist local
coordinates z1, . . . , zn such that N is defined by the equations z1 = · · · =
zp = 0; one then says that p is the (complex) codimension of N in M . A smooth
hypersurface is a closed submanifold of codimension 1.

A closed analytic subset M is a closed subset, which is locally defined as
the set of zeroes of a family of analytic functions. We will have to use the
following result (the reader can consult [GR65, Chap. II and III] for more
details on analytic subsets):

2.1 Lemma (connectedness, see [GR65, Th. 2, p. 86]). Let M be a con-
nected complex analytic manifold. Then the complement in M of a closed
analytic subset distinct from M is connected. �

2.2 Examples.

(1) Any open set of C
n is a complex analytic manifold.

(2) Any covering space (cf. for instance [God71]) of a complex analytic man-
ifold is equipped with a unique structure of complex analytic manifold
for which the covering map is holomorphic. For this structure, any local
section of the covering is a holomorphic mapping.

(3) The complex projective space P
n is the space of lines of C

n+1: it is the
quotient space of C

n+1
�{0} by the equivalence relation v ∼ λv (λ ∈ C

∗).
We denote by [v] ∈ P

n the line generated by the vector v ∈ C
n+1

� {0}.
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If (Z0, . . . , Zn) are the coordinates on C
n+1, one covers P

n with the n+ 1
open sets Uj = {[v] | vj �= 0} (j = 0, . . . , n). We set

ϕj : Uj
∼−−−→ C

n

[Z] �−→
(
Z0

Zj
, . . . ,

Zn

Zj

)
.

We then get a structure of complex analytic manifold on P
n: for j �= k,

let us denote by (z0, . . . , ẑj , . . . , zn) the coordinates on ϕj(Uj) (the j-th
coordinate does not appear) and similarly (w0, . . . , ŵk, . . . , wn) the coor-
dinates on ϕk(Uk); then ϕj(Uj ∩ Uk) is the open set zk �= 0 in C

n and
ϕk(Uj∩Uk) is the open set wj �= 0; the change of chart is the isomorphism

(z0, . . . , ẑj , . . . , zk, . . . , zn) �−→
(
z0
zk
, . . . ,

1
zk
, . . . , 1̂, . . . ,

zn

zk

)
.

(4) A complex analytic manifold of dimension one is called a Riemann surface.
Let us mention for instance:
• the projective line P

1, covered by two charts U0 and U∞; the change
of chart

C
∗ ϕ−1

0−−−−→ U0 ∩ U∞
ϕ∞−−−−→ C

∗

is defined by z �→ 1/z;
• the quotient space of C by a lattice L = Z⊕Zτ , with τ ∈ C � R, nat-

urally equipped with a structure of Riemann surface (elliptic curve).

2.3 Exercise (The Grassmannian, cf. [GH78, p. 193–194]). Show that
the set of vector subspaces of dimension r + 1 of C

n+1 admits a structure of
complex analytic manifold (called the Grassmannian of r+1-planes in C

n+1).
Remark that it is also the set of projective subspaces of dimension r of P

n.

2.4 Remarks.

(1) The notion of C∞ manifold is defined in the same way as above, by chang-
ing “holomorphic” with “C∞”. As any holomorphic mapping is C∞, an
analytic manifold can be equipped with a natural structure of C∞ mani-
fold and the notion of C∞ function has a meaning on a complex analytic
manifold. We denote by C∞

M the sheaf of germs of C∞ functions on M .
(2) It will be convenient to generalize the notion of a chart of an analytic

manifold. An étale chart ϕ : U → C
n is a holomorphic mapping from an

open set M to an open set in C
n, which has maximal rank everywhere.

The components (ϕ1, . . . , ϕn) of ϕ form a coordinate system in the neigh-
bourhood of any point of U . When there can be no confusion, we will also
say that (ϕ1, . . . , ϕn) is a coordinate system on U .

2.5 The structure sheaf. Let U be an open set of a complex analytic
manifold and let OM (U) denote the ring of holomorphic functions on U . For
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V ⊂ U there is a restriction morphism OM (U) → OM (V ), which makes OM

a presheaf. This presheaf is in fact a sheaf of commutative algebras with unit :
this is the structure sheaf of M .

Let ϕ : M → N be a holomorphic mapping. By composition, any holo-
morphic function g on an open set V of N induces a holomorphic function
g ◦ ϕ on the open set ϕ−1(V ). Whence a morphism of sheaves of algebras

ϕ−1ON −→ OM

which makes OM a sheaf of modules on ϕ−1ON .

2.6 The constant sheaf. Let G be a group and let G̃ be the presheaf on M
defined by G̃(U) = G for any open set U of M , all the restriction mappings
ρV U being equal to the identity IdG : G→ G. This presheaf is not a sheaf: if U
has two connected components U1 and U2, we have G̃(U) �= G̃(U1)× G̃(U2).

The associated sheaf is the constant sheaf with fibre G, that we denote
by GM .

2.7 Exercise (The sections of the constant sheaf). Check that, if U is
connected, we have Γ (U,GM ) = G and that, in general, Γ (U,GM ) = GI if I
is the set of connected components of U . Show that the restriction mappings
are the identity on each factor of the product.

3 Holomorphic vector bundle

Let π : E → M be a holomorphic mapping between two complex analytic
manifolds. We will say that π is a vector fibration of rank d, or also that π
makes E a vector bundle of rank d on M if there exist an open covering U

of M (called trivializing covering for E) and, for any open set U of U, a linear
chart ϕU which is biholomorphic, which makes the diagram

π−1(U)

π

∼
ϕU

U × C
d

p1

U

commute (p1 denotes the first projection) and which satisfies the linearity
property: for any pair (U, V ) of open sets of the covering, the change of charts

ϕU ◦ ϕ−1
V : (U ∩ V )× C

d −→ (U ∩ V )× C
d

is linear in the fibres of the first projection, that is, is defined by a holomorphic
mapping ψU,V : U ∩ V → GLd(C), or also by a holomorphic section of the
sheaf GLd(OM ) of germs of invertible matrices with holomorphic entries.
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3.1 Exercise (The cocycle condition). Show that the mappings ψU,V con-
structed in this way satisfy the following property (called the cocycle condi-
tion): for any triple U, V,W of open sets in U and any m ∈ U ∩ V ∩W ,

(3.1)(∗) ψU,V (m) · ψV,W (m) · ψW,U (m) = IdCd .

A morphism ϕ between two vector bundles E,E′ on M is a holomorphic
mapping from E to E′ making the diagram

E

π

ϕ
E′

π′

M

commute and inducing for any m ∈ M a linear mapping ϕm : π−1(m) →
π′−1(m). For instance, on a trivializing open set U for E, the linear chart ϕU

considered above is an isomorphism from the restriction E|U to the trivial
bundle of rank d. We denote by L(E,E′) the space of morphisms from E
to E′. It is a module over the ring Γ (M,OM ) of holomorphic functions on M .

3.2 Remark. The kernel and the cokernel of a morphism between vector
bundles ϕ : E → E′ are themselves vector bundles if and only if ϕ has constant
rank. Therefore, the category of vector bundles on a manifold of dimension
� 1 is not abelian1. Interpreting a vector bundle as a locally free sheaf of OM -
modules, as we will do in paragraph 4, enables one to consider this category
as a subcategory of the category of sheaves of OM -modules which is abelian:
the kernel and the cokernel of ϕ do exist as sheaves of OM -modules, but these
sheaves are possibly not be locally free.

3.3 Operations on vector bundles.

• Let f : M → N be a holomorphic mapping between two complex analytic
manifolds and let π : E → N be a holomorphic vector bundle of rank d.
The fibre product

E×
N
M = {(e,m) ∈ E ×M | π(e) = f(m)} ⊂ E ×M

equipped with the restriction of the projection to M is a vector bundle of
rank d on M , denoted by f∗E, and called the pullback of E by f (consider
the pullback of a covering of N trivializing for E and the corresponding
linear charts).
When f is the inclusion of a point n in N , the pullback f∗E is a C-vector
space, called the fibre of E at n ∈ N .
When f is the inclusion of an open set U of N , the pullback of E to U is
denoted by E|U , as above.

1 See §17 for elementary notions on categories.
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• Let E (resp. E′) be a vector bundle on an open set U (resp. U ′) of M .
Giving an isomorphism of vector bundles ϕ : E|U∩U ′ → E′

|U∩U ′ enables us
to define a vector bundle F on U ∪ U ′ such that F|U � E and F|U ′ � E′:
the set F is that of equivalence classes with respect to the relation ∼ on
the disjoint union E

∐
E′ such that e ∼ e′ if e′ = ϕ(e) (the reader will

check as an exercise that the projection to M makes F a holomorphic
vector bundle).

• The usual operations on vector spaces can be extended to vector bundles:
direct sum, tensor product, homomorphisms. Given two vector bundles
E,E′ of rank d, d′ on M , define (exercise) the vector bundles E ⊕ E′

(of rank d + d′), E ⊗ E′ (of rank dd′), L(E,E′) (of rank dd′), satisfying,
for any m ∈M ,

(E ⊕ E′)m = Em ⊕ E′
m

(E ⊗ E′)m = Em ⊗ E′
m

L(E,E′)m = L(Em, E
′
m) (linear mappings).

4 Locally free sheaves of OM-modules

Let E be a vector bundle on M and let U be an open set of M . A holomorphic
section of E on U is a holomorphic mapping σ : U → E which is a section of
the projection π, i.e., which satisfies π◦σ = IdU . The set E (U) of holomorphic
sections is a module over OM (U). The natural restriction mappings to open
sets enables one to define a presheaf E on M , which is in fact a sheaf (exercise).
It is a sheaf of OM -modules. Moreover, as E is locally isomorphic to a trivial
bundle, this sheaf is locally isomorphic to the sheaf of holomorphic sections
of the trivial bundle, which is nothing but Od

M : one says that E is locally free
of rank d on OM .

We define in this way a functor from the category of vector bundles (the
morphisms are the morphisms of vector bundles) to the category of locally
free sheaves of OM -modules (a morphism between vector bundles gives rise,
by composition, to a morphism between the sheaves of their holomorphic local
sections).

4.1 Proposition (Equivalence between vector bundles and locally
free sheaves). The functor defined in this way is an equivalence2 between
the category of holomorphic vector bundles of rank d and that of locally free
sheaves of OM -modules of rank d.

Proof. Let us recall that a morphism ϕ : F → G of sheaves of OM -
modules consists in giving, for any open set U of M , a OM (U)-linear mapping

2 See §17 for elementary notions on categories.
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Γ (U,F )→ Γ (U,G ) such that, for any pair of open sets V ⊂ U , the restriction
diagram commutes:

Γ (U,F )
ϕ(U)

Γ (U,G )

Γ (V,F )
ϕ(V )

Γ (V,G )

We denote by HomOM
(F ,G ) the space of OM -linear morphisms from F to G .

This is a module over the ring Γ (M,OM ) of holomorphic functions on M
(multiplication by a holomorphic function).

4.2 Remark. If F is a sheaf of OM -modules, a section σ ∈ Γ (U,F ) of F
on an open set U is nothing but a homomorphism ϕ : OU → F|U ; as such a
homomorphism is determined by the value σ = ϕ(1) ∈ Γ (U,F ) of the section
1 ∈ Γ (U,OM ). We thus have a canonical isomorphism HomOU

(OU ,F|U ) ∼−→
Γ (U,F ).

Let us come back to the proposition. So, let E and E′ be two holomorphic
vector bundles on M and let E ,E ′ be the associated sheaves. Let us first show
that the natural mapping

(4.3) L(E,E′) −→ HomOM
(E ,E ′)

is an isomorphism of Γ (M,OM )-modules.

Injectivity. Let f : E → E′ be a morphism of vector bundles, whose image in
HomOM

(E ,E ′) is zero. Let us pick m ∈ M and let U be an open neighbour-
hood of m, which is trivializing for E and E′. We thus have E|U � U × C

d

and E′
|U � U × C

d′
. For any section σ : U → U × C

d, the composition

f ◦ σ : U → U × C
d′

vanishes. We deduce that the image by f(m) of each
vector of the canonical basis of C

d is zero, hence f(m) : Em → E′
m is the zero

linear map.

Surjectivity. Assume first that E and E′ are trivializable, hence that E and E ′

are free (E � Od
M and E ′ � Od′

M ). A morphism ϕ : Od
M → Od′

M can be
expressed, in the canonical bases, as a matrix (ϕij) of size d′ × d, where ϕij :
OM → OM is a morphism. The sheaf OM admits a canonical section, namely,
the unit section 1, and ϕij(1) is a holomorphic function on M . Conversely, it
is clear by linearity that ϕij(1) completely determines ϕij . Therefore, giving
the matrix (ϕij(1)) is equivalent to giving ϕ. This matrix defines a morphism
between the trivial bundles

M × C
d −→M × C

d′

(m, v) �−→ (m,ϕ(1)(m) · v).
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In general, E and E ′ are locally free. If ϕ : E → E ′ is a morphism, one
constructs a morphism of bundles E|U → E′

|U after restricting to any trivial-
izing open set. The injectivity shown above implies that these morphisms can
be glued in a morphism E → E′.
Essential surjectivity of the functor. It is a matter of verifying that any locally
free OM -module E is isomorphic to the image of a bundle E by the functor.
One first reconstructs the bundle E fibre by fibre from the sheaf E , then one
equips the disjoint union of fibres with the structure of an analytic manifold.

So, pick m ∈ M and let OM,m be the ring of germs at m of holomorphic
functions on M . If (z1, . . . , zn) are holomorphic local coordinates for which
m is the origin of coordinates, this ring is nothing but the ring of converging
series C{z1, . . . , zn}. Let m be the ideal of germs which vanish at m. If Em

denotes the germ of E at m, we set Em = Em/mEm. This is a vector space
of dimension d. We take for E the disjoint union of Em, equipped with its
natural projection to M . One can endow E with the structure of a complex
analytic manifold by considering a trivializing covering for E (exercise: give
details). �
4.4 Operations on locally free OM -modules. We describe below the
operations corresponding to that on vector bundles, seen in §3.3. These oper-
ations are more generally defined for sheaves of (not necessarily locally free)
OM -modules. When the data are locally free, the result is so. The reader will
check as an exercise the correspondence with §3.3.

• Let f : M → N be a holomorphic mapping and let F be a sheaf of ON -
modules. Let f−1F be the pullback sheaf (in the topological sense of sheaf
theory; see for instance [God64, p. 121], where this operation is denoted
by f∗). We see in particular that f−1ON is a sheaf of rings on M and that
OM is also a sheaf of f−1ON -modules. The pullback as sheaf of O-modules
is

f∗F := OM ⊗
f−1ON

f−1F

so that, by definition, we have f∗ON = OM . The operation f∗ transforms
a sheaf of ON -modules into a sheaf of OM -modules.

• Let E (resp. E ′) be a sheaf on an open set U (resp. U ′) of M . Giving
an isomorphism of sheaves ϕ : E|U∩U ′

∼−→ E ′
|U∩U ′ enables one to define a

sheaf F on U∪U ′ such that F|U � E and F|U ′ � E ′. Hence, if E (resp. E ′)
is locally free on OU (resp. OU ′), the sheaf F is also OU∪U ′-locally free.

• The natural operations on modules can be extended to sheaves of OM -
modules: direct sum, tensor product, homomorphisms.

• Let us recall the construction of the sheaf HomOM
(F ,G ): we set, for any

open set U of M ,

Γ (U,HomOM
(F ,G )) := HomOU

(F|U ,G|U )

where Hom has been defined in the proof of Proposition 4.1. One can
check that there exist restriction mappings and that the presheaf obtained
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in this way is a sheaf. When F and G are locally free of ranks d and d′

respectively, the sheaf HomOM
(F ,G ) is locally free of rank dd′.

One should be careful (see for instance [GM93, p. 104]) that in general the
construction Hom does not commute with taking germs in sheaf theory,
but that, if F ,G are locally free sheaves of OM -modules, we have, for any
m ∈M ,

HomOM
(F ,G )m = HomOM,m

(Fm,Gm)

(this is a local property, so that, to prove it, one can assume F = Od
M and

G = Od′

M , where the result is clear).

4.5 Exercise (Subsheaves and subbundles). Prove that a homomorphism

ϕ : F −→ G

of locally free sheaves comes from an injective homomorphism between the
corresponding bundles if and only if it is injective and if the quotient sheaf
G /ϕ(F ) is also locally free. We will then say that F is a subbundle of the
locally free sheaf G . Check that the homomorphism “multiplication by z”
from OC into itself does not come from an injective morphism from the trivial
bundle of rank one to itself.

5 Nonabelian cohomology

We refer to [Fre57] for the elementary properties of nonabelian cohomology
(see also, for instance, [BV89a, Chap. II.1, p. 110–123]).

Let G be a sheaf of groups (not necessarily commutative). For instance,
we will have to consider the sheaf GLd(OM ) whose sections on an open set
of M are the invertible matrices of holomorphic functions on this open set.

Let U be an open covering of M .
A 1-cocycle of U with values in G consists in giving, for any pair (U, V ) of

open sets of U, of an element ψU,V of G (U ∩ V ) (for instance, in the case of
GLd(OM ), of a holomorphic mapping ψU,V : U ∩ V → GLd(C)) satisfying the
cocycle condition (3.1)(∗). The set of 1-cocycles is denoted by Z1(U,G ).

Exercise. Prove that, if ψ is a 1-cocycle, then ψV,U = (ψU,V )−1.

A coboundary is a 1-cocycle ψ for which there exists, for any U ∈ U, an
element ηU ∈ G (U) satisfying ψU,V = ηU · η−1

V for all U, V ∈ U (one checks in
a straightforward way that ψ so defined satisfies the cocycle condition). We
say that η is a 0-cochain of U. Let us note that, if ψ is a coboundary, then so
is the 1-cocycle ψ−1 defined by ψ−1

U,V (m) = (ψU,V (m))−1 for any m ∈M .
Two cocycles ψ and ψ′ of U with values in G are equivalent3 if there exists

a coboundary η such that ψ′
U,V = ηU · ψU,V · η−1

V for any pair (U, V ) of open
sets of U.
3 Check that this defines an equivalence relation.
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The first set of nonabelian cohomology H1(U,G ) is the quotient set of
the set of cocycles by this equivalence relation. It is a set equipped with a
distinguished element: the class of the “identity” cocycle. Nevertheless, it has
no other structure in general, due to the possible noncommutativity of the
sheaf G .

5.1 Exercise (Some properties of H1(U,G )).

(1) When d = 1, prove that GL1(O) = O∗ (the sheaf of holomorphic functions
which do not vanish) and that H1(U,O∗) is an abelian group (with respect
to multiplication).

(2) A refinement V of U is an open covering (Vj)j∈J finer than U, i.e., such
that any Vj is contained in some Ui. Then there exists at least one mapping
α : J → I such that, for any j ∈ J , we have Vj ⊂ Uα(j). Show that, if
ψ = (ψUi,Ui′ ), also denoted by (ψi,i′), is a 1-cocycle of U with values in G ,
then ψα defined by ψα

j,j′ = ψα(j),α(j′)|Vj∩Vj′
is a 1-cocycle of V.

(3) Prove that, if α, β : J → I are two such mappings, the cocycles ψα and ψβ

are equivalent via the 0-cochain η defined by ηj = ψβ(j),α(j).
(4) Conclude that there exists a refinement mapping independent of the choice

of α
ρ : H1(U,G ) −→ H1(V,G ).

(5) Let ψ,ψ′ ∈ Z1(U,G ) be two 1-cocycles whose refinements ψα and ψ′α are
equivalent via some 0-cochain of V. Show that ψ and ψ′ are equivalent
via some 0-cochain of U.

(6) Conclude that the refinement mapping ρ is injective.
(7) Denote by H1(M,G ) the limit of the inductive system H1(U,G ) con-

structed in such a way, indexed by all the open coverings of M . Prove
that the natural mappings

H1(U,G ) −→ H1(M,G )

are injective and deduce that, if one identifies the setH1(U,G ) to its image
in H1(M,G ), the latter set is nothing but the union of the H1(U,G ).

5.2 Example (Pullback and cohomology).

(1) Let F̃i be an increasing sequence of presheaves on a topological space X
and let us set F̃ =

⋃
i F̃i. If Fi denotes the sheaf associated to F̃i and F̃

that associated to F , then the sequence of sheaves Fi is increasing and
F =

⋃
i Fi (in other words, for any x ∈ X, Fx =

⋃
i Fi,x). Indeed, let us

pick x ∈ X. It is a matter of showing that

lim−→
V 	x

⋃
i

F̃i(V ) =
⋃
i

lim−→
V 	x

F̃i(V ).

The inclusion ⊃ is clear. If s ∈ F̃x, then s consists of a compatible family
sW ∈ F̃ (W ) for any W contained in a sufficiently small open set V . There
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exists thus j such that sV ∈ F̃j(V ). As a consequence, for any W ⊂ V ,
sW = ρV,W (sV ) ∈ F̃j(W ), and thus s ∈ lim−→V 	x

F̃j(V ).
(2) Let X and S be two topological spaces, X being locally compact, and

let H be a sheaf on S ×X. Then, both presheaves

F̃1 : U �−→ H1(S × U,H ) and F̃2 : U �−→
⋃
X

H1(X|S×U ,H )

(where the union is taken over all open coverings X of S ×X) have the
same associated sheaf. Indeed, F̃2(U) ⊂ F̃1(U) is clear. If s is a section of
F1,x, then s comes from sU ∈ H1(U ,H ) for some open covering U of
some open set S ×U with U small enough containing x. If V is relatively
compact in U and contains x, there exists X such that X|S×V = U|S×V .
As a consequence, for any W ⊂ V , sW ∈ H1(X|S×W ,H ), and thus
s ∈ F2,x.

(3) Let G be a sheaf on S and let p−1
1 G be its pullback by the projection

p1 : S × X → S. Let us assume that X is connected. Then there is a
bijection

Γ (S,G ) ∼−→ Γ (S ×X, p−1
1 G )

(one can use that the étale cover q : ˜p−1
1 G → S × X is the product

p× Id : G̃ ×X → S ×X; see §15.a for the notion of étale cover).
(4) Let us now assume that S is compact and X is locally compact and locally

connected (for instance, an open set in C
n). Then, for any xo ∈ X, the

germ at xo of the sheaf F associated to the presheaf U �→ H1(S×U, p−1
1 G )

is equal to H1(S,G ).
In order to prove this statement, one first shows that, for any open cover-
ing X of S×X, there exists a finite open covering S of S, a refinement V
of X and an open neighbourhood V of xo in X such that V|S×V = S ×V .
Indeed, by compactness of S, if K is a compact neighbourhood of xo, there
exists a refinement X ′ of X which is finite when restricted to S×K and
such that each open set in X ′ which cuts S ×K takes the form Sj × Vi.
Let us denote by V ′ the intersection of the Vi’s which contain xo, and let
us choose as V an open neighbourhood of xo relatively compact in V ′.
One now refines X ′ by taking the Sj×V ′’s if i is such that Vi cuts S×V ,
and by taking the open sets in X ′ which do not cut S × V .
According to (2), the sheaf F is the sheaf associated to the
presheaf

⋃
X F̃X and thus to the presheaf

⋃
V F̃V , with F̃V (U) =

H1(V|S×U , p
−1
1 G ). On the other hand, by considering the Čech complexes

and according to (3), F̃V (W ) = H1(S ,G ) for any W ⊂ V , and the
restriction morphisms are reduced to identity. In particular, the sheaf
FV associated to F̃V is constant with fibre H1(S ,G ) when restricted
to V . Applying (1) to the increasing sequence F̃V gives the assertion.

(5) With the same assumptions (S compact and X open in C
n), we moreover

assume that there exists a finite open covering S such that H1(S ,G ) =
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H1(S,G ) (we will say that such an open covering is good ; any refinement
of a good open covering is still good). Then the sheaf F associated to the
presheaf U �→ H1(S × U, p−1

1 G ) is locally constant, with germ H1(S,G ).
One can indeed adapt the previous reasoning with any compact set K
instead of xo. For any X , one can find a refinement V such that the open
sets in V which cut S ×K take the form Sj × Vi, where the finite family
of Vi covers K and the family Sj is finite, covers S and is a good covering
relative to G . Any x in K has then an open neighbourhood V (intersection
of the Vi’s which contain x) such that FV |V is the constant sheaf with
germ H1(S ,G ) = H1(S,G ). We get the assertion by applying (1).

5.3 Proposition (The cocycle of a vector bundle).

(1) Let E be a vector bundle on M . If U is a covering of M trivializ-
ing for E and ψ is the corresponding cocycle, the image of the class
[ψ] ∈ H1(U,GLd(OM )) in H1(M,GLd(OM )) only depends on E (and not
on the choice of U and of ψ), and two bundles are isomorphic if and only
if they define the same element.

(2) Conversely, any element of H1(M,GLd(OM )) can be obtained in this way
from a holomorphic bundle of rank d on M , unique up to isomorphism.

Proof. Let us first show that two cocycles ψ,ψ′ defined by two bundles E,E′

for the same trivializing covering U are equivalent if and only if the bundles
are isomorphic. Assume that there exists some 0-cochain η such that, for
all U, V ∈ U, ψ′

U,V = ηUψU,V η
−1
V . In particular, η defines, for any U ∈ U, an

isomorphism U×C
d → U×C

d. By restricting to U , one defines an isomorphism
σU by asking that the diagram below commutes:

π−1(U)
ϕU

σU
π′−1(U)

ϕ′
U

U × C
d U × C

d
ηU

∼

On U ∩ V we have

ϕ′
V ϕ

′−1
U = ψ′

U,V = ηUψU,V η
−1
V = ηUϕV ϕ

−1
U η−1

V

and hence σU and σV coincide. These isomorphisms can then be glued together
to produce an isomorphism E

∼−→ E′.
Conversely, if an isomorphism E

∼−→ E′ is given, one constructs, with the
same formulas, a 0-cochain η which makes ψ and ψ′ equivalent.

The reader will check as an exercise the independence with respect to the
covering.

Let us now show the second point. Any cohomology class in the set
H1(M,GLd(OM )) also belongs to H1(U,GLd(OM )) for a suitable covering U
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(“injectivity” in Exercise 5.1). Let us choose a cocycle ψ which represents it.
We then construct a bundle E as the quotient space of the disjoint union

∐
U∈U

(U × C
d)

by the equivalence relation which identifies (m, v) ∈ U × C
d with (n,w) ∈

V × C
d if m = n ∈ U ∩ V and w = ψU,V (v). One can check that the set

obtained in this way comes equipped with a projection to M (induced by the
first projection on each term U × C

d) which makes it a holomorphic bundle
with ψ as an associated cocycle. �

5.4 Remark. The isomorphism class of the bundles corresponding to the
element Id of the set H1(M,GLd(OM )) is that of the trivial bundle

π : M × C
d −→M.

5.5 Exercise (Operations on cocycles).

• Prove that a holomorphic mapping f : M → N gives rise to mappings

f∗ : H1(U,GLd(ON )) −→ H1(f−1U,GLd(OM ))

(here, U is a covering of N and f−1U is the covering of M consisting of
the f−1(U), for U ∈ U), and

f∗ : H1(N,GLd(ON )) −→ H1(M,GLd(OM ))

passing to the limit.
• Define the operations analogous to that of “direct sum”, “tensor product”

and “linear mappings” on the 1-nonabelian cohomology.

5.6 Remark. The reader will check as an exercise that the statements of
Sections 3, 4 and 5 can be transposed word for word to the case of C∞ vector
bundles.

6 Čech cohomology

Let F be a sheaf of abelian groups (additive notation), for instance a sheaf
of OM -modules. The construction of 1-cocycles can be generalized, as well
as that of coboundaries, and enables one to construct the Čech cohomology
groups with coefficients in the sheaf F .

Let then U = (Ui)i∈I be an open covering of M . The group Ck(U,F ) of
k-cochains is the product of the groups Γ (Ui0 ∩· · ·∩Uik

,F ) taken over all the
families of elements of U indexed by an ordered subset of I having cardinal
k + 1. A k-cochain can thus be written as σ = (σJ)J≺I, #J=k+1 (here, J ≺ I
means that J is an ordered subset) with σJ ∈ Γ

(⋂
i∈J Ui,F

)
.
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The coboundary operator δk : Ck(U,F ) → Ck+1(U,F ) is defined by the
formula below: for K ≺ I having cardinal k + 2, we set UK =

⋂
j∈K Uj and

(δkσ)K =
k+1∑
�=0

(−1)�σK�{i�}|UK
.

One checks that δk+1 ◦ δk : Ck(U,F )→ Ck+2(U,F ) is the zero mapping. We
set

Hk(U,F ) := Ker δk/ Im δk−1.

When V is a refinement of U, we have a natural mapping Hk(V,F ) →
Hk(U,F ).

The group Hk(M,F ) is defined as the limit of the inductive system above,
indexed by all the open coverings of M .

One can readily verify that H0(U,F ) = Γ (M,F ) for any open covering U:
this is another way to express the property of unique gluing of sections for a
sheaf.

The reader should take care that, for k � 2, the refinement mappings are
not necessarily injective. Nevertheless, we have:

6.1 Leray Theorem. If U is an acyclic covering for the sheaf F , that is, if
Hk(UJ ,F ) = 0 for any k � 1 and any J ⊂ I having a finite cardinal, then the
natural mapping Hk(U,F )→ Hk(M,F ) is an isomorphism for any k � 0.

Proof. See for instance [GR65, p. 189], [GH78, p. 40] or [KS90, p. 125]. �
It is much more convenient to use the formalism of homological algebra,

in particular the existence of a canonical flabby resolution, to define sheaf
cohomology (see [God64, p. 164] or [KS90, Chap. 2]). The isomorphism theo-
rem between the cohomology groups and the corresponding Čech cohomology
groups (see for instance [God64, p. 228]) enables one to identify both kinds of
cohomology.

For the computations, the following is very useful:

6.2 Theorem (The long exact sequence). A short exact sequence of
sheaves

0 −→ F ′ −→ F −→ F ′′ −→ 0
gives rise to a long exact sequence in cohomology

0→ H0(M,F ′)→ H0(M,F )→ H0(M,F ′′)→ H1(M,F ′)→ · · ·
· · · → Hk(M,F ′)→ Hk(M,F )→ Hk(M,F ′′)→ Hk+1(M,F ′)→ · · ·

Proof. See for instance [GH78, p. 40] or [God64, p. 224]. �
The existence of C∞ partitions of unity adapted to a locally finite open

covering enables one to obtain, for the sheaf of C∞ functions on a manifold:
6.3 Theorem (The C∞ sheaf has no cohomology). For any k � 1, the
cohomology spaces Hk(M,C∞

M ) are zero.

Proof. See for instance [GH78, p. 42]. �
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7 Line bundles

According to §5, the isomorphism classes of holomorphic bundles of rank
one on an analytic manifold M are in one-to-one correspondence with the
elements of H1(M,GL1(OM )). As the group GL1(OM ) = O∗

M (the sections
on an open set are the holomorphic functions nowhere vanishing on this open
set) is abelian, this set is a (abelian) group. The product corresponds to the
tensor product of line bundles (or of locally free sheaves of rank one). Any
such sheaf L admits then an inverse element for the tensor product: if ψ
is a 1-cocycle associated to this line bundle, ψU,V is a holomorphic function
nowhere vanishing on U ∩ V , and the function 1/ψU,V gives the 1-cocycle for
the inverse bundle.

7.1 Exercise. Show that the inverse element of the sheaf L is isomorphic to
its dual sheaf, namely HomOM

(L ,OM ).

7.a The exponential as a sheaf morphism

The mapping z �→ exp(2iπz) enables one to define, by composition, a surjec-
tive homomorphism of sheaves

OM −→ O∗
M

f �−→ exp(2iπf)
(7.2)

Indeed, let us recall that Γ (U,O∗
M ) is the set of holomorphic functions on U

which vanish nowhere on U and the germ O∗
M,m is the set of germs at m of

holomorphic functions which do not vanish at m. Saying that the morphism
above is onto is equivalent to saying that, for any m, the morphism OM,m →
O∗

M,m is so. Therefore, let us pick mo ∈ M and g ∈ O∗
M,mo . There exists

a neighbourhood U of mo on which g is defined and the image of which is
contained in C �Δ, where Δ is the real half-line starting from 0 and passing
by ig(mo). There exists on this domain a function “logarithm” and one defines

f : U → C by f(m) =
log g(m)

2iπ
. The germ of f at mo is a preimage of g. �

7.b Exact sequence of the exponential and Chern class

If U is an open set of M , a holomorphic function f : U → C satisfies
exp 2iπf ≡ 1 if and only if f is locally constant with integral values on U , in
other words, if and only if f is a section of the constant sheaf ZM on U . We
deduce that there is an exact sequence of sheaves of abelian groups (where one
uses additive notation for ZM and OM , and multiplicative notation for O∗

M ):

0 −→ ZM −→ OM
exp 2iπ ·−−−−−−−−→ O∗

M −→ 1.
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Theorem 6.2 shows the existence of a homomorphism of abelian groups

H1(M,O∗
M ) −→ H2(M,ZM ).

If L is a holomorphic line bundle on M and if [ψ] ∈ H1(M,O∗
M ) denotes the

class of a cocycle associated to L, we denote by c1(L) the image of [ψ] in
H2(M,ZM ): this is the Chern class of the bundle L.

Two isomorphic line bundles have the same Chern class, but the converse
can be wrong (however we shall see in §I.2 that it is true when M is the
Riemann sphere P

1(C)).

7.3 Exercise (The Chern class is functorial).

(1) Let L and L′ be two line bundles on M . Prove that c1(L⊗L′) = c1(L) +
c1(L′).

(2) Show that, if f : M → N is a holomorphic mapping and L is a line bundle
on N , we have c1(f∗L) = f∗c1(L).

7.4 Exercise (Chern class of a C∞ bundle).

(1) Show that we have an exact sequence

0 −→ ZM −→ C∞
M

exp 2iπ·−−−−−−−→ C∞∗
M −→ 0.

(2) Prove that a C∞ line bundle on M is determined (up to isomorphism) by
its Chern class.

(3) Show that the Chern class of a holomorphic line bundle is equal to that
of the underlying C∞ bundle.

8 Meromorphic bundles, lattices

Let Z be a smooth hypersurface in a complex analytic manifold M (see §2).
If U is an open set of M , the intersection Z ∩U is still a smooth hypersurface
of U . A holomorphic function on U � Z ∩ U is said to be meromorphic along
Z∩U if, for any chart V of M contained in U , in which Z∩V is defined by the
vanishing of some coordinate, z1 for instance, there exists an integer m such
that zm

1 f(z1, . . . , zn) is locally bounded in the neighbourhood of any point of
Z ∩ V , that is, can be extended as a holomorphic function on V .

One defines in this way a presheaf on M , which is a sheaf indeed, de-
noted by OM (∗Z). It contains OM as a subsheaf. It also contains the subsheaf
OM (kZ) (k ∈ Z), locally written in a chart as above as the subsheaf of mero-
morphic functions f such that zk

1f is holomorphic (i.e., f has a pole of order
at most k if k > 0 and f has a zero of order at least −k, if k � 0, along Z).

8.1 Lemma. The subsheaves OM (kZ) are locally free of rank one on OM . �
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8.2 Remark. If Z has many connected components Z1, . . . , Zp, one can, in
an analogous way, define the subsheaves OM (k1Z1+· · ·+kpZp), which are also
locally free of rank one. If E is a bundle, one sets E (kZ) = E ⊗OM

OM (kZ)
and one defines similarly E (k1Z1 + · · ·+ kpZp).

8.3 Definition (Meromorphic bundles, lattices). A meromorphic bun-
dle on M with poles along Z is a locally free sheaf of OM (∗Z)-modules of finite
rank. A lattice of this meromorphic bundle is a locally free OM -submodule of
this meromorphic bundle, which has the same rank.

In particular, a lattice E of a meromorphic bundle M coincides with M
when restricted to M � Z. Moreover, we have

M = OM (∗Z) ⊗
OM

E .

A meromorphic bundle M can contain nonisomorphic lattices. It can also
contain no lattice at all (see for instance [Mal94, Mal96] where a criterion for
the existence of lattices in a meromorphic bundle is also given). Nevertheless,
we have:

8.4 Proposition (The lattices do exist). Let M be a Riemann surface and
let Z ⊂ M be a discrete set of points. Then any meromorphic bundle on M
with poles at the points of Z contains at least a lattice.

Proof. One constructs such a lattice by a gluing procedure. One chooses a
covering of M by open sets U = M � Z and Um (m ∈ Z) in such a way that
Um ∩ Un = ∅ if m �= n and that, for any m ∈ Z, there is a trivialization of
the restriction of M to Um. One chooses, for any m ∈ Z, a lattice E(m) of
M|Um

(it is enough to choose a lattice of OUm
(∗m)d and to carry it with the

trivializing isomorphism) and one takes the bundle M|U itself as lattice on U .
As M|U and E(m) coincide on U ∩ Um = Um � {m}, one can define a lattice
of M by gluing the local lattices defined in this way. �

On the other hand, any vector bundle E gives rise to a meromorphic bundle
for which it is a lattice, namely M = OM (∗Z)⊗OM

E .
One shows as in Proposition 5.3 that there is a one-to-one correspondence

between the set of isomorphism classes of meromorphic bundles of rank d
and the set H1(M,GLd(OM (∗Z))). Therefore, a meromorphic bundle can be
defined, up to isomorphism, by a cocycle made with matrices having mero-
morphic entries with poles along Z.

The natural mapping

H1 (M,GLd(OM )) −→ H1 (M,GLd(OM (∗Z)))

is in general neither injective nor surjective. Proposition 8.4 above shows that,
when M is a Riemann surface, it is surjective.
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9 Examples of holomorphic and meromorphic bundles

9.a The cotangent bundle and the sheaves of holomorphic forms

Let U be an open set of M . A holomorphic vector field on U is by definition a
C-linear endomorphism of the sheaf OU which is a derivation, that is, which
satisfies the “Leibniz rule”:

ξ(fg) = gξ(f) + fξ(g)

for any open set V ⊂ U and all f, g ∈ O(V ). We define in this way a presheaf
on M , which is in fact a sheaf (the reader should check this), that we de-
note by ΘM : this is the sheaf of holomorphic vector fields on M . The dual
sheaf HomOM

(ΘM ,OM ) is denoted by Ω1
M : this is the sheaf of holomorphic

differential 1-forms.

9.1 Proposition (The bundles ΘM and Ω1
M). The sheaves ΘM and Ω1

M

are locally free sheaves of rank n of OM -modules.

Proof. As the statement is of a local nature, it is enough to check it for open
sets of C

n. Moreover, if it is true for ΘM , it is also true for Ω1
M . One verifies

then that on an open set of C
n with coordinates z1, . . . , zn, the sheaf Θ is

isomorphic to On having as a basis the derivations ∂/∂z1, . . . , ∂/∂zn. The
dual basis of 1-forms is denoted by dz1, . . . , dzn. �

Any holomorphic function on an open set U of M gives rise to a section df
of Ω1

M on U , defined by the property that, for any open set4 V ⊂ U and any
holomorphic vector field ξ on V ,

df|V (ξ) = ξ(f|V ).

The bundle corresponding to the sheafΘM is the tangent bundle TM →M
and that corresponding to Ω1

M is the cotangent bundle T ∗M →M .
In a chart of M with coordinates z1, . . . , zn, a holomorphic 1-form can thus

be written in a unique way as

ω =
n∑

j=1

ϕj(z1, . . . , zn)dzj ,

where the ϕj are holomorphic functions and, in particular,

df =
n∑

j=1

∂f

∂zj
dzj .

Let V be an analytic submanifold of M and let iV : V ↪→ M denote the
inclusion. The restriction to V of the sheaf ΘM (in the sense given in §4.4)
4 Why can’t we only use the open set U?
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is locally free of rank dimM on V . This sheaf contains the subsheaf ΘV of
vector fields tangent to V , i.e., there exists a canonical inclusion

(9.2) ΘV ↪−→ i∗V ΘM = OV ⊗
i−1
V OM

i−1
V ΘM .

In a dual way, there exists a canonical surjection

(9.3) i∗V Ω
1
M = OV ⊗

i−1
V OM

i−1
V Ω1

M −→ Ω1
V .

If the manifold V is locally defined by the equations zp+1 = · · · = zn = 0, so
that (z1, . . . , zp) is a system of local coordinates on V , the sheaf Ω1

V admits
as local sections the combinations

∑p
i=1 ϕi(z1, . . . , zp)dzi where the ϕi are

holomorphic, while the sheaf i∗V Ω
1
M admits as local sections the combinations∑n

j=1 ϕj(z1, . . . , zp)dzj , where the ϕj are holomorphic. The surjection (9.3)
consists in forgetting the n− p last terms dzj .

More generally, if f : M ′ → M is a holomorphic mapping between
two manifolds, the associated tangent morphism Tf is a morphism of OM ′-
modules

(9.4) Tf : ΘM ′ −→ f∗ΘM

and the cotangent morphism is a morphism

(9.5) T ∗f : f∗Ω1
M −→ Ω1

M ′ .

We let the reader define them with coordinates.

One can apply the natural operations on vector bundles to these bun-
dles. In particular, the exterior product Ω1

M ∧ Ω1
M is the sheaf of holomor-

phic 2-forms, denoted by Ω2
M or, equivalently, that of alternate bilinear forms

on ΘM . There is a C-linear homomorphism

d : Ω1
M −→ Ω2

M .

In a local chart as above, any 2-form η can be written in a unique way

η =
∑

1�i<j�n

ψij(z1, . . . , zn)dzi ∧ dzj ,

where ψj are holomorphic functions and, in particular,

dω =
∑

1�i<j�n

[
∂ϕj

∂zi
− ∂ϕi

∂zj

]
dzi ∧ dzj .

9.6 Exercise (Properties of the differential).

(1) Check that, for any germ f of holomorphic function, d(df) = 0 and that
(cf. [GHL87, p. 45]), for any 1-form ω and any pair (ξ, η) of vector fields,
dω(ξ, η) = ξ(ω(η))− η(ω(ξ))− ω([ξ, η]).
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(2) Show that, if f : M ′ → M is a holomorphic mapping, the cotangent
mapping T ∗f is compatible with the differential, i.e., d(ϕ ◦ f) = T ∗f(dϕ)
for any germ of holomorphic function ϕ on M .

9.7 Lemma (Holomorphic Poincaré Lemma). The sequence

0 −→ C ↪−→ OM
d−−→ Ω1

M
d−−→ Ω2

M

is exact, that is, for any m ∈M ,

(1) if f is a germ of holomorphic function at m such that df = 0, then f is
the germ of a constant function;

(2) if ω is a germ at m of a holomorphic 1-form such that dω = 0, then there
exists a germ at m of holomorphic function f such that ω = df .

Proof. Easy by considering the Taylor expansion of f or of the ϕi. �

9.8 Exercise (A case where the closed 1-forms are exact). Let M be a
complex analytic manifold which satisfies H1(M,CM ) = 0, where CM denotes
the constant sheaf. Show that any closed holomorphic 1-form ω, i.e., such that
dω = 0, is exact, i.e., of the form ω = df with f holomorphic on M (show
that the short sequence of sheaves

0 −→ CM −→ OM
d−−→ Z 1

M −→ 0,

where Z 1
M denotes the subsheaf of Ω1

M of closed 1-forms, is exact, and then
consider the associated long exact sequence in cohomology).

9.9 Exercise (The de Rham complex is exact). Define, for any k � 1,
the sheaf of holomorphic k-forms Ωk

M as ∧kΩ1
M , extend definition of the dif-

ferential d : Ωk
M → Ωk+1

M and show that the sequence

0 −→ CM ↪−→ OM
d−−→ Ω1

M
d−−→ · · · d−−→ Ωk

M
d−−→ · · ·

is exact.

9.b Meromorphic and logarithmic differential forms

We assume as in §8 that Z is a smooth hypersurface of M . Let

Ωk
M (∗Z) := OM (∗Z) ⊗

OM

Ωk
M

be the sheaf of meromorphic differential k-forms. This is a meromorphic bun-
dle. The differential d defined in §9.a can be extended as a C-linear homomor-
phism d : Ωk

M (∗Z) → Ωk+1
M (∗Z), that is, the meromorphy property along Z

is preserved by differentiation (this is obvious by a local computation in the
charts).
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The meromorphic bundle Ω1
M (∗Z) contains Ω1

M as a lattice. It also con-
tains another lattice which is often more useful, namely the lattice of loga-
rithmic differential 1-forms along Z. We denote it by Ω1

M 〈logZ〉. Let us pick
zo ∈ Z and let U be a chart of M equipped with a system of local coordinates
z1, . . . , zn such that zo is the origin of coordinates and Z is defined by z1 = 0.
We say that a meromorphic form ω = ϕ1dz1 + · · · + ϕndzn is logarithmic
along Z if ϕ2, . . . , ϕn are holomorphic and ϕ1 has a pole of order at most 1
along Z; in other words, the form can be written as

(9.10) ω = ψ1
dz1
z1

+
n∑

i=2

ψidzi,

where ψ1, . . . , ψn are holomorphic on U .

9.11 Example (Logarithmic and nonlogarithmic forms). The form
dz2/z1 is not logarithmic along {z1 = 0} while dz2 and dz1/z1 are logarithmic.
Nevertheless, on a Riemann surface, there is no difference between Ω1

M 〈logZ〉
and Ω1

M (Z) = Ω1
M (1 · Z).

9.12 Proposition (The residue).

(1) The notion of logarithmic form does not depend on the choice of local
coordinates adapted to Z.

(2) There exists a homomorphism, called residue and denoted by

res : Ω1
X〈logZ〉 −→ OZ ,

which associates to the form ω = ψ1dz1/z1 +
∑n

i=2 ψidzi the function
ψ1(0, z2, . . . , zn).

Proof. Let (z1, . . . , zn) and (z̃1, . . . , z̃n) be two systems of local coordinates
adapted to Z. The coordinate change can be written as

z̃i = fi(z1, . . . , zn), i = 1, . . . , n

and the set of zeroes of f1 is equal to {z1 = 0}, hence f1 = z1g1(z1, . . . , zn)
with g1 holomorphic. Moreover, the Jacobian matrix ((∂fi/∂zj)i,j) is invert-
ible at the origin, which implies that g1(0, . . . , 0) �= 0 and that the submatrix
((∂fi/∂zj)i,j �=1) is also invertible. If ω is logarithmic in the coordinate system
(z̃1, . . . , z̃n), one can write

ω = ψ̃1
dz̃1
z̃1

+
n∑

i=2

ψ̃idz̃i

where the ψ̃i(z̃1, . . . , z̃n) are holomorphic. Therefore,

ω = ψ̃1 ◦ f ·
(
dz1
z1

+
dg1
g1

)
+

n∑
i=2

ψ̃i ◦ f · dfi.
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One can see on this expression that the form ω is also logarithmic in the
coordinate system (z1, . . . , zn) in a neighbourhood of the origin as the function
1/g1 is holomorphic there. Moreover, in these coordinates, the residue can be
written as

ψ̃1 ◦ f|z1=0 = ψ̃1(0, f2(0, z2, . . . , zn), . . . , fn(0, z2, . . . , zn)),

in other words, it is the residue of ω in the system (z̃1, . . . , z̃n) written in the
coordinates z2, . . . , zn of Z. �

One can then define in an obvious way the sheaf Ω1
M 〈logZ〉, the local

sections of which are the logarithmic forms along Z, and the reader will show
as an exercise:

9.13 Proposition (Freeness of logarithmic forms). The sheaf of loga-
rithmic 1-forms along Z is a locally free sheaf of rank n of OM -modules. It is
a lattice of Ω1

M (∗Z). �

One can also define a new notion of order of the pole along Z: a mero-
morphic 1-form ω with poles along Z has order r � 0 if in any local chart
where Z is defined by z1 = 0, the form zr

1ω is logarithmic. We define in
this way a lattice Ω1

M 〈(r + 1) logZ〉 of Ω1
M (∗Z). If Z has many connected

components Z1, . . . , Zp, one can also define the sheaves of differential forms

Ω1
M 〈(r1 + 1) logZ1 + · · ·+ (rp + 1) logZp〉.

When M is a Riemann surface, these sheaves are identical to the sheaves

Ω1
M ((r + 1)Z) and Ω1

M ((r1 + 1)Z1 + · · ·+ (rp + 1)Zp)

introduced in Remark 8.2.

9.14 Exercise (Order of a meromorphic form).

(1) Compute, for r � 0, the order of the forms dz1/zr
1 and dz2/z

r
1 .

(2) Let f be a meromorphic function on an open set U of M , with poles
along Z ∩ U . Show that the logarithmic differential ω = df/f is a section
of Ω1

U 〈logZ〉.

9.15 Remark (The residue and the “residue”). If ω is a meromorphic
form with pole of order r along a hypersurface Z having z1 = 0 as its local
equation, one can write

ω =
r∑

k=0

z−k
1 ωk

where the ωk are logarithmic. Let us set, in local coordinates,

ωk = ψ
(k)
1

dz1
z1

+
n∑

i=2

ψ
(k)
i dzi.
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The decomposition of ω above is not unique, but it becomes so if one more-
over asks that, for any k � 1, the functions ψ(k)

i (i = 1, . . . , n) depend only
on z2, . . . , zn. The dependence of the coefficients on z1 only appears in the
logarithmic term ω0.

Assume now that M is the product of a disc with Z. Then

• on the one hand, one can define a homomorphism

res : Ω1
M 〈(r + 1) logZ〉 −→ OZ

by integrating ω along a circle centered at the origin in D: this is also the
residue of ω0;

• on the other hand, the residue of zr
1ω, that is, that of ωr, depends on the

choice of coordinates up to multiplication by an invertible holomorphic
function. In particular, if one fixes a local coordinate z1 on D, one can
define in this way a “residue” homomorphism

“res” : Ω1
M 〈(r + 1) logZ〉 −→ OZ .

9.16 Remarks (cf. [Del70, §3]).

(1) As usual, we set, for any k � 1,

Ωk
M 〈logZ〉 = ∧k Ω1

M 〈logZ〉.

It can be useful to have an intrinsic definition (i.e., without coordinates)
of these sheaves. A local section ω of Ωk

M (∗Z) is a section of Ωk
M 〈logZ〉

if and only if ω and dω have at most simple poles along Z (see [Del70,
Prop. 3.2]).

(2) The notion of a logarithmic form can be extended in a natural way to the
case where Z is a union (not necessarily disjoint) of smooth hypersurfaces
Z1, . . . , Zp which meet transversally. In the neighbourhood of an intersec-
tion point of exactly m hypersurfaces, say Z1, . . . , Zm, there exist local
coordinates z1, . . . , zn such that Zi is defined by zi = 0 (i = 1, . . . ,m) and
a logarithmic form can be written as

ω =
m∑

i=1

ψi
dzi

zi
+

n∑
j=m+1

ψjdzj

where the ψj are holomorphic. All the properties of the sheaf Ω1
M 〈logZ〉

seen above can be extended to this situation.
(3) The definition given in (1) above remains meaningful even if the hyper-

surface Z has singularities. When these singularities are normal crossings
(as in (2) above), nothing really new happens. For more complicated sin-
gularities, the sheaf of logarithmic forms is harder to analyze. When this
sheaf is locally free (of rank dimM), one says that the hypersurface is a
free divisor. We will see a remarkable example in §VII.1.10.
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10 Affine varieties, analytization, algebraic differential
forms

We will now take up in an algebraic framework some of the notions introduced
above. This will enable us to work with objects having polynomial—and not
only analytic—coefficients. The affine setting will suffice. For more details (in
particular the projective setting), the reader can refer for instance to [Har80]
or [Per95].

10.a Affine varieties

An affine algebraic set is by definition the zero set, in the affine space A
n with

coordinates u1, . . . , un, of a family of polynomials in the ui. One can assume
that this family is finite, as the ring of polynomials is Noetherian. The Zariski
topology on A

n is the topology for which the open sets are the complements
of affine algebraic subsets. Such a set is irreducible if it is not the union of
two affine algebraic proper subsets. One equips it with the Zariski topology,
induced by that of A

n.

10.1 Example (Elementary affine open sets). Fix f ∈ C[u1, . . . , un]. The
“elementary” open set U = {f �= 0} ⊂ A

n is an affine algebraic set:

U = {1− u0f(u1, . . . , un) = 0} ⊂ A
n+1.

In particular, the complex torus (C∗)n = {u1 · · ·un �= 0} is an affine algebraic
set. On the other hand, the open set A

n
� {0} is not affine as soon as n � 2.

Let U be a Zariski open set of an affine algebraic set Z ⊂ A
n. A function

f : U → C is said to be regular if, for any point zo ∈ U , there exist two
polynomials g, h ∈ C[u1, . . . , un] such that h(zo) �= 0 and f ≡ g/h on the
open set V = U � {h = 0}. We define in this way a sheaf U �→ OZ(U) on Z
equipped with its Zariski topology: this is the sheaf of regular functions on
the set Z, which is called an affine variety .

Let IZ ⊂ C[u1, . . . , un] be the ideal of polynomials which vanish on Z.
Then (cf. [Har80, Chap. 1, Th. 3.2]),

Γ (Z,OZ) = C[u1, . . . , un]/IZ .

The locally free sheaves of finite type (resp. coherent) of OZ-modules corre-
spond to the modules which are free of finite type (resp. of finite type) over
the ring C[u1, . . . , un]/IZ by the functors (cf. [Ser55]).

F �−→ Γ (Z,F ) = F, F �−→ OZ ⊗
Γ (Z,OZ)

F = F .
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10.b Analytization

Let Z ⊂ A
n be an affine variety and let Z ′ be the same subset, equipped with

the topology induced by the usual topology of C
n. Then the identity mapping

Id : Z ′ → Z is continuous (as a Zariski open set is also an open set for the
usual topology). A function f defined on an open set U ′ of Z ′ is said to be
holomorphic if, for any zo ∈ U ′, there exist an open neighbourhood V ′ of zo

in C
n and a holomorphic function g : V ′ → C such that g|V ′∩U ′ = f|U ′ . The

space Z ′, equipped with the sheaf of holomorphic functions, is denoted by
Zan.

If F is a locally free (or coherent) sheaf of OZ-modules and if F ′ = Id−1 F
denotes the sheaf that it induces on Z ′, one sets F an = OZan⊗Id−1 OZ

F ′: this
is the analytization of the sheaf F . It is a locally free (or coherent) sheaf of
OZan -modules. The essential property of this functor F �→ F an comes from
the following result (cf. for instance [AM69] for the notion of flatness):

10.2 Theorem (Faithful flatness, [Ser56]). For any zo ∈ Z, the ring
OZan,zo of germs of holomorphic functions on Zan at zo is faithfully flat over
the ring OZ,zo of germs of regular functions on Z at zo. �

A consequence of faithful flatness (see for instance [Mat80] for this notion)
is the following statement, maybe more “concrete”:

10.3 Corollary. Let ϕ : F → F ′ be a homomorphism of sheaves of OZ-
modules. If ϕan : F an → F ′ an is an isomorphism, then so is ϕ. �

When Z is irreducible, one defines the dimension of Z as the Krull dimen-
sion of the integral ring Γ (Z,OZ), that is, the maximal length of increasing
sequences of prime ideals.

10.c Nonsingular affine varieties

The sheaf DerOZ of derivations of the sheaf OZ can be defined as in §9.a
and the sheaf of differential algebraic 1-forms Ω1

Z is by definition the sheaf
HomOZ

(Der OZ ,OZ).
The following result collects the definitions that we will have to use.

10.4 Theorem (The regular points, cf. for instance [Per95, Chap. 5]).
Let Z ⊂ A

n be an irreducible affine variety. The following properties are equiv-
alent:

(1) If f1, . . . , fp ∈ C[u1, . . . , un] generate the ideal IZ , then the Jacobian ma-
trix ((∂fi/∂uj)ij) has constant rank on Z, equal to n− dimZ.

(2) The set Zan is a complex analytic submanifold of C
n.

(3) The sheaf Ω1
Z is locally free of rank dimZ.

(4) There exists a finite covering of Z by Zariski open sets Ui and, on each
Ui, regular functions x(i)

1 , . . . , x
(i)
dim Z which form an étale chart. �
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If these properties are satisfied, we say that Z is a nonsingular affine
variety. On a nonsingular affine variety, the sheaves of forms Ωk

Z := ∧kΩ1
Z are

thus also locally free and (Ωk
Z)an = Ωk

Zan (use étale charts).

10.5 Exercise (The hyperelliptic curve). Let a1, . . . , ad be complex num-
bers. Show that the subset of C

2 having equation

y2 =
d∏

j=1

(x− aj)

is an affine variety of dimension one, and that it is nonsingular if and only if
the aj are pairwise distinct.

11 Holomorphic connections on a vector bundle

It is not in general possible to define an action by derivation of vector fields on
any vector bundle, as for the trivial bundle OM or its powers. Moreover, there
exist various ways to make vector fields act as derivation on the trivial bundles.
The notion of holomorphic connection (also called covariant derivative) will
enable us to take these phenomena into account.

11.1 Definition (of a connection). A holomorphic connection ∇ on a holo-
morphic vector bundle π : E →M is a C-linear homomorphism of sheaves

∇ : E −→ Ω1
M ⊗OM

E

satisfying the Leibniz rule: for any open set U of M , any section s ∈ Γ (U,E )
and any holomorphic function f ∈ O(U),

∇(f · s) = f ∇(s) + df ⊗ s ∈ Γ (U,Ω1
M ⊗OM

E ).

Any holomorphic vector field ξ on an open set U of M induces (by defi-
nition of Ω1

M ) a OU -linear homomorphism of contraction (also called interior
product) ιξ : Ω1

U → OU . We deduce from it a homomorphism of contraction
ιξ : Ω1

U ⊗ E|U → E|U for any OU -module EU .
The connection ∇ enables then to define a derivation along ξ on the sheaf

E|U : for any open set V ⊂ U and any section s ∈ Γ (V,E ), one defines ∇ξ(s)
as the result of the contraction of ∇s ∈ Γ (V,Ω1

M ⊗E ) by the field ξ. We have

∇ξ(f · s) = f ∇ξ(s) + ξ(f) · s.

11.2 Proposition (The affine space of connections). Two holomorphic
connections ∇ and ∇′ on a bundle E differ by a OM -linear homomorphism

Ω : E −→ Ω1
M ⊗OM

E .

Conversely, adding such a homomorphism Ω to a connection ∇ gives a new
connection ∇′.
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Proof. If one applies the Leibniz rule to ∇ − ∇′, the terms which are inde-
pendent of the connection cancel, hence the OM -linearity. �

11.3 Example (Connections on the trivial bundle). The trivial bundle
of rank one is equipped with the connection d : OM → Ω1

M . In an analogous
way, the trivial bundle of rank δ is equipped with the direct sum connection
d : Oδ

M →
(
Ω1

M

)δ. Any other connection ∇ on the trivial bundle of rank δ can
be written as ∇ = d+Ω where Ω is a global section of the sheaf Mδ(Ω1

M ) of
δ × δ matrices with entries in Ω1

M .

11.a Local expression of the connection

Let U be a trivializing open set for E and let e = (e1, . . . , ed) be a basis of
Γ (U,E ); any holomorphic section s of E on U can thus be written in a unique
way as

∑
j sjej with sj ∈ O(U). There exists then a d × d matrix Ω = (ωij)

of holomorphic 1-forms such that

(11.4) ∇(ei) =
∑

j

ωji ⊗ ej .

We can write this equality with matrices5:
⎛
⎜⎝
∇(e1)

...
∇(ed)

⎞
⎟⎠ = tΩ ⊗

⎛
⎜⎝
e1
...
ed

⎞
⎟⎠

We say that Ω is the connection matrix ∇ in the basis e. If s =
∑

i siei is a
holomorphic section of E on U , one can write, using matrices6,

∇(s) = ∇

⎛
⎜⎝(s1, . . . , sd) ·

⎛
⎜⎝
e1
...
ed

⎞
⎟⎠
⎞
⎟⎠

= (ds1, . . . , dsd)⊗

⎛
⎜⎝
e1
...
ed

⎞
⎟⎠ + (s1, . . . , sd) · ∇

⎛
⎜⎝
e1
...
ed

⎞
⎟⎠

=
(
(ds1, . . . , dsd) + (s1, . . . , sd) · tΩ

)
⊗

⎛
⎜⎝
e1
...
ed

⎞
⎟⎠

5 The choice that we make to put the differential form “on the left” does not simplify
the matrix expression and forces us to write the basis as a column vector, hence
the need to transpose; nevertheless this choice is more natural, because the vector
fields act on the left on the bundle with connection.

6 Here also, we transpose of the usual way or writing.
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Let ε = (ε1, . . . , εd) be another basis of sections of E on U and let P ∈
Γ (U,GLd(OM )) be the base change from e to ε:

(ε1, . . . , εd) = (e1, . . . , ed) · P.

Then the matrix Ω′ of ∇ in the basis ε can be obtained from Ω by the formula

(11.5) Ω′ = P−1ΩP + P−1dP.

11.6 Exercise. Write explicitly the formula for the base change in a local
chart of M with coordinates z1, . . . , zn in which the sheaf E has basis e: set
P = (Pij)1�i,j�d and Ω = (ωij)1�i,j�d with ωij =

∑n
�=1 ϕ

(�)
ij dz�.

11.7 Example. The connection matrix of d on the trivial bundle Oδ
M is zero

in the canonical basis.

11.b Operations on bundles with connection

Let (E,∇) and (E′,∇′) be two holomorphic bundles equipped with holomor-
phic connections. One can equip in a natural way the bundles E⊕E′, L(E,E′)
and E ⊗ E′ with holomorphic connections that we denote by ∇′′. If s and s′

are two holomorphic local sections of E and E′ respectively, we set for any
vector field ξ,

• ∇′′
ξ (s⊕ s′) := ∇ξ(s)⊕∇ξ(s′), in other words ∇′′ = ∇⊕∇′;

• ∇′′
ξ (s⊗ s′) := (∇ξ(s)⊗ s′) + (s⊗∇′

ξ(s
′)), in other words ∇′′ = (∇⊗ Id) +

(Id⊗∇′);
• if ϕ : E → E′ is a homomorphism, ∇′′

ξ (ϕ) is the local section of L(E,E′)
defined by

∇′′
ξ (ϕ)(s) = ∇′

ξ (ϕ(s))− ϕ (∇ξ(s)) .

11.8 Exercise (The connection on the bundle of endomorphisms).

(1) Define the natural connection on the bundle E∗ dual to the bundle E.
Show that both natural connections on E∗ ⊗ E′ and L(E,E′) coincide.

(2) Compute in a local basis of E and E ′ the connection matrices of ∇′′ from
Ω and Ω′.

(3) Check in particular that, if Ω is the matrix of ∇ in the basis e, that of
∇′′ on End(E) = L(E,E) in the basis deduced from e is

adΩ : A �−→ [Ω,A].

11.c Pullback of bundles with connection

Let (E,∇) be a holomorphic bundle with connection on an analytic mani-
fold M and let f : M ′ → M be a holomorphic mapping from an analytic
manifold M ′ to M . We know how to define the pullback E′ = f∗E of the
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bundle E on the manifold M ′ (cf. §§3.3 and 4.4). The sheaf E ′ of holomorphic
sections of E′ is given by the formula

(11.9) E ′ = OM ′ ⊗
f−1OM

f−1E .

We use the notation E′ = f∗E and E ′ = f∗E .
When E is the cotangent bundle T ∗M , the cotangent mapping T ∗f is a

morphism of bundles
T ∗f : f∗T ∗M −→ T ∗M ′

defining a morphism of sheaves of OM ′-modules (cf. §9.a)

T ∗f : f∗Ω1
M −→ Ω1

M ′ .

Let (E,∇) be a holomorphic bundle with connection. Let us define the
pullback

∇′ : E ′ −→ Ω1
M ′ ⊗

OM′
E ′

of the connection ∇. The problem comes from the non OM -linearity of ∇. Its
pullback cannot be defined by simply using the pullback functor for vector
bundles, as given by Formula (11.9).

11.10 Example (Pullback by a projection). Assume that M ′ is the prod-
uct M ×M ′′ and that f is the first projection. The pullback ∇′ of the connec-
tion ∇ has a simple definition in this case: indeed, in such a case, any vector
field ξ′ on an open set of M ′ can be written in a unique way as the sum of
a “horizontal” field ξ (i.e., section of f∗ΘM ) and of a “vertical” field ξ′′ (i.e.,
section of p∗ΘM ′′ if p denotes the second projection); by definition, the action
of ∇′

ξ′′ on the sections of E ′ like 1⊗ e, e a section of E , is zero; on the other
hand, if ξ is the sum of fields like ϕ⊗η, where η is a field on an open set of M
and ϕ a function on an open set of M ′, then ∇′

ξ(1⊗ e) is determined by the
formula ∇′

ϕ⊗η(1⊗ e) = ϕ⊗∇η(e).

We will start with an a priori nonintrinsic definition, in local coordinates,
when M ′ is a complex analytic submanifold of M and f denotes the inclusion
mapping (this case is called restriction of the bundle with connection).

Assume that M is an open set of C
n with coordinates z1, . . . , zn and that

M ′ is the trace on this open set of the subspace with equations z1 = · · · =
zp = 0. Assume also that E is trivialized and equipped with a basis e of
holomorphic sections on M . We can then write the connection matrix in this
basis as

Ω =
n∑

i=1

Ω(i)(z1, . . . , zn) dzi.

The matrix of ∇′ on the bundle E′, in the basis e′ restriction of e to M ′, is
then given by the formula

Ω′ =
n∑

i=p+1

Ω(i)(0, . . . , 0, zp+1, . . . , zn) dzi.
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In an intrinsic way and for f arbitrary, one uses the composition of the
“sheaf-theoretic” restriction

f−1∇ : f−1E −→ f−1Ω1
M ⊗

f−1OM

f−1E

(i.e., one only considers the points of M ′) with the operation OM ′⊗f−1OM

(i.e., “one makes z1 = · · · = zp = 0”) to reach

f∗Ω1
M ⊗

OM′
f∗E = f∗Ω1

M ⊗
OM′

E ′,

then one composes with the morphism induced by the cotangent mapping

f∗Ω1
M ⊗

OM′
E ′ T ∗f ⊗ Id−−−−−−−−→ Ω1

M ′ ⊗
OM′

E ′

(i.e., one forgets dz1, . . . , dzp). We have now obtained a C-linear homomor-
phism

f−1E −→ Ω1
M ′ ⊗

OM′
E ′

which satisfies the Leibniz rule with respect to the multiplication by any
function on an open set of M ′ of the form ϕ ◦ f , where ϕ is holomorphic on
an open set of M .

We then define the pullback connection f∗∇ as a connection

E ′ −→ Ω1
M ′ ⊗

OM′
E ′

by extending the previous homomorphism to E ′ = OM ′ ⊗f−1OM
f−1E in such

a way that the Leibniz rule is satisfied. We let the reader check that such an
extension is well defined and is unique.

We will denote by f+(E,∇) the pullback bundle f∗E equipped with the
connection ∇′ constructed in this way.

11.11 Exercise (The connection matrix of the pullback). Let U be
an open set of M trivializing for E , let e = (e1, . . . , ed) be a basis of E|U
and Ω = (ωij) the connection matrix of ∇ in this basis. Let (e′1, . . . , e

′
d) =

(1⊗e1, . . . , 1⊗ed) be the basis of the pullback E ′
|f−1(U) obtained from e. Show

that the entries of the matrix of ∇′ in this basis are the 1-forms T ∗f(ωij).

11.12 Exercise. Use the decomposition f : M ′ →M as p ◦ i, where i : M ↪→
M ×M ′ is the inclusion of the graph of f defined by m �→ (m, f(m)), and p is
the second projection, to compute the pullback of a connection, by reducing
the problem to the case of the inclusion of a submanifold and to that of a
projection.
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12 Holomorphic integrable connections and Higgs fields

12.a Holomorphic integrable connections

One can, in a natural way, extend the action of ∇ on the sections of E =
OM ⊗ E as an action on the sections of Ω1

M ⊗ E (with values in Ω2
M ⊗ E ):

∇(ω ⊗ s) = dω ⊗ s− ω ∧∇(s).

12.1 Exercise (The curvature is O-linear).

(1) Show (cf. Exercise 9.6-(1)) that, if σ is a section of Ω1
M ⊗ E ,

∇σ(ξ, η) = ∇ξ(σ(η))−∇η(σ(ξ))− σ([ξ, η]).

(2) Prove that the C-linear homomorphism

R∇ := ∇ ◦∇ : E −→ Ω2
M ⊗OM

E

is in fact OM -linear. Compute R∇(s)(ξ, η).

The homomorphism R∇ is the curvature of the connection ∇.

12.2 Definition (of integrability for a connection). The connection

∇ : E −→ Ω1
M ⊗OM

E

is said to be integrable, or also flat, if its curvature R∇ vanishes identically.

12.3 Remark. Exercise 9.6 shows that the trivial bundle OM (or its powers),
equipped with the connection d, is flat.

An easy computation gives:

12.4 Proposition (The structure equations). The connection ∇ is flat
if and only if, in any local basis e of E , the connection matrix Ω satisfies

dΩ +Ω ∧Ω = 0. �

We define Ω ∧ Ω as the usual matrix product, in which the product of
entries is the exterior product of 1-forms (hence is not commutative).

12.5 Remark (In dimension one, any connection is integrable). When
dimM = 1, the sheaf Ω2

M is zero and therefore the integrability condition is
fulfilled by any connection. Moreover, the matrix Ω in any local basis simul-
taneously satisfies both equations dΩ = 0 and Ω ∧Ω = 0.
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12.6 Exercise (Explicit form of the structure equations).

(1) if one writes in local coordinates Ω =
∑n

�=1Ω
(�) dz� where Ω(�) = (ω(�)

ij ) is
a matrix of holomorphic functions, prove that the integrability condition
can be written as

∀ k, � ∈ {1, . . . , n}, ∂Ω(�)

∂zk
− ∂Ω(k)

∂z�
= [Ω(�), Ω(k)].

(2) Check that, if the integrability condition is fulfilled by the matrix Ω, it is
also fulfilled by the matrix Ω′ obtained by Formula (11.5).

A ∇-horizontal holomorphic section of E on an open set U of M is a
section s ∈ Γ (U,E ) satisfying ∇(s) = 0, in other words a section on U of the
sheaf7

Ker[∇ : E −→ Ω1
M ⊗OM

E ].

If the components of s in some local basis e of E are s1, . . . , sd, the equation
∇(s) = 0 can be written as

(12.7)

⎛
⎜⎝
ds1
...
dsd

⎞
⎟⎠ +Ω

⎛
⎜⎝
s1
...
sd

⎞
⎟⎠ = 0

or also, using the notation of Exercise 12.6,

∀ k ∈ {1, . . . , n}, ∂

∂zk

⎛
⎜⎝
s1
...
sd

⎞
⎟⎠ = −Ω(k)

⎛
⎜⎝
s1
...
sd

⎞
⎟⎠ .

In other words, s is a solution of a linear homogeneous differential system with
holomorphic coefficients.

12.8 Theorem (Cauchy-Kowalevski theorem). Let ∇ : E → Ω1
M⊗OM

E
be a holomorphic integrable connection on some bundle E of rank d.

(1) The sheaf E∇ := Ker∇ is a locally constant sheaf of C-vector spaces of
rank d, i.e., is locally isomorphic to the constant sheaf C

d
M .

(2) The sheaf OM ⊗CM
E∇ is a locally free sheaf of OM -modules, the

connection on this sheaf defined by ∇(f ⊗ s) = df ⊗ s is flat and
(OM ⊗CM

E∇)∇ = E∇.
(3) The natural homomorphism OM ⊗CM

E∇ → E is an isomorphism of bun-
dles with connection.

7 Take care: as ∇ is not OM -linear, this sheaf is not a sheaf of OM -modules; in
other words, it is not stable by multiplication by the sections of OM ; it is only a
sheaf of C-vector spaces.
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12.9 Remarks.

(1) This statement is equivalent to the local existence of a basis of E consisting
of ∇-horizontal sections.

(2) In general there is no global isomorphism between the sheaves Ker∇ and
C

d
M . Such is the case however if M is simply connected (see §15 below).

Proof.

(1) As the statement is of a local nature, one can work in some local chart
of M in which the bundle E is trivialized. It is a matter of showing that,
on a polydisc Δ of C

n centered at 0, the solutions of the differential system
(12.7) form a vector space of dimension d on C. We begin with fixing the
variables z2, . . . , zn and then solve the one-variable system depending on
parameters z2, . . . , zd:

(12.10)
∂

∂z1

⎛
⎜⎝
s1
...
sd

⎞
⎟⎠ = −Ω(1)

⎛
⎜⎝
s1
...
sd

⎞
⎟⎠ .

For any holomorphic vector σ(z2, . . . , zn) on the given polydisc, there
exists a unique solution s(z1, . . . , zn), which is holomorphic in z1, of
the system (12.10) satisfying s(0, z2, . . . , zn) = σ(z2, . . . , zn) (see [Car95,
Chap.VII] or [BG91, Chap. 5, §15]). This solution is holomorphic with re-
spect to all the variables. By induction on n, we can apply the theorem to
(12.7) in which we make z1 = 0 and we forget the derivation with respect
to z1. Hence, for any vector v of C

d, there exists a unique holomorphic
solution σv(z2, . . . , zn) of the previous system, such that σv(0, . . . , 0) = v.
Let sv be the solution of (12.10) with σv as initial condition. Then the
integrability condition on the connection implies that sv is the unique
holomorphic solution of the system (12.7) such that sv(0, . . . , 0) = v.
We thus have proved that the mapping which associates to any section
s ∈ Γ (Δ,E∇) its value at 0 (or, in an analogous way, at a given point
m ∈ Δ) is an isomorphism of C-vector spaces Γ (Δ,E∇) ∼−→ C

d.
(2) Let us only make precise the construction of∇ (the remaining part is quite

obvious). We identify the sheaf Ω1
M ⊗OM

(OM ⊗CM
E∇) with Ω1

M ⊗C E
∇

by “putting the holomorphic functions as coefficients of 1-forms”. The
connection ∇ is then defined by the fact that, for any m ∈M , any germ s
of section of E∇ at m and any germ of holomorphic function f ∈ OM,m,
there is the relation ∇(f ⊗ s) = df ⊗ s.

(3) That the natural homomorphism OM ⊗CM
E∇ → E , defined at the level

of germs by f⊗s �→ fs, is an isomorphism means that, at any m ∈M , the
germs of horizontal sections generate the germ Em. In the local situation
of (1), it is a matter of checking that the values at the point m ∈ Δ
of horizontal sections generate the vector space C

d over C (because then
they generate the fibre Em = Od

M,m over OM , after Nakayama’s lemma).
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But this is exactly what gives the proof, as any vector v ∈ C
d is the value

at m of a section of E∇ on Δ. �
12.11 Exercise (Operations on horizontal sections).

(1) If the bundles with connection (E,∇) and (E′,∇′) are integrable, prove
that so are the bundles E ⊕ E′, E∗, L(E,E′) and E ⊗ E′ equipped with
their natural connection. Moreover, show that

(E ⊕ E′)∇
′′

= E∇ ⊕ E′∇′

E∗∇′′
= HomCM

(E∇,CM )

L(E,E′)∇
′′

= HomCM
(E∇, E′∇′

)

(E ⊗ E′)∇
′′

= E∇ ⊗CM
E′∇′

.

(2) Prove that L(E,E′)∇
′′

can be identified with the subsheaf of the sheaf
HomOM

(E ,E ′) consisting of the homomorphisms which commute to the
action of ∇ and ∇′ (we also say that they are morphisms of bundles with
connection), or also which send E∇ in E′∇′

.

12.12 Exercise. With the notation of §11.c, show that, if ∇ is integrable,
then so is its pullback by f on the manifold M ′.

12.13 Corollary (Analytic extension). The homomorphisms of bundles
with connection satisfy the principle of analytic extension: if V ⊂ U is the
inclusion of connected open sets of M which induces an isomorphism between
the fundamental groups of V and U , and if ϕ : E|V → E ′

|V is a homomorphism
of bundles with connection, then ϕ can be extended in a unique way as a
homomorphism of bundles with connection E|U → E ′

|U .

Proof. This is a direct consequence of the results on locally constant sheaves
explained in §15. �

12.b Higgs fields

12.14 Definition. A Higgs field8 on a holomorphic bundle E is a OM -linear
homomorphism

Φ : E −→ Ω1
M ⊗

OM

E

which fulfills the “integrability” condition Φ∧Φ = 0. We also say that (E,Φ)
is a Higgs bundle.
8 The relation with the physicist Higgs and the boson having the same name would

need some explanation. We have here an example of appropriation by mathe-
maticians of concepts coming from physics. Originally, a Higgs field is related to
a connection on a principal bundle, and is used to perturb Yang-Mills equations
(see for instance [AH88] or [JT80]). The terminology that we use has been in-
troduced by C.Simpson [Sim92], after N.Hitchin; this terminology is reasonable
when there also exists a “harmonic metric”. Here, we keep the terminology, in
spite of the absence of a harmonic metric.
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Let us be more explicit with regard to this condition: the homomorphism Φ
enables us to define a homomorphism

(1)Φ : Ω1
M ⊗

OM

E −→ Ω2
M ⊗

OM

E

by setting (1)Φ(ω ⊗ e) = ω ∧ Φ(e) (the reader will make precise the meaning
of ∧). Then −Φ ∧ Φ is by definition the composition (1)Φ ◦ Φ.

Let e be a local basis of E and let us still denote by Φ the matrix of Φ
in this basis, defined with the same convention (11.4) as for connections. The
integrability condition can then be written as Φ ∧ Φ = 0, now in the matrix
sense that we also used for connections (in Proposition 12.4).

If ξ is a holomorphic vector field on an open set U of M , we denote by
Φξ : E|U → E|U the OU -linear endomorphism obtained by contraction of Φ
with ξ. One can also regard Φ as a OM -linear homomorphism ΘM ⊗ E → E .
From this point of view, we have Φξ(•) = Φ(ξ, •).

In a chart of M equipped with local coordinates z1, . . . , zn, one can write

Φ =
n∑

i=1

Φ(k) dzk

where the Φ(k) = Φ∂/∂zk
are endomorphisms of the bundle E (in the given

chart). The “integrability” condition is equivalent to

∀ k, � ∈ {1, . . . , n}, [Φ(k), Φ(�)] = 0.

One does not have an analogue of the Cauchy-Kowalevski theorem for
Higgs fields. If for instance E is the trivial bundle of rank one on M , giving a
Higgs field on E is equivalent to giving a holomorphic 1-form on M . Where
this form does not vanish, the kernel of Φ reduces to {0}.

12.15 Remark (Operations on Higgs fields). The formulas describing the
operations (⊕, ⊗, L) on bundles equipped with a Higgs fields are analogous
to that for connections (Exercise 14.9 will justify this choice).

• If f : M ′ →M is a holomorphic mapping and (E , Φ) a Higgs bundle on M ,
then the pullback Higgs bundle f+(E , Φ) is defined as in §11.c. In a local
basis of E (cf. Exercise 11.11), the matrix of f+Φ is obtained by applying
T ∗f to the entries of the matrix of Φ.

• For E ′′ = E ⊕ E ′ we set, for any field ξ, Φ′′
ξ = Φξ ⊕ Φ′

ξ.
• For E ′′ = E ⊗ E ′ we set, for any field ξ, Φ′′

ξ = (Φξ ⊗ Id) + (Id⊗Φ′
ξ).

• For E ′′ = HomOM
(E ,E ′) and ϕ a local section of E ′′ we set, for any

field ξ, Φ′′
ξ (ϕ)(e) = Φ′

ξ(ϕ(e))− ϕ(Φξ(e)).

The reader should check the integrability of the fields constructed in this way.
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13 Geometry of the tangent bundle

When the bundle E that one considers is the tangent bundle TM , the objects
that we introduced above (connections and Higgs fields) get supplementary
symmetry properties. The integrability condition is then related to the exis-
tence of coordinates of a particular type on any simply connected open set
of M or on the universal covering space of M .

13.a Some points of holomorphic differential geometry

The reader can refer for instance to [GHL87, Chap. 1] for more details on
what follows. Recall that a holomorphic vector field on an open set U of M
is a derivation of OU . Any holomorphic vector field admits locally a holomor-
phic flow parametrized by a complex time: this is an immediate consequence
of Cauchy’s theorem for holomorphic differential equations (see for instance
[Car95, Chap.VII, Th. 1 and 2]).

The Lie bracket of two vector fields ξ, η on U is the vector field denoted
by [ξ, η] defined by

[ξ, η](ϕ) = ξ(η(ϕ))− η(ξ(ϕ))

for any holomorphic function ϕ on an open set V ⊂ U . For ξ fixed, the operator
η �→ [ξ, η] is only C-linear relatively to η and satisfies the Leibniz rule when
one considers ΘM as a OM -module. The is the Lie derivative associated to ξ.
We will denote

Lξ(η) = [ξ, η].

We let the reader check that, if f : M ′ → M is a holomorphic mapping
between manifolds and if ξ′, η′ are vector fields on an open set U ′ of M ′, then,
in f∗ΘM (cf. (9.4)),

Tf([ξ′, η′]) = [Tf(ξ), T f(η)].

The action of the Lie derivative can be extended in a natural way to
differential forms. It is a derivation of the graded algebra ΩM =

⊕
p Ω

p
M , of

degree 0 with respect to this gradation (i.e., the degree of the form Lξω is
equal to that of ω).

The derivation d has degree one. The interior product ιξ by the vector
field ξ, defined by the property that, for any p-form ω and any p − 1 vector
fields ξ2, . . . , ξp,

(ιξω) (ξ2, . . . , ξp) = ω(ξ, ξ2, . . . , ξp),

has degree −1. These three operators are related by the formulas

Lξ = ιξ ◦ d+ d ◦ ιξ and ι[ξ,η] = Lξιη − ιηLξ.
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13.b Holomorphic foliations

A holomorphic foliation of dimension p on a complex analytic manifold M is
a subbundle F (as defined in Exercise 4.5) of rank p of the tangent sheaf ΘM ,
which is stable by the Lie bracket, that is, such that, for any m ∈ M and all
ξ, η ∈ Fm, we have [ξ, η] ∈ Fm.

An integral submanifold of the foliation F is a (not necessarily closed)
connected analytic submanifold V of M of dimension p such that the tangent
map TiV to the inclusion iV (cf. §9.a) induces an isomorphism

ΘV
∼−→ i∗V F ⊂ i∗V ΘM .

A leaf of the foliation F is a maximal integral submanifold. Two distinct
leaves are disjoint.

The holomorphic variant of the Frobenius Integrability Theorem shows in
particular the existence of a partition of the manifold M into leaves:

13.1 Theorem (Local normal form of a foliation). Let F be a holomor-
phic foliation of dimension p of M . There exists then, in the neighbourhood of
any point of M , a coordinate system (z1, . . . , zn) centered at this point such
that, in this neighbourhood, the sheaf F is generated by the fields ∂z1 , . . . , ∂zp

.

In the neighbourhood considered in the theorem, the leaves are the level
submanifolds of the functions zp+1, . . . , zn.

Proof. One can refer for instance to [HH81, Chap. II, §2.3] for the proof of the
Frobenius theorem in the real C∞ framework. The adaptation of this proof
to the holomorphic framework is straightforward. �

Let us consider the exact sequence of sheaves of OM -modules

0 −→ F −→ ΘM −→ Q −→ 0.

By assumption, the sheaf Q is locally free. Dually, we thus get an exact
sequence of locally free OM -modules

0 −→J −→ Ω1
M −→ F∨ −→ 0

where F∨ = HomOM
(F ,OM ) and J = HomOM

(Q,OM ). It is equivalent
to giving the subbundle F of ΘM or the subbundle J of Ω1

M .

13.2 Lemma (Frobenius condition). The subbundle F is stable by the
Lie bracket if and only if J fulfills one of the equivalent conditions:

(1) dJ ⊂J ∧Ω1
M .

(2) For any m ∈ M and all germs ξ, η ∈ Fm, the germ ξ ∧ η is killed by all
elements of dJ .

Proof. See for instance [HH81, Chap. II, §2.4]. �
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13.3 Remark. Let f : M ′ → M be a holomorphic mapping and let J be
a locally free subsheaf of Ω1

M satisfying the integrability condition dJ ⊂
J ∧ Ω1

M . Then the subsheaf T ∗f(J ) ⊂ Ω1
M ′ is possibly not locally free,

but nevertheless satisfies the integrability condition: indeed, if ω is a germ of
1-form on M , then T ∗f(dω) = d(T ∗f(ω)); therefore,

d(T ∗f(J )) = T ∗f(dJ ) ⊂ T ∗f(J ∧Ω1
M )

= T ∗f(J ) ∧ T ∗f(Ω1
M ) ⊂ T ∗f(J ) ∧Ω1

M ′ .

13.c Torsion free connections

The torsion of a connection ∇ on the tangent bundle of a manifold M is the
OM -bilinear operator

ΘM ⊗
OM

ΘM
T∇−−−−→ ΘM

(ξ, η) �−−−−→ ∇ξη −∇ηξ − [ξ, η].

The assertion of OM -bilinearity is not free, so we will check for instance the
OM -linearity in η: by definition, the term ∇ηξ is OM -linear in η; on the other
hand, η �→ ∇ξη and η �→ [ξ, η] are two derivations along ξ, hence their differ-
ence is OM -linear.

A flat coordinate system on an open set U of M is a family t1, . . . , tn of
functions on U with complex values, such that in any point of U the differen-
tials are independent (hence for any m ∈M , there exist constants ci(m) such
that the functions ti + ci(m) form a local coordinate system at m) and that
the vector fields ∂/∂ti defined by

∂

∂ti
(dtj) =

{
0 if i �= j

1 if i = j

are ∇-horizontal. The map (t1, . . . , tn) : U → C
n is thus an étale chart , as

defined in Remark 2.4-(2).
The existence of such a system implies that the connection ∇ is flat (as

there locally exists a basis of ∇-horizontal vector fields) and that it has no
torsion, i.e., has identically vanishing torsion (as, in the basis (∂ti

), we have
∇∂ti

∂tj
= 0 by horizontality and [∂ti

, ∂tj
] = 0 for all i, j).

If (t1, . . . , tn) is a flat coordinate system on U , then for any (c1, . . . , cn) ∈
C

n the family (t1 + c1, . . . , tn + cn) is another one. We say that it is obtained
by translation from the first one.

13.4 Theorem (Flat coordinates). Let M be a 1-connected complex ana-
lytic manifold and ∇ a flat torsion free connection on the tangent bundle TM .
Fix mo ∈M and let (ξo

1 , . . . , ξ
o
n) be a basis of the space TmoM .
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(1) There exists then a flat coordinate system (t1, . . . , tn) on M such that we
have ∂ti

(mo) = ξo
i for any i = 1, . . . , n.

(2) The systems which satisfy these conditions are those which can be deduced
from the first one by translation.

(3) Two flat coordinate systems on M can be deduced one from the other by
an affine coordinate change.

13.5 Remark. With these conditions, we say that the manifold M is
equipped with an affine structure.

13.6 Example. Let U be a connected open set of C
n and let ρ : Ũ → U

be a covering. The tangent bundle of U is canonically trivialized. So is the
tangent bundle of Ũ , which thus has a flat torsion free connection. Then the
components ρ1, . . . , ρn of ρ in the canonical coordinates of C

n form a flat
coordinate system on Ũ .

Proof (of Theorem 13.4). Let us choose n independent vectors ξo
1 , . . . , ξ

o
n in the

fibre TmoM . As the connection ∇ is flat, we can apply the Cauchy-Kowalevski
theorem 12.8 and Lemma 15.9: as M is 1-connected, there exists a unique
family of ∇-horizontal vector fields (ξ1, . . . , ξn) whose restriction to TmoM
is the given family. As the connection is torsion free and as these fields are
horizontal, their Lie brackets vanish.

Let us consider the dual basis ω1, . . . , ωn. The 1-forms ωi are closed : indeed,
for all i, j, k = 1, . . . , n,

dωi(ξj , ξk) = ιξk

(
ιξj
dωi

)
= ιξk

(
Lξj

ωi

)
because d(ιξj

ωi) = 0
= Lξj

(ιξk
ωi) because [ξj , ξk] = 0

= 0 because ιξk
ωi = δki.

As M is 1-connected, the space H1(M,C) is zero, hence the forms ωi are exact
(see Exercise 9.8). The functions ti such that ωi = dti induce a mapping having
everywhere maximal rank, as the ωi are everywhere independent. They form
thus a flat étale chart.

The remaining part of the proof is left to the reader. �

The torsion free connection associated to a “metric”. The result which follows
is classic in Riemannian geometry (see for instance [GHL87, Th. 2.51]). It can
be adapted without any trouble to the holomorphic framework.

13.7 Theorem (The “metric” connection). Let g be a symmetric nonde-
generate OM -bilinear form g on the sheaf ΘM of vector fields on M . There
exists then a unique torsion free connection ∇ such that, for any triple (ξ, η, ζ)
of germs of vector fields,

Lζ (g(ξ, η)) = g
(
∇ζξ, η

)
+ g

(
ξ,∇ζη

)
. �
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We say that the connection ∇ given by the theorem is the Levi-Civita
connection associated to the “metric”. One can formulate the relation above
by extending the action of the connection ∇ to sections of the tensor bundles
(tensor products, possibly symmetric or skew-symmetric, of copies of ΘM

and Ω1
M ). The relation expresses that the metric tensor is ∇-horizontal.

If the connection ∇ is flat, we say that the “metric” is flat.

13.8 Remark. The notion of flat function has then a meaning: a holomorphic
function f : U → C on an open set U of M is said to be flat if the field ξf ,
deduced from the 1-form df by the isomorphism Ω1

M
∼−→ ΘM induced by the

“metric”, is ∇-horizontal.

13.d Symmetric Higgs fields

Let Φ be a Higgs field on the tangent bundle TM of the manifold M . Let us
recall that this is a OM -linear homomorphism

Φ : ΘM −→ Ω1
M ⊗ΘM

which satisfies the “integrability” condition Φ ∧ Φ = 0. By using the natural
pairing of 1-forms with vector fields, one can regard it as a bilinear homomor-
phism

ΘM ⊗ΘM −→ ΘM

ξ, η �−→ Φξ(η).

Therefore, the Higgs field Φ defines a product9 � “fibre by fibre” on the tangent
bundle by the formula

ξ � η = −Φξ(η)

(the sign − is introduced for convenience with a later use). The analogue, for
Higgs fields, of the absence of torsion for connections is the property of sym-
metry : we say that the Higgs field Φ is symmetric if the associated product �
is commutative.

13.9 Proposition (Higgs field and product). The field Φ is a symmetric
Higgs field if and only if the product � is associative and commutative.

Proof. The problem is local on M , so we can work in a system of local coordi-
nates (z1, . . . , zn). We can write Φ =

∑n
i=1 dzi⊗Φ(i), where the Φ(i) = Φ∂/∂zi

define, for any m of the given chart, an endomorphism of ΘM,m. The condition
Φ ∧ Φ = 0 is then equivalent to:

∀ i, k, Φ(i)Φ(k) = Φ(k)Φ(i).

9 One should not confuse this supplementary structure on ΘM with the natural
structure of Lie algebra defined by the bracket of vector fields.
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By definition, ∂zi
� ∂zj

= −Φ(i)(∂zj
). We conclude that, when Φ is a sym-

metric Higgs fields, the following holds for all i, j, k:

∂zi
� (∂zj

� ∂zk
) = ∂zi

� (∂zk
� ∂zj

) (symmetry)

= Φ(i)
(
Φ(k)(∂zj

)
)

= Φ(i) ◦ Φ(k)(∂zj
),

and similarly

(∂zi
� ∂zj

) � ∂zk
= ∂zk

� (∂zi
� ∂zj

)

= Φ(k) ◦ Φ(i)(∂zj
),

hence the associativity. The converse is proved in the same way. �

When, moreover, there exists on M a unit field , that is, a section e ∈
Γ (M,ΘM ) such that

ξ � e = e � ξ = ξ

for any germ ξ of holomorphic vector field10, any tangent space TmM is
equipped with the structure of an associative and commutative algebra with
unit, a structure which varies in a holomorphic way with m.

Let (z1, . . . , zn) be a system of local coordinates on an open set U of M .
Any polynomial ∑

|α|�d

aα(z1, . . . , zn)ηα1
1 · · · ηαn

n

in the variables η1, . . . , ηn with holomorphic coefficients in z1, . . . , zn defines
a holomorphic vector field on U , namely,

∑
|α|�d

aα(z1, . . . , zn)e � ∂z1 � · · · � ∂z1︸ ︷︷ ︸
α1 times

� · · · � ∂zn
� · · · � ∂zn︸ ︷︷ ︸

αn times

(the field e is useful for the degree 0 term). The set of polynomials such that
the associated vector field is zero is an ideal of the ring OM (U)[η1, . . . , ηn]; the
zero locus of this family of polynomials is a subset of U ×C

n. One can check
that, if Φ is symmetric and admits a unit field on M , this set is well defined
as a subset LΦ of the total space of the cotangent bundle T ∗M (of which the
open set U × C

n considered above is a chart).

13.10 Definition (Canonical coordinates). A system (x1, . . . , xn) of co-
ordinates on an open set of M is said to be canonical if the vector fields ∂xi

satisfy

∂xi
� ∂xj

= δij∂xi
=

{
∂xi

if i = j

0 if i �= j.

10 Such a field e is then unique.



13 Geometry of the tangent bundle 43

On such an open set, the field e =
∑n

i=1 ∂xi
is the unit field. In such a

system, we will also have to consider the field E =
∑n

i=1 xi∂xi
, called the Euler

field. In the basis (∂x1 , . . . , ∂xn
), the matrix of the endomorphism R0(•) = E�•

of multiplication by E is the diagonal matrix diag(x1, . . . , xn).

13.11 Remark (On the existence of canonical coordinates). Unlike the
case of flat torsion free connections, one does not have, without any supple-
mentary assumption, an analogue of Theorem 13.4 which would give the local
existence of canonical coordinates for any symmetric Higgs field on ΘM . Note
that, if such a system exists, then, for any vector field ξ, the operator �ξ of
multiplication by ξ on the fibres of the tangent bundle of M is semisimple.
Moreover, the canonical coordinates are the eigenfunctions of the operator �E
for some field E.

Conversely, let us assume that, for any ξ, the operator �ξ is semisimple.
There exists then locally11 a basis of fields (ηi)i=1,...,n satisfying ηi�ηj = δijηi,
where δij denotes the Kronecker symbol: indeed, there exists locally a ba-
sis (ξi)i=1,...,n of vector fields which simultaneously diagonalize the opera-
tors �ξ (as they commute); we deduce that there exist functions λi(z) such
that ξi � ξj = δijλiξi; it is a matter of showing that the λi do not vanish (we
will set then ηi = ξi/λi); this follows from the existence of a unit field e as, if
we set e =

∑
i aiξi,

ξi = ξi � e = ξi �
(∑

j

ajξj

)
= ajξi � ξi = aiλiξi.

The reader will note12 that this argument does not give however the local
existence of canonical coordinates, because it does not show that the brackets
[ηi, ηj ] vanish.

13.12 Exercise (The manifold LΦ is Lagrangian). Show that, in canon-
ical coordinates, the ideal of polynomials considered above is generated by the
polynomials

ηiηj (i �= j), ηi(ηi − 1), 1−
∑

i

ηi.

Deduce that the set LΦ is the subset of U × C
n consisting of the points

(x1, . . . , xn, η1, . . . , ηn) where all the ηi except one are zero, the nonzero one
being equal to 1.
11 If one assumes the existence of a unit field.
12 In order to obtain the existence of canonical coordinates, it is necessary and

sufficient to ask for a supplementary compatibility condition between the prod-
uct � and the Lie derivatives Lξ. This leads to the notion of weak Frobenius
manifold , introduced in [HM99]. This condition is equivalent to the geometric
condition “LΦ is a Lagrangian manifold in T ∗M” (cf. [Her02]). This condition is
realized for Frobenius manifolds that we will meet in Chapter VII (cf. [Aud98a]
and §VII.1.8).
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Compatibility with a “metric”. Given, as in §13.c, a symmetric nondegenerate
bilinear form g on TM , that we also call a “metric”, we will say that the
Higgs field Φ, or the product �, is compatible with the metric g if, for any
triple (ξ1, ξ2, ξ3) of vector fields on M ,

g(ξ1 � ξ2, ξ3) = g(ξ1, ξ2 � ξ3).

Unlike the case of connections, a “metric” does not naturally define by itself
a symmetric Higgs field compatible with it.

If a unit field exists, one can consider the differential 1-form e∗ defined by
adjunction. As a linear form on the tangent bundle, it is expressed by

e∗(ξ) = g(e, ξ).

We then have g(ξ1, ξ2) = e∗(ξ1 � ξ2).
It can be useful to emphasize the trilinear form

c(ξ1, ξ2, ξ3) = g(ξ1 � ξ2, ξ3) = e∗((ξ1 � ξ2) � ξ3).

13.13 Exercise (commutative Frobenius algebras). Let V be a finite di-
mensional C-vector space equipped with a linear form �, with a nondegenerate
bilinear form b and with a trilinear form t. By considering the isomorphism
B : V ∼−→ V ∗ defined by b, the trilinear form t defines a product on V : one
asks that, for all v1, v2 ∈ V , both linear forms B(v1 � v2) and c(v1, v2, •) co-
incide. Give conditions on �, b, t expressing that B−1(�) is the unit and that
the product is commutative and associative.

One then says that (V, �, e, b) or, in an equivalent way (V, �, b, t), is a Frobe-
nius algebra13.

14 Meromorphic connections

Let M be a meromorphic bundle with poles along an analytic submanifold Z,
i.e., a locally free OM (∗Z)-module of rank d. A connection on M is defined
as in the holomorphic case, namely as a C-linear homomorphism ∇ : M →
Ω1

M ⊗OM
M satisfying the Leibniz rule.

Notice that, in a local basis of M over OM (∗Z), the matrix Ω of the
connection has entries in OM (∗Z)⊗OM

Ω1
M = Ω1

M (∗Z).
The considerations of §11 can be readily extended to the meromorphic case.

Note that the matrix P of §11.a now belongs to Γ (U,GLd(OM (∗Z))). The
sheaf of horizontal sections M∇

|M�Z is then a locally constant sheaf of finite

13 The example originally considered by Frobenius when working on characters of
finite groups is the (noncommutative in general) algebra of such a group on a
field (see for instance [Lit40, Chap. IV]). That such an algebra is “Frobenius” as
defined above is shown for instance in [CR62, Th. 62.1], where one will also find
(Th. 61.3) other characterizations of Frobenius algebras.
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dimensional vector spaces which corresponds, after Theorem 15.8, to a linear
representation of the fundamental group π1(M �Z, o): this is the monodromy
representation attached to the meromorphic bundle with connection (M ,∇).

14.1 Exercise (Torsion of a connection by a logarithmic differential
form). Let f ∈ Γ (M,OM (∗Z)) be a meromorphic function on M , with poles
along Z, and let ω = df/f be its logarithmic differential.

(1) Prove that the meromorphic bundle with connection (OM (∗Z), d+ω) has
trivial monodromy, i.e., that the sheaf of its horizontal sections on M �Z
is isomorphic to the constant sheaf CM�Z (write d+ ω = f−1 ◦ d ◦ f).

(2) Deduce that, if (M ,∇) is a meromorphic bundle with connection on M
with poles along Z, the sheaves of horizontal sections of (M ,∇)|M�Z and
(M ,∇+ ω Id)|M�Z are isomorphic (use Exercise 12.11).

We will say that a connection on a meromorphic bundle is integrable
(or flat) if its restriction to M � Z is an integrable connection on the holo-
morphic bundle M|M�Z .

If E is a lattice of a meromorphic bundle with connection (M ,∇), it may
happen that ∇(E ) is not contained in Ω1

M ⊗OM
E . However,

∇(E ) ⊂ ∇(M ) ⊂ Ω1
M ⊗

OM

M = Ω1
M (∗Z) ⊗

OM

E .

Therefore, ∇ defines a meromorphic connection, which is not necessarily holo-
morphic, on the bundle E .

We will say that E is a logarithmic lattice of the meromorphic bundle with
connection (M ,∇) if

∇(E ) ⊂ Ω1
M 〈logZ〉 ⊗

OM

E

and more generally that it is a lattice of order � r if

∇(E ) ⊂ Ω1
M 〈(r + 1) logZ〉 ⊗

OM

E

and of order r if moreover it does not have order � r − 1 (logarithmic =
order 0). Therefore, E is a logarithmic lattice if, in any local basis of E , the
connection matrix of ∇ has forms with logarithmic poles along Z as entries.

14.2 Exercise (Behaviour of the order by operations on lattices).
Prove that the order of E ⊕ E ′ (resp. of E ⊗ E ′, resp. of L(E ,E ′)) is equal to
the maximum of the orders of E and E ′.

We will say that a meromorphic bundle with flat connection (M ,∇) has
regular singularity along Z if, in the neighbourhood U of any point zo ∈ Z,
there exists a logarithmic lattice EU of M|U . More generally, we will call
Poincaré rank of (M ,∇) along Z at zo the minimal order along Z of a lattice
in the neighbourhood of zo.
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The condition of regular singularity is local on Z and one does not ask for
the existence of a logarithmic lattice E globally on M . Nevertheless, one can
show the existence of such a lattice (see [Del70]). We will analyze with more
details the structure of connections of one variable, with regular or irregular
singularity, in Chapter II.

14.3 Remark (Regular singularity and logarithmic pole). One should
clearly distinguish between the notion of regular singularity, which concerns
meromorphic bundles with a flat connection, and that of logarithmic pole,
which concerns holomorphic bundles with a flat meromorphic connection. In
fact, a meromorphic bundle of rank � 2 with a regular singular connection
can contain lattices of arbitrarily large order (see Exercise II.4.4).

14.a Restriction of a meromorphic connection

Let M be the product D×M ′, where M ′ is a complex analytic manifold, D is
a disc centered at the origin in C. We will identify M ′ with the submanifold
{0} ×M ′ of M and we will denote by i : M ′ ↪→ M the inclusion. We will
assume below that the hypersurface Z is equal to D×Z ′, where Z ′ is a smooth
hypersurface of M ′.

Let (M ,∇) be a meromorphic bundle with connection on M with poles
along Z. The meromorphic bundle M can be restricted as a meromorphic
bundle M ′ on M ′ by the formula M ′ = OM ′ ⊗i−1OM

i−1M , analogous to
Equation (11.9). It is important, in order that this be meaningful, that the
polar set Z of M intersects properly, i.e., along a hypersurface, the submani-
fold M ′.

One can then, exactly as in §11.c, define the restriction

∇′ : M ′ −→ Ω1
M ′ ⊗

OM′
M ′

of the meromorphic connection ∇. We will say that the meromorphic bundle
with connection (M ′,∇′) is the restriction (or pullback by the inclusion)
to M ′ of the meromorphic bundle with connection (M ,∇).

Notice that, if one restricts (M ,∇) to M � Z to obtain a holomorphic
bundle with connection, the restricted bundle that one obtains from the latter
with the definition of §11.c is nothing but (M ′,∇′)|M ′�Z′ .

If ∇ is integrable, then so is ∇′ (cf. Exercise 12.12).
Notice also that, if E is a lattice of M , its restriction i∗E is a lattice of M ′.

14.b Restriction and residue of connections with logarithmic poles

Let us keep the notation of §14.a but let us now assume that the hypersur-
face Z is equal to {0}×M ′; one could, for the logarithmic case which follows,
consider a more general situation (where the “normal bundle” of Z in M is
trivial), but we will not have to consider such a situation.
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Given a holomorphic bundle with meromorphic connection (E ,∇) (and
not only a meromorphic bundle with connection), assume that (E ,∇) is log-
arithmic along Z. One can define a “restriction” of (E ,∇) to Z; this is a
holomorphic bundle of rank d with holomorphic connection � on Z: as a
bundle, it is the restriction E|Z of E to Z (i.e., the pullback by the inclusion
mapping iZ : Z ↪→ M). Let us be more explicit concerning the connection
matrix of the “restriction” � in a local basis of E and in local coordinates
z1, . . . , zn with Z = {z1 = 0}: if

Ω = Ω(1) dz1
z1

+
∑
i�2

Ω(i) dzi

is the connection matrix, where theΩ(i) are matrices with holomorphic entries,
the desired connection � has matrix

∑
i�2

Ω(i)(0, z2, . . . , zn) dzi

in the corresponding basis of E|Z . One checks that this is independent of the
choices and well defines a holomorphic connection on E|Z .

The logarithmic connection ∇ also equips the bundle E|Z with an endo-
morphism: this is the residue ResZ ∇ of the connection along Z. With the
local choices above, it has matrix Ω(1)(0, z2, . . . , zn). In order to check that
this definition is really intrinsic, one considers the composed homomorphism

(14.4) i−1
Z E

∇−−−→ i−1
Z Ω1

M 〈logZ〉 ⊗
i−1
Z OM

i−1
Z E

res⊗ Id−−−−−−−→ i∗ZE .

Then, if σ is a local section of E which vanishes on Z, its image by (14.4) is zero
and therefore (14.4) passes to the quotient and defines ResZ ∇ : i∗ZE → i∗ZE .

14.5 Exercise (Restriction, residue and operations).

(1) Prove that the construction of� from∇ is compatible with the operations
on bundles with connection.

(2) Determine the behaviour of the residue by the operations ⊕, ⊗ and L
on the bundles with logarithmic connection. Check in particular that, if
(OM , d) denotes the trivial bundle of rank one equipped with the trivial
connection, the dual bundle HomOM

(E ,OM ) has residue − tResZ ∇.

14.6 Exercise (Restriction, residue and integrability). Assume that
the connection ∇ is integrable.

(1) Prove that so is its “restriction” �.
(2) Show that the residue ResZ ∇, regarded as an endomorphism of the bundle

E|Z , is compatible with the connection �, i.e., when regarded as a section
of the bundle Hom(E|Z , E|Z), is a horizontal section with respect to the
natural flat connection constructed from �.
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14.c Connections of order one

When the connection has order one along Z, one can write locally its matrix as

Ω = z−1
1

[
Ω(1) dz1

z1
+

∑
i�2

Ω(i) dzi

]

where Ω(i) are holomorphic. One cannot define the restriction to Z of a flat
connection by the procedure above, as

∑
i�2Ω

(i)(0, z2, . . . , zn) dzi is a form
which does not necessarily satisfy the integrability condition. However, if one
fixes a coordinate z1 on D and if one considers a system of local coordinates
z2, . . . , zn on Z, one can equip the bundle E|Z with a “residue” endomor-
phism R0 (cf. Remark 9.15) and with a 1-form Φ with values in the endo-
morphisms of E|Z : in a local basis, R0 has matrix Ω(1)(0, z2, . . . , zn) and Φ is
given by

∑
i�2Ω

(i)(0, z2, . . . , zn) dzi.

14.7 Exercise (“Residue” and integrability). Prove that the integrabil-
ity of ∇ implies that the following relations are satisfied by R0 and Φ (they are
the analogues of the integrability of the connection � and of the horizontality
with respect to � of the residue endomorphism, in the logarithmic case)

Φ ∧ Φ = 0, Φξ ◦R0 = R0 ◦ Φξ for any vector field ξ on M.

In particular, Φ is a Higgs field on E|Z and (E|Z , Φ) is a Higgs bundle.
These objects depend on the choice of coordinate on D by a multiplicative
constant.

14.8 Remark. However, it is not in general possible to define, for connections
with pole of order � 1 along Z, a residue endomorphism whose matrix in a
local basis is formed by the residues of the coefficients of Ω. Indeed, if the
rank of the bundle is � 2, such a matrix does not have a suitable behaviour
under a holomorphic base change.

14.9 Exercise (Higgs field, “residue” and operations).

(1) Prove that the construction of Φ from ∇ is compatible with the operations
on Higgs bundles.

(2) Determine the behaviour of the “residue” R0 by the operations ⊕, ⊗, L.

15 Locally constant sheaves

15.a Locally constant sheaves of sets

Let F be a sheaf of sets on a topological space X. The disjoint union F̃ :=∐
x∈X Fx of the germs of F at the points of X is equipped with a natural

topology, for which a basis of open sets is given by the sets

Us =
∐
x∈U

{sx} ⊂
∐
x∈X

Fx,
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where U is an open set of X and s ∈ Γ (U,F ). For this topology, the natural
projection p : F̃ → X is continuous and the set Γ (U,F ) is identified with
that of continuous sections σ : U → F̃ of the projection p, i.e., the continuous
mappings which satisfy p ◦ σ = IdU . Moreover, the projection p is a local
homeomorphism and the topology induced on each fibre p−1(x) = Fx is the
discrete topology (cf. [God64]). We say that F̃ , equipped with the projec-
tion p, is the étale cover associated to the sheaf F .

15.1 Exercise (Locally constant sheaves and coverings). Assume
that X is connected. Prove that the sheaf F is constant (cf. §2.6) if and
only if the étale cover p : F̃ → X is homeomorphic to the projection
p2 : Fx × X → X, for any x ∈ X. Deduce that the following properties are
equivalent:

(1) the sheaf F is locally isomorphic to a constant sheaf;
(2) the projection p : F̃ → X is a covering map.

When one of both equivalent properties above is satisfied, we say that
the sheaf F is locally constant . One thus sees that the category of locally
constant sheaves of sets is isomorphic to that of coverings (check the behaviour
of morphisms). From the theory of coverings (see for instance [God71]), we
deduce:

15.2 Corollary. Any locally constant sheaf on a 1-connected space is con-
stant. �

15.3 Exercise (Locally constant sheaves and coverings, continua-
tion).

(1) Prove that, if f : X ′ → X is a continuous mapping and if F is a locally
constant sheaf on X, the pullback sheaf f−1F is locally constant.

(2) Let π : X → X ′ be a finite covering and let F be a locally constant sheaf
on X. Show that the direct image sheaf π∗F is locally constant.

15.b Locally constant sheaves of finite dimensional C-vector spaces

We will now be more precise concerning the correspondence

locally constant sheaves←→ coverings

for sheaves of finite dimensional C-vector spaces. Such a sheaf is locally con-
stant if there exist an open covering U of X and, for any open set U of U,
an isomorphism of F|U with the constant sheaf C

d
U . In the following, all the

sheaves will be sheaves of finite dimensional C-vector spaces and we will sim-
ply write “locally constant”. One also finds in the literature the term local
system14 instead of locally constant sheaf.
14 This in fact abbreviates “local system of coefficients” when one considers coho-

mology with coefficients in a locally constant sheaf.
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15.4 Exercise. In Exercise 15.3, compute the rank of the sheaves f−1F and
π∗F in term of that of F .

We thus have defined a subcategory of the category (cf. §17) of sheaves
on X, namely that of locally constant sheaves of finite rank. We say that this
subcategory is full , as the set of homomorphisms of locally constant sheaves
is equal to that of all homomorphisms of sheaves.

If o is a given point ofX (also called the base point), we have a “restriction”
functor from this category to that of finite dimensional vector spaces: one
associates to F its germ Fo and to ϕ : F → G its germ ϕo : Fo → Go.

If π : X̃ → X is a fixed universal covering space of X, we have a “global
multivalued sections” functor from this category to that of finite dimensional
vector spaces: one associates to F the space Γ (X̃, π−1F ) and to ϕ : F → G

the induced morphism Γ (X̃, π−1F )→ Γ (X̃, π−1G ).

15.5 Lemma (Locally constant sheaves on the square are constant).
Let us assume that X is equal to the interval [0, 1] or to the square [0, 1]× [0, 1]
and let us denote by 0 the origin of X. Let F ,G be locally constant sheaves
on X.

(1) If s0 ∈ F0, there exists a unique section s of F on X such that s(0) = s0.
(2) Let ϕ0 : F0 → G0 be a homomorphism. There exists a unique homomor-

phism ϕ : F → G whose restriction to F0 is ϕ0.

Proof. For the first point, adapt the proof of [God71, Lemmes 1.1 and
1.2, p. 129]. The second point follows from the first one, if we remark that
HomCX

(F ,G ) is also a locally constant sheaf. �

15.6 Exercise.

(1) Prove that, in the lemma above, if ϕ0 is an isomorphism, then so is ϕ
(consider the determinant of ϕ).

(2) Show that, for X as in the lemma, any locally constant sheaf F is iso-
morphic to the constant sheaf π−1F0, if π : X → {0} is the constant map,
and that such an isomorphism is unique if one moreover asks that its germ
at 0 is equal to identity.

(3) Prove that the lemma above can be interpreted by saying that, on the
space X = [0, 1] or X = [0, 1]2 (with 0 as base point), the restriction
functor is an equivalence (cf. §17) between the category of locally constant
sheaves on X and that of finite dimensional C-vector spaces.

15.c Linear representations of groups (abstract)

Let Π be a group and let F be a C-vector space (here, C could denote any
field). A linear representation of Π in F (cf. for instance [Kir76, §7]) is a
group homomorphism ρ : Π → Aut(F ), in other words a left linear action
of Π on F .
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If Π acts on F1 and F2, then Π acts on HomC(F1, F2) by

γ ∈ Π �−→ ρ(γ) :
[
ϕ �−→ ρ2(γ) ◦ ϕ ◦ ρ1(γ)−1

]
.

A homomorphism of the representation ρ1 to the representation ρ2 is a
homomorphism ϕ ∈ HomC(F1, F2) such that

∀ γ ∈ Π, ρ(γ)(ϕ) = ϕ.

We denote this set by

HomΠ(ρ1, ρ2) = HomC(F1, F2)Π ⊂ HomC(F1, F2).

In other words, ϕ : F1 → F2 is a homomorphism of representations (one also
says intertwining operator) if and only if, for any γ ∈ Π, the following diagram
commutes:

F1

ϕ

�ρ1(γ)

F2

ρ2(γ)�

F1

ϕ
F2

In the language of the theory of categories (cf. §17), we have defined the cat-
egory of linear representations of the group Π, whose objects are the linear
representations and the morphisms are the homomorphisms of representa-
tions. It contains the subcategory of finite dimensional representations, which
is full . It is equipped with a “forget” functor to the category of vector spaces.

In what follows, we will take for Π the fundamental group π1(X, o) of
the space X with base point o (cf. for instance [God71]). We will denote by
[γ] ∈ π1(X, o) the homotopy class of a continuous loop γ : [0, 1] → X based
at o, i.e., such that γ(0) = γ(1) = o. It will be convenient to use a convention
opposite to that of [God71] for the product. In other words, we will denote by
[γ]·[γ′] the class of the loop obtained by following first γ′, then γ (in accordance
with the composition of mappings, as in [Del70]).

15.d An equivalence of categories

Let F be a locally constant sheaf on X. If γ is a continuous loop based at o,
the sheaf γ−1F is locally constant on [0, 1] (Exercise 15.3). The first part of
Lemma 15.5 shows the existence of a map

Tγ : Fo = (γ−1F )0 −→ (γ−1F )1 = Fo.

It associates to any s0 ∈ Fo the value s(1) ∈ (γ−1F )1 = Fo of the unique
section s of γ−1F such that s(0) = s0. The uniqueness property implies that
this mapping Tγ is linear.

The second part of the same lemma also shows that this mapping only
depends on the homotopy class of γ and we denote it by T[γ], or also by TF

[γ]

to recall the dependence with respect to F .
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15.7 Exercise (The monodromy representation is functorial).

(1) Prove that [γ] �→ T[γ] is a linear representation of π1(X, o) in Fo.
(2) Show that F �→ TF is a functor from the category of locally constant

sheaves of finite rank to that of finite dimensional linear representations
of the group π1(X, o).

15.8 Theorem (The monodromy representation is an equivalence).
The functor F �→ TF is an equivalence between the category of locally con-
stant sheaves of finite rank on X and that of finite dimensional representations
of π1(X, o).

Proof. Let us apply the criterion given in §17. For the full faithfulness, it is
a matter of verifying that any element ϕo ∈ HomC(Fo,Go)π1 can be lifted in
a unique way as a homomorphism ϕ : F → G . This is a consequence of the
following lemma, applied to the locally constant sheaf HomCX

(F ,G ).

15.9 Lemma (An existence criterion for a global section). Let F be
a locally constant sheaf on X and pick so ∈ Fo. There exists a section s ∈
Γ (X,F ) such that s(o) = so if and only if T[γ](so) = so for any [γ] ∈ π1(X, o).
If such a section s exists, it is unique.

Proof. Fix x ∈ X and let η : [0, 1] → X be a continuous path from o to x
(recall that X is assumed to be path-connected). Lemma 15.5 applied to the
sheaf η−1F enables us to define sx ∈ Fx from so. Moreover, the condition
T[γ](so) = so for any [γ] ∈ π1(X, o) implies that sx does not depend on the
chosen path η. We then see that x �→ s(x) := sx is a section of F .

The set of points where the germs of two sections coincide is open in X.
As F is locally constant, it is also closed, hence the uniqueness assertion. �

Let us now sketch the proof of the essential surjectivity. Let (X̃, õ) be a
universal covering space of (X, o). Recall (cf. [God71, p. 134]) that π1(X, o)
acts on X̃: if γ̃ is the lift of a loop γ based at õ, there exists a unique auto-
morphism h[γ] of the covering X̃ such that h[γ](õ) = γ̃(1). One then denotes
by F̃ the quotient space of X̃×Fo by the relation (x̃, so) ∼ (h[γ]−1(x̃), ρ[γ](so))
([γ] ∈ π1(X, o)). One checks that the natural projection to X makes F̃ a cov-
ering: this is the étale cover of the desired sheaf F . In order to check that the
representation associated to F is equal to ρ, one takes the pullback of X̃×Fo

by γ̃: the section which takes value so at õ also takes value so at h[γ](õ); one
identifies then the points (h[γ](õ), so) and (õ, ρ[γ](so)). �

15.10 Corollary (Analytic extension). Let V ⊂ U be two connected open
sets of X, containing the base point, such that the canonical homomorphism
π1(V, o) → π1(U, o) is an isomorphism, and let G be a locally constant sheaf
on V .

(1) There exists a locally constant sheaf F on U and an isomorphism
F|V

∼−→G .
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(2) The restriction mapping Γ (U,F )→ Γ (V,F ) is an isomorphism.
(3) If we have two locally constant sheaves F and F ′ on U , any homomor-

phism ψ : F|V → F ′
|V can be extended in a unique way as a homomor-

phism F → F ′. �

15.11 Exercise (Another equivalence of categories). Let π : X̃ → X
be a fixed universal covering space of X.

(1) Let F be a locally constant sheaf of rank d on X. Prove that Γ (X̃, π−1F )
is a finite dimensional vector space, equipped with an action of the group
G of automorphisms of the covering π. We denote by ρF the corresponding
representation of G.

(2) Prove that the functor F �→ ρF is an equivalence of categories.
(3) Compare this functor with that defined in Exercise 15.7.

15.12 Exercise (Examples of locally constant sheaves).

(1) Describe all locally constant sheaves of rank d on X = C
∗.

(2) Describe all locally constant sheaves of rank one on the space X = P
1

�

{0, 1,∞} = C
∗

� {1}.
(3) Prove that two linear representations ρ, ρ′ : π1(X, o) → GLd(C) define

isomorphic locally constant sheaves if and only if they are conjugate, i.e.,
there exists an invertible matrix C such that, for any [γ] ∈ π1 we have
ρ′([γ]) = C−1ρ([γ])C.

16 Integrable deformations and isomonodromic
deformations

Let us start with an analytic family of complex analytic manifolds whose
topology (a fortiori the fundamental group) does not change. All these man-
ifolds are thus pairwise homeomorphic. Given a family of linear differential
systems on this family of manifolds, that is, a family of vector bundles, each
one equipped with a holomorphic flat connection depending analytically on
the parameters, we produce the locally constant sheaf of horizontal sections
of this connection on each manifold in the family. As the notion of locally
constant sheaf is topological, one can regard all these sheaves as sheaves on
the same topological manifold. When these sheaves are all isomorphic to the
same constant sheaf, we say that the family is isomonodromic.

Let us be more precise. We thus have an analytic mapping π : M → X
everywhere of maximal rank between two connected complex analytic mani-
folds. We make the assumption that π is a locally trivial topological fibration,
that is, for any xo ∈ X, there exists a neighbourhood V of xo in X and a
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homeomorphism h making the following diagram commute:

V × π−1(xo) h
∼

p1

π−1(V )

π
V

and whose restriction to π−1(xo) is the identity. Note that, as π is everywhere
of maximal rank, the fibres of π are analytic submanifolds of M .

16.1 Examples. It is often necessary to consider more general situations than
the projection π of a product M ×X on X.

(1) When π is a proper mapping, a theorem by Ehresmann (cf. [Ehr47, Ehr51],
as well as [Wol64] for a proof) says that π is a locally trivial C∞ fibration
(i.e., one can choose a C∞ diffeomorphism for h in the neighbourhood of
any xo). It is in general impossible to choose h holomorphic.

(2) When π is not proper, the First Isotopy Lemma of R.Thom (cf. for in-
stance [Dim92, Chap. 1] and the references given therein) often enables
one to show that π is a locally trivial topological fibration over an open
set dense of X. Such is the case for instance when there exists an ana-
lytic manifold M containing M as a dense open subset, equipped with
a proper holomorphic mapping π : M → X extending π. For example,
a n-variable polynomial defines a fibration π : C

n
� π−1(Σ) → C � Σ,

where Σ is a finite set of points, called the “generalized critical values” of
the polynomial π.

(3) Let X = Xd ⊂ C
d be the open set consisting of the points with pairwise

distinct coordinates and set M = Xd+1. Then the projection π : Xd+1 →
Xd which forgets the last coordinate is a locally trivial C∞ fibration.

The sheaf ΘM/X of vector fields tangent to the fibres of π is by definition
the kernel of the tangent map Tπ : ΘM → π∗ΘX . This is a locally free sheaf,
as π has maximal rank. One constructs by duality the sheaf Ω1

M/X of relative
differential 1-forms.

In any system of local coordinates (z1, . . . , zp, x1, . . . , xq) where π is written
as π(z,x) = x, any relative 1-form can be written as

∑p
i=1 ϕi(z,x) dzi.

The sheaf Ω1
M/X is naturally a quotient of the sheaf Ω1

M . It is equipped
with a relative differential dM/X : Ω1

M/X → Ω2
M/X . Similarly, there is a rela-

tive differential dM/X : OM → Ω1
M/X such that the identity dM/X ◦dM/X = 0

holds: in local coordinates (z,x) as above,

dM/Xf =
p∑

i=1

∂f

∂zi
dzi.

Let E be a bundle on M . A relative connection ∇M/X on E is a homo-
morphism E → Ω1

M/X ⊗OM
E which is linear over the sheaf of rings π−1OX
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and which satisfies the Leibniz rule

∇M/X(f · s) = f ∇M/Xs+ dM/Xf ⊗ s.

The relative connection is said to be integrable (or flat) if the relative curva-
ture ∇M/X ◦ ∇M/X vanishes. One can readily express these notions on the
connection matrix in a local basis of E and in local coordinates adapted to π
as above. One also verifies that, when X is reduced to a point, one recovers
the notions introduced in §§11 and 12.

16.2 Example (The relative connection associated to a connection).
If ∇ : E → Ω1

M ⊗ E is a connection on the bundle E, the composition of ∇
with the projection Ω1

M ⊗ E → Ω1
M/X ⊗ E is a relative connection ∇M/X .

If ∇ is integrable, then so is ∇M/X . In a local basis of E and in local coordi-
nates adapted to π, the matrix of ∇M/X is obtained by forgetting the terms
containing dzj (j = 1, . . . , q) in that of ∇.

16.3 Exercise (The Cauchy-Kowalevski theorem with parameters).
Let ∇M/X be an integrable relative connection on some bundle E on M .
Prove the analogue of Theorem 12.8 where one changes the sheaf CM with
π−1OX and the notion of a locally constant sheaf of C-vector spaces with that
of a locally constant sheaf of locally free π−1OX -modules (hint: see [Del70,
Th. 2.23]).

16.4 Definition (of an isomonodromic family). An integrable relative
connection ∇M/X on a bundle E is an isomonodromic family if the isomor-
phism class of the locally constant sheaf (of C-vector spaces) Ker∇M/X|π−1(x)

does not depend on the point x ∈ X.

Let us make it clear here that the restriction is taken in the analytic sense,
that is, recalling (cf. previous exercise) that Ker∇M/X is a π−1OX -module,

Ker∇M/X|π−1(x) = Oπ−1(x) ⊗π−1OX
Ker∇M/X .

Let us now explain with more detail the expression “does not depend on
x ∈ X”. For any xo ∈ X, let V be a neighbourhood of xo and let h be a
homeomorphism V ×π−1(xo) ∼−→ π−1(V ) as above. We deduce, for any x ∈ V ,
a homeomorphism hx : π−1(xo)→ π−1(x). It enables us to pull back the sheaf
Ker∇M/X|π−1(x) on π−1(xo). We get in this way a locally constant sheaf Fx

on π−1(xo). The isomonodromy property means that, for x in a sufficiently
small neighbourhood of xo, the sheaves Fx are pairwise isomorphic.

16.5 Exercise. Prove that the local isomonodromy property above does not
depend on the choice of the homeomorphism h (it is a matter of verifying
that, if F is a locally constant sheaf of C-vector spaces on a manifold N and
if g : N → N is a homeomorphism homotopic to identity, then the sheaves F
and g−1F are isomorphic).
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This exercise gives a nonambiguous meaning to the local notion of isomon-
odromy and therefore enables one to define it globally.

16.6 Proposition (Integrability implies isomonodromy). Let ∇ : E →
Ω1

M ⊗ E be a flat connection on some bundle E on M . Then the associated
relative connection ∇M/X defines an isomonodromic family.

Proof. We have already mentioned that this relative connection is flat. One
then checks that

Ker∇M/X = π−1OX ⊗C Ker∇.
Lastly, if V is a sufficiently small 1-connected neighbourhood of xo ∈ X, the
fundamental group of π−1(V ) � V × π−1(xo) is equal to that of π−1(xo). It
follows from Equivalence 15.8 that F = Ker∇ is isomorphic to the pullback
by h−1 ◦ p2 of its restriction to π−1(xo). We thus get isomonodromy. �

It is remarkable that, with only a weak assumption on fibres of π, the
converse of this statement is true, at least locally on X:

16.7 Theorem (Isomonodromy implies integrability). Let us assume
that the fundamental group of the fibres of π has finite type. Then, if ∇M/X

is an integrable relative connection on some bundle E on M , defining an
isomonodromic family, it comes, locally on X, from an integrable connection ∇
on E.

16.8 Remark. This assumption on the fundamental group of the fibres is
satisfied for all the manifolds that we will consider in the remaining part
of this book (quasiprojective varieties). In general, verifying this assumption
will be easy. Our main example will be that of the complex line minus a finite
number of points.

Proof (Sketch). Fix xo ∈ X. According to the relative Cauchy-Kowalevski
theorem, it is a matter of proving that, if G is a locally constant sheaf of
locally free π−1OX -modules on M , satisfying the isomonodromy property,
there exists, up to changing X with a sufficiently small neighbourhood of xo, a
locally constant sheaf F of C-vector spaces on M such that G = π−1OX⊗CF .

We assume that the fundamental group π1(π−1(xo), �) is generated by a
finite number of classes γ1, . . . , γp of loops based at �. A linear representation
of rank d of this group consists in giving p matrices T1, . . . , Tp ∈ GLd(C)
satisfying the same relations as the γi do. The set Rep of these representations
is thus the closed subset of (GLd(C))p defined by the algebraic equations
induced by the relations. These are equations like

Tn1
i1
· · ·Tnr

ir
− Id = 0.

The group GLd(C) acts on the product by

P · (T1, . . . , Tp) = (PT1P
−1, . . . , PTpP

−1).
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The orbit of a representation ρo consists in the set of representations equivalent
to ρo.

The assumption of the theorem implies that, on some neighbourhood V
of xo, there exists an analytic mapping V → Rep, the image of which is
contained in the orbit GLd(C) ·ρo (isomonodromy), if ρo is the representation
corresponding to the locally constant sheaf G|π−1(xo), and which sends xo to
ρo. It is then a matter of showing that this mapping can be lifted, possibly
after restricting V , as an analytic mapping V → GLd(C) sending xo to Id,
that is, such that the following diagram commutes:

GLd(C)

P �→ P · ρo

V GLd(C) · ρo

This is possible because the mapping GLd(C)→ GLd(C) · ρo has everywhere
maximal rank, as the group acts transitively. �

16.9 Remark. It is possible to extend the domain of existence of the inte-
grable connection ∇, by using a vanishing theorem, cf. [Bol98].

17 Appendix: the language of categories

We refer to [ML71] for more details on what follows.
A category C consists

(1) of a family of objects Ob(C ),
(2) for any pair (X,Y ) of objects of C , of a set HomC (X,Y ), the elements of

which are called morphisms of X to Y ,
(3) for any triple (X,Y,Z) of objects of C , of a mapping (called composition)

HomC (X,Y )×HomC (Y,Z) ◦−−→ HomC (X,Z)
(f, g) �−→ g ◦ f

satisfying the following properties:

(a) the composition is associative,
(b) for any object X of C , there exists an element IdX ∈ HomC (X,X) satis-

fying f ◦ IdX = f and IdY ◦f = f , for any f ∈ HomC (X,Y ). This element
is necessarily unique.

An f ∈ HomC (X,Y ) is an isomorphism if there exists g ∈ HomC (Y,X)
with f ◦ g = IdY and g ◦ f = IdX . According to associativity, such an inverse
is unique.
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A functor F from a category C to a category C ′ consists in giving a map-
ping F : Ob(C )→ Ob(C ) and, for any pair (X,Y ) of objects of C , of a map-
ping F : Hom(X,Y ) → Hom(F (X), F (Y )) compatible with composition and
preserving the identity morphisms.

We let the reader define the notion of morphism between two functors, also
called natural transformation of functors, and then the notion of isomorphism
of functors.

If, for a given functor F , there exists an inverse functor F ′, that is, such
that F ◦ F ′ and F ′ ◦ F are equal to the identity functors of each category, we
say that the functor F is an isomorphism of categories.

17.1 Exercise. Check that the functor which, to any locally constant sheaf
of sets associates its étale cover, is an isomorphism from the category of these
sheaves to that of coverings.

More often, there exists a quasi-inverse functor F ′, i.e., such that F◦F ′ and
F ′ ◦F are isomorphic (and not necessarily equal) to the “identity” functors of
the corresponding categories. Such a quasi-inverse functor is not necessarily
unique. If such a quasi-inverse functor exists, we say that the categories are
equivalent . It can be difficult to explicitly construct a quasi-inverse functor
for a given functor. In order to check that a functor admits a quasi-inverse
functor (and thus that it induces an equivalence of categories), one usually
refers to the criterion below.

We say that a functor F : C → C ′ is fully faithful if, for any pair (X,Y )
of objects of C the map F : Hom(X,Y ) → Hom(F (X), F (Y )) is a bijection;
we say that it is essentially surjective if, for any object X ′ of C ′, there exists
an object X of C such that F (X) is isomorphic to X ′.

The criterion says that a functor F is an equivalence of categories if and
only if it is fully faithful and essentially surjective. Indeed, when the latter
properties are satisfied, one can show that there exists a quasi-inverse func-
tor F ′ (see for instance [ML71, p. 91]).

Remark. In this book, we repeatedly use the notion of equivalence of cate-
gories. This is a convenient way, although somewhat formal, to express many
properties:

• The equivalence of categories enables us to manipulate in different ways the
objects of a category, by working directly in an equivalent category. This
is what we have done with vector bundles. In this case, neither category
(bundles and locally free sheaves) is simpler than the other, but depending
on the question, we have “a better feeling” with one of them.

• One of the two categories is simpler to manipulate than the other one.
One can then consider that equivalence plays the role of a classification,
up to isomorphism, of the objects of the more complicated category. The
equivalence bundles ↔ nonabelian 1-cohomology of §5 can be regarded—
deceptively however—in this framework. On the other hand, for instance,
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the Riemann-Hilbert correspondence of Chapter II really falls within the
scope of this framework.

• It may happen that the equivalence emphasizes hidden properties of one
category which are visible in the other one. The equivalence enables then
to simply exhibit these hidden properties. A known example is the equiv-
alence between the category of regular holonomic D-modules and that of
perverse sheaves, which shows that the latter is abelian.

Lastly, when both categories possess supplementary operations (direct sum
or tensor product for instance), it is in general important to verify that the
functor which establishes the equivalence preserves these operations.



I

Holomorphic vector bundles
on the Riemann sphere

In the following, the Riemann sphere is denoted by P
1: this is the complex

projective line equipped with its usual topology and with the structure of
complex analytic manifold as described in §0.2.2-4.

1 Cohomology of C, C
∗ and P

1

We denote by t the coordinate on C. Let C∞
C

be the sheaf of C∞ functions
on C. It is a sheaf of rings, which contains the sheaf OC of holomorphic func-
tions as a subsheaf of rings. It is then in particular a sheaf of OC-modules.

The operator ∂t :=
∂

∂t
defines a homomorphism of sheaves

(1.1) C∞
C

∂t−−−→ C∞
C

which is OC-linear (but not C∞
C

-linear). By definition, its kernel is OC. The
results below are fundamental.

1.2 The Poincaré Lemma for ∂t. Let Δ be an open disc of the com-
plex plane and let Δ be its closure. Let f be a C∞ function defined in some
neighbourhood of Δ. There exists then a C∞ function g : Δ → C such that
∂g

∂t
= f|Δ.

Proof. See for instance [GH78, p. 5]. �

1.3 Theorem (The Dolbeault resolution on an open set). For any
open set Ω of the complex plane, the map ∂t : C∞(Ω)→ C∞(Ω) is onto (and
the kernel is O(Ω)).

Proof. See for instance [BG91, Th. 3.2.1, p. 221]. �
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1.4 Corollary (The local Dolbeault resolution). The morphism (1.1) is
onto.

Proof. It is of course a consequence of Theorem 1.3. It is also a consequence
of the Poincaré Lemma 1.2: it is a matter of showing the surjectivity of the
germ at to of (1.1), for any to ∈ C; if [f ]to is a C∞ germ at to, there exist
an open disc centered at to with radius r > 0 and a function f which is C∞

on this disc and with germ [f ]to at to; one takes forΔ the disc centered at to

having radius r/2; Poincaré Lemma gives a C∞ solution g : Δ→ C of ∂tg = f
and the germ [g]to of g at to satisfies thus ∂t[g]to = [f ]to . �

1.5 Corollary (The holomorphic cohomology of an open set of C

vanishes). For any open set Ω ⊂ C, Hk(Ω,OΩ) = 0 for any k � 1.

Proof. Corollary 1.4 shows that we have a short exact sequence of sheaves of
C-vector spaces

0 −→ OΩ −→ C∞
Ω −→ C∞

Ω −→ 0.

Theorem 0.6.2 gives then a long exact sequence

· · · → Hk(Ω,OΩ)→ Hk(Ω,C∞
Ω )→ Hk(Ω,C∞

Ω )→ Hk+1(Ω,OΩ)→ · · ·

from which we deduce, according to Theorem 0.6.3, that Hk(Ω,OΩ) = 0 for
k � 2. Theorem 1.3 expresses then the vanishing of H1(Ω,OΩ). �

1.6 Corollary (The holomorphic cohomology of P
1 vanishes). The

spaces Hk(P1,OP1) are zero for any k � 1, and H0(P1,OP1) = C.

Proof. The second equality follows from Liouville’s Theorem, as a holomorphic
function on P

1 can be restricted as a holomorphic function on C = U0, which
is bounded by compactness of P

1.
The covering of P

1 by the charts U0 and U∞ (cf. Example 0.2.2-4) is acyclic
for the sheaf OP1 , after the previous corollary; Leray’s Theorem 0.6.1 computes
the cohomology of P

1 with values in O with this covering. As it only consists
of two open sets, we trivially have Hk(P1,OP1) = 0 for k � 2. In order to show
that H1(P1,OP1) = 0, it is enough to see that any holomorphic function f
on C

∗ is the difference between the restrictions to C
∗ of a holomorphic function

on U0 and of a holomorphic function on U∞: this is exactly what gives the
Laurent expansion of f on the punctured line C

∗. �

1.7 Corollary (Bundles of rank one on P
1). A holomorphic bundle of

rank one on P
1 is determined (up to isomorphism) by its Chern class.

Proof. The exact sequence of the exponential (cf. §0.7.b) induces a cohomol-
ogy exact sequence

· · · → H1(P1,OP1)→ H1(P1,O∗
P1)

c1−→ H2(P1,ZP1)→ H2(P1,OP1)→ · · ·

and both extreme terms vanish, after the previous corollary. This shows that c1
is an isomorphism. �
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2 Line bundles on P
1

2.a The tautological line bundle OP1(−1)

Let L ⊂ P
1 × C

2 be the subset consisting of pairs (m, v), where m is a line
of C

2 and v is a vector of C
2, such that v ∈ m. We denote by π : L → P

1

the restriction to L of the first projection. If L̇ ⊂ L denotes the open set of
pairs (m, v) such that v �= 0, L̇ is identified, through the second projection,
to C

2
� {0} and π : L̇→ P

1 to the Hopf fibration C
2

� {0} → P
1.

Fig. I.1. The Hopf fibration restricted to the sphere S3 = R
3 ∪∞.

2.1 Proposition. The projection π makes L a holomorphic line bundle on P
1.

We denote by OP1(−1) the sheaf associated to the bundle L, called tauto-
logical .

Proof. We will first compute the restriction of L to the open sets U0 and U∞.
Let us remark that L is a closed subset of P

1×C
2; we will equip this set with

the induced topology.
Let t be the coordinate on U0, let mo ∈ U0 be the point with homogeneous

coordinates (1; to) and let us set v = (v0, v∞) ∈ C
2. Then, v ∈ mo if and only

if v∞ = tov0. We deduce a homeomorphism

L|U0

ϕ0−−−→ U0 × C

(t, v) �−−−→ (t, v0)

and in the same way, if t′ denotes the coordinate on U∞ and if the homoge-
neous coordinates of mo ∈ U∞ is (t′o; 1), v ∈ mo if and only if v0 = t′ov∞,



64 I Holomorphic vector bundles on the Riemann sphere

hence a homeomorphism

L|U∞

ϕ∞−−−−→ U∞ × C

(t′, v) �−−−−→ (t′, v∞).

On U0 ∩ U∞ the change of chart is given by

U0 ∩ U∞ × C
ϕ∞ ◦ ϕ−1

0−−−−−−−−−→ U0 ∩ U∞ × C

(t, v0) �−−−−−−−−−→ (t, tv0).

The cocycle that one obtains is thus in H0(C∗,O∗). �

2.2 Corollary (OP1(−1) has no global section). The bundle L has no
nonzero global holomorphic section; in other words, there is no non identically
zero homomorphism OP1 → OP1(−1) (in particular OP1(−1) is not isomorphic
to the trivial bundle).

Proof. Let us show the absence of holomorphic section: the composition of
such a section P

1 → L with any of the projections of P
1×C

2 → C restricts as
a bounded holomorphic function on U0, hence is constant. It remains to note
that the bundle L has no holomorphic section which is constant and nonzero;
in other words, as L is a line bundle, that L is not isomorphic to the trivial
bundle; otherwise, there would exist a nonzero vector contained in all the lines
of C

2, which is absurd.
We have seen (cf. the remark in the proof of Proposition 0.4.1) that a

homomorphism OP1 → OP1(−1) is nothing but a global section of the bundle
OM (−1), and such a section must be zero, by the previous argument. �

2.b The line bundles OP1(k) for k ∈ Z

We define the bundle OP1(1) as the bundle dual to OP1(−1), that is,
HomO

P1
(OP1(−1),OP1). It is also the inverse bundle of the bundle OP1(−1)

with respect to the tensor product. Is is called the canonical bundle on P
1.

Then, for any k ∈ Z, we set

OP1(k) =

⎧⎪⎨
⎪⎩

OP1(1)⊗k if k � 1
OP1(−1)⊗|k| if k � −1
OP1 if k = 0.

2.3 Exercise (First properties of the bundles OP1(k)). Prove the follow-
ing assertions:

(1) The bundle OP1(k) is trivial when restricted to the open sets U0 and U∞
and the corresponding cocycle is ϕ∞ ◦ ϕ−1

0 : (t, v0) �→ (t, t−kv0).
(2) For any k ∈ Z we have OP1(−k) = HomO

P1
(OP1(k),OP1).
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(3) HomO
P1

(OP1(k),OP1(�)) = HomO
P1

(OP1 ,OP1(�− k)).
(4) H0(P1,OP1(k)) �= 0 ⇐⇒ k � 0.
(5) HomO

P1
(OP1(k),OP1(�)) �= 0 ⇐⇒ �− k � 0.

(6) If OP1(k) is isomorphic to OP1(�), then k = �.
(7) c1(OP1(k)) = k · c1(OP1(1)).

2.c Line bundle associated to a divisor

We will now be more explicit concerning the notions introduced in §0.8 when
M = P

1. Let us pick mo ∈ P
1. For k � 0, we define OP1(kmo) as the subsheaf

of OP1 consisting of germs of functions which vanish at order at least −k = |k|
at mo: the germ of OP1(kmo) at m �= mo is equal to OP1,m, while the germ
at mo is equal to t|k|C{t} if t is a local coordinate vanishing at mo.

One can extend this definition to k > 0: one first considers the sheaf
OP1(∗mo) of germs of meromorphic functions with pole at mo on P

1, whose
germ at m �= mo is OP1,m and whose germ at mo is the ring C{t}[1/t]; one
then defines OP1(kmo) ⊂ OP1(∗mo), for k > 0, as the subsheaf of germs which
have a pole of order at most k at mo.

We clearly have an exact sequence of sheaves

(2.4) 0 −→ OP1(kmo) −→ OP1((k + 1)mo) −→ Cmo −→ 0

where Cmo is the “skyscraper” sheaf on P
1 defined by

Γ (U,Cmo) =

{
C if mo ∈ U,
0 otherwise.

2.5 Exercise (The bundles O(k) and their divisors).

(1) Prove that, for any k ∈ Z, the sheaf OP1(kmo) is locally free of rank one.
(2) Show that OP1(kmo) ∼−→ OP1(km) for any m ∈ P

1.
(3) Taking mo = ∞, compute a cocycle for OP1(kmo) and deduce that

OP1(kmo) � OP1(k).

2.d The universal quotient bundle

By its very construction, the tautological bundle is a subbundle of the trivial
bundle of rank 2, i.e., OP1 ⊕ OP1 .

2.6 Proposition. The quotient sheaf Q := (OP1 ⊕ OP1) /OP1(−1) is a locally
free sheaf of rank one on P

1, isomorphic to the canonical bundle OP1(1).

Proof. Let us use the notation presented at the beginning of this section. Let
us pick mo = (1; to) ∈ U0. The quotient C

2/Lmo is identified with C by the
mapping v �→ v∞ − tov0. There is thus an exact sequence of bundles

0 −→ L|U0 −→ U0 × C
2 ϕ−−→ U0 × C −→ 0
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with ϕ(t, v) = (t, v∞ − tv0), which gives a trivialization of Q on U0. In the
same way, there is a trivialization on U∞ by the map ϕ′(t′, v) = (t′, t′v∞−v0).
The cocycle associated to Q is (t, w) �→ (t, t−1w): one recognizes the cocycle
of OP1(1). �

2.e Extensions of line bundles

We have constructed an exact sequence

(2.7) 0 −→ OP1(−1) −→ OP1 ⊕ OP1
p−−→ OP1(1) −→ 0.

One can ask whether this exact sequence splits, in other words if there exists
a homomorphism OP1(1)→ OP1 ⊕OP1 which becomes the identity after com-
position with p. Such a homomorphism does not exist, as any homomorphism
OP1(1)→ OP1 is zero (cf. Corollary 2.2). More generally:

2.8 Theorem (Splitting of extensions).

(1) If E is a bundle of rank 2 on P
1, any exact sequence

0 −→ OP1(−k) −→ E −→ OP1(�) −→ 0

splits as soon as k + � � 1.
(2) If k+ � � 2, there exists an extension E of OP1(�) by OP1(−k) which does

not split.

Proof. We will say that two extensions E ,E ′ of OP1(�) by OP1(−k) are iso-
morphic if there exist isomorphisms making the following diagram commute:

0 OP1(−k)

�

E

�

OP1(�)

�

0

0 OP1(−k) E OP1(�) 0

(the extreme isomorphisms are then a nonzero constant times the identity).
The proof of the theorem is thus reduced to both statements below. �

2.9 Lemma. The set of isomorphism classes of extensions of the bun-
dle OP1(�) by the bundle OP1(−k) is in one-to-one correspondence with
H1

(
P

1,OP1(−�− k)
)
.

2.10 Theorem (Vanishing Theorem). We have H1(P1,OP1(−k)) = 0 if
and only if k � 1.

Proof (of Lemma 2.9). We can tensor all terms by OP1(−�), so that we can
assume that � = 0. Consider first an extension E :

0 −→ OP1(−k) −→ E −→ OP1 −→ 0.
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One chooses a covering U of P
1 finer than (U0, U∞) and fine enough so that,

on any open set Uj , the exact sequence splits (it is enough to insure that, on
any Uj , one can complete a basis of OP1(−k) in a basis of E ). Let σj be a
section of E → OP1 on Uj . On Uj∩Uj′ , we have σj−σj′ ∈ Γ (Uj∩Uj′ ,OP1(−k)).
The cocycle condition is clearly satisfied, hence (σj) defines an element of
H1(U,OP1(−k)). We have inclusions

H1((U0, U∞),OP1(−k)) ⊂ H1(U,OP1(−k)) ⊂ H1(P1,OP1(−k))

and, on the other hand, the covering (U0, U∞) is acyclic for OP1(−k) because it
is so for OP1 and the restrictions of both bundles to U0 and U∞ are isomorphic.
Therefore, after Leray’s Theorem 0.6.1, these inclusions are equalities.

Conversely, any cocycle σ ∈ Z1(U,OP1(−k)) associated to a covering U

of P
1 defines an extension E of OP1 by OP1(−k): on any open set Uj of U we

set Ej = (OP1(−k)⊕ OP1)|Uj
; on Ui ∩ Uj , we glue Ei|Ui∩Uj

and Ej|Ui∩Uj
by

means of the matrix (
Id σij

0 Id

)

where the component σij of cocycle σ is regarded as an element of

Γ (Ui ∩ Uj ,Hom(OP1 ,OP1(−k))).

An extension E defined by a cocycle σ splits if and only if this cocycle is a
coboundary (exercise). Therefore, any element of H1(P1,OP1(−k)) defines an
isomorphism class of extension. �

Proof (of Vanishing Theorem 2.10). We know that

H1(P1,OP1(−k)) = H1((U0, U∞),OP1(−k)).

By using the natural basis of OP1(−k) on U0, we see that a cocycle is a
holomorphic function h on U0 ∩ U∞ and that a coboundary is a function of
the form f(t)− t−kg(t) with f holomorphic on U0 and g holomorphic on U∞.
The existence of a Laurent expansion shows that a function h can be written as

h(t) =
∑
n�0

ant
n − t−k

(∑
n�0

a−nt
−n

)
,

where both series have an infinite radius of convergence, if and only if
−k � −1. �

2.f Vector fields and differential forms on P
1

As above, let us denote by t the coordinate in the chart U0 and by t′ the coordi-
nate in the chart U∞. The sheaf ΘP1 of vector fields on P

1 has an everywhere
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nonvanishing section on U0, namely ∂/∂t, and an everywhere nonvanishing
section on U∞, namely ∂/∂t′. We deduce isomorphisms

ΘP1|U0

ϕ0−−−→ OU0 ΘP1|U∞

ϕ∞−−−−→ OU∞

f(t)
∂

∂t
�−−−→ f(t) g(t′)

∂

∂t′
�−−−−→ g(t′)

and the cocycle ϕ∞ ◦ ϕ−1
0 : OC∗ → OC∗ sends 1 to −1/t2. It easily follows:

2.11 Proposition (Computation of the tangent and cotangent bun-
dles of P

1). We have isomorphisms

ΘP1 � OP1(2), Ω1
P1 � OP1(−2)

Ω1
P1

( p∑
i=1

(ri + 1)mi

)
� OP1

(
− 2 +

p∑
i=1

(ri + 1)
)
,

if we denote by Ω1
P1(

∑p
i=1(ri + 1)mi) the sheaf of meromorphic 1-forms with

poles at the points m1, . . . ,mp and with order ri at mi (cf. §0.9.b). �

3 A finiteness theorem and some consequences

The following result, that we will not prove, enables one to analyze the bundles
on P

1. It is one of the key points in the theory of Riemann surfaces, as well as
in analytic and algebraic geometry; it is in fact true in a much more general
framework (that of coherent sheaves on a compact complex analytic manifold).

3.1 Theorem (Finiteness Theorem). Let E be a holomorphic vector bun-
dle on P

1 and let E be the associated sheaf. Then we have dimHk(P1,E )<+∞
for any k � 0.

Proof. See for instance [Rey89, Chap. IX] for the finiteness of H0 and H1. By
using the Dolbeault resolution

0 −→ OP1 −→ C∞
P1

∂−−→ C
(0,1)
P1 −→ 0

where C
(0,1)
P1 denotes the sheaf of differential 1-forms with C∞coefficients of

type (0, 1) on P
1 (see for instance [GH78]), as well as Theorems 0.6.3 and

0.6.2, one verifies the vanishing of Hk(P1,E ) for k � 2. �

If E is a holomorphic vector bundle on P
1 and E is the associated sheaf,

we will denote by E (k) the tensor product E ⊗O
P1

OP1(k): it is a locally free
sheaf over OP1 having the same rank as E .

3.2 Exercise. Describe a cocycle of E (k) from a cocycle of E .
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3.3 Corollary. For any holomorphic bundle E on P
1, there exists an integer

k(E) such that H0(P1,E (k)) = 0 for any k < k(E), and H0(P1,E (k)) �= 0
for any k � k(E).

Proof. Let us pick mo ∈ P
1. Let us choose an isomorphism OP1(1) � OP1(mo).

Denote by Emo the sheaf such that Γ (U,Emo) = Emo if mo ∈ U and = 0
otherwise. For any j ∈ Z, we have an exact sequence analogous to (2.4):

(3.4) 0 −→ E (jmo) −→ E ((j + 1)mo) −→ Emo −→ 0.

Any open covering U of P
1 such that mo is contained in only one open set is

acyclic for Emo ; we deduce that Hj(P1,Emo) = 0 for any j � 1. Hence, the
long exact sequence associated to (3.4) becomes

(3.5) 0 −→ H0(P1,E (jmo)) −→ H0(P1,E ((j + 1)mo)) −→ Emo −→
−→ H1(P1,E (jmo)) −→ H1(P1,E ((j + 1)mo)) −→ 0.

It follows that, ifH0(P1,E (kmo)) �= 0 for some k ∈ Z, thenH0(P1,E (jmo)) �= 0
for any j � k; in the same way, if H0(P1,E (kmo)) = 0 for some k ∈ Z, then
H0(P1,E (jmo)) = 0 for any j � k.

Therefore, we are reduced to showing that there exists k such that
H0(P1,E (kmo)) �= 0 and that there exists � such that H0(P1,E (�mo)) = 0.

Let us show the first assertion: if it is false, for any j ∈ Z,

dimH1(P1,E (j)) = dimEmo + dimH1(P1,E (j + 1)),

after the exact sequence (3.5). It follows that, for any j � 0,

dimH1(P1,E ) = j dimEmo + dimH1(P1,E (j)) � j dimEmo � j,

which is in contradiction with the finiteness theorem 3.1.
If the second assertion is false, there exists k0 ∈ Z such that, for any

k � k0, we have

0 �= H0(P1,E (kmo)) = H0(P1,E (k0m
o)).

One can choose k0 � 0. One would then be able to find a strictly in-
creasing sequence of integers �n (n ∈ N) and a sequence of sections sn ∈
H0(P1,E (−�nmo)) such that, for any n ∈ N, the section sn vanishes at or-
der �n exactly at mo. It is clear that such a family is free, which is in contra-
diction with the finiteness statement of Theorem 3.1. �

4 Structure of vector bundles on P
1

4.a Birkhoff-Grothendieck theorem

Let us begin with the classification of line bundles on P
1, the first step in the

inductive procedure of Theorem 4.4.
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4.1 Theorem (Classification of line bundles on P
1). Any line bundle

on P
1 is isomorphic to OP1(k) for one and only one k ∈ Z.

Proof. Let L be a locally free sheaf of rank one on P
1. It follows from Corol-

lary 3.3 that there exists a unique k0 ∈ Z such that H0(P1,L (k0)) �= 0 and
H0(P1,L (k0 − 1)) = 0. There exists thus a non identically zero section of
L (k0) and such a section does not vanish anywhere in P

1, otherwise it would
be a section of L (k0 − 1). The homomorphism OP1 → L (k0) defined by this
section is thus an isomorphism. �

We deduce from Corollary 1.7:

4.2 Corollary. We have H2(P1,ZP1) = Z · c1(OP1(1)). �

4.3 Definition (Quasitrivial bundles). We will say that bundleE of rank d
on P

1 is quasitrivial (of weight k) if it is isomorphic to OP1(k)d for some k ∈ Z.

Therefore, any line bundle on P
1 is quasitrivial.

4.4 Theorem (Birkhoff-Grothendieck theorem). Let E be a vector
bundle of rank d on P

1. There exists then a unique sequence of integers
a1 � · · · � ad such that we have an isomorphism

E � OP1(a1)⊕ · · · ⊕OP1(ad).

We say that the sequence a1 � · · · � ad is the type of the bundle E. This
theorem gives a multiplicative matrix variant of the Laurent expansion:

4.5 Corollary (Matrix Laurent expansion). Let A be an invertible ma-
trix d× d with holomorphic entries on an annulus

C = {t ∈ C | 0 � r < |t| < R � +∞}.

There exist then two invertible holomorphic matrices P and Q respectively on
|t| < R and |t| > r such that, on C , the matrix PAQ is equal to a diagonal
matrix with diagonal entries ta1 , . . . , tad , where the sequence of integers a1 �
· · · � ad depends only on A.

Proof. Let us consider the covering of P
1 by the two open sets |t| < R and

|t| > r. The matrix A defines a 1-cocycle of this covering with values in
GLd(OP1), hence a vector bundle. The corollary is then a simple translation
of Theorem 4.4. �

4.6 Remarks.

(1) Corollary 4.5 was originally proved by G.D.Birkhoff (see [Bir13a]) as a tool
in the study of singular points of differential equations. At the same time
(cf. [Bir13b]), this author proved results on the normal form of systems
with an irregular singularity, normal form which takes his name and that
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we will consider in §IV.5. He then realized that the same method had
been used by Hilbert and Plemelj to solve the Riemann-Hilbert problem.
Theorem IV.2.2, which we will see later, expresses this unity. The proof
of Birkhoff is taken up in [Sib90, §3.4].
In 1957, Theorem 4.4, in a more general situation where the structure
group of the bundle is not necessarily GLd, was proved by A.Grothendieck
in [Gro57]. The proof given below essentially follows that of Grothendieck.

(2) A consequence of Theorem 4.4 is that any holomorphic bundle on P
1 is

trivializable when restricted to U0 and to U∞ and that it is isomorphic
to an algebraic bundle, that is, it admits a cocycle given by a matrix of
rational fractions. This result can be generalized: any holomorphic bundle
on a closed complex analytic submanifold of the projective space P

n (see
Example §0.2.2) can be defined by an algebraic cocycle (see [Ser56]).

(3) The reader interested in variants and generalizations of Corollary 4.5 is
referred to [PS86, Chap. 8].

Proof (of Theorem 4.4, existence). It is done by induction on the rank d of E,
the case d = 1 being given by Theorem 4.1. Let k0 be the integer such that

H0(P1,E (k0)) �= 0 and H0(P1,E (k0 − 1)) = 0.

There exists thus a section of E (k0) which does not vanish on P
1. It provides

an injective homomorphism OP1 ↪→ E (k0) and the quotient sheaf F is locally
free of rank d−1 (such would not be the case if the section would vanish). By
induction, there exists a sequence b2 � · · · � bd such that F �

⊕d−1
j=1 OP1(bi).

We will show that E (k0) � OP1 ⊕F .
In order to do that, it is enough, as in Theorem 2.8, to check that the bi

are � 1. We will show more: the bi are � 0. Setting then ai = bi − k0 for
i = 2, . . . , d and a1 = −k0, we obtain the desired existence.

Let us consider the exact sequence of locally free sheaves that we have yet
obtained, tensored with OP1(−1),

0 −→ OP1(−1) −→ E (k0 − 1) −→ F (−1) −→ 0.

It gives rise to a long exact sequence, the part which we are interested in being

0 := H0(P1,E (k0 − 1)) −→ H0(P1,F (−1)) −→ H1(P1,OP1(−1)) = 0,

(after Theorem 2.10). Therefore, H0(P1,F (−1)) = 0. But

H0(P1,F (−1)) =
d⊕

i=2

H0(P1,OP1(bi − 1))

and hence we have bi − 1 � −1 for any i = 2, . . . , d (cf. Exercise 2.3).
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Proof of Theorem 4.4, uniqueness. Assume that we have two decompositions
corresponding to two distinct sequences a1 � · · · � ad and a′1 � · · · � a′d. Let
j ∈ {1, . . . , d} be such that ai = a′i for i < j and aj �= a′j , for instance aj > a′j .
Then a′i − aj = ai − aj � 0 for i < j and a′i − aj < 0 for i � j. If we have an
isomorphism ⊕

i

OP1(ai) �
⊕
i

OP1(a′i)

we deduce, by tensoring with OP1(−aj), an isomorphism
⊕
i

OP1(a′i − aj) �
⊕
i

OP1(ai − aj).

However, the dimension of the space of global sections for the left-hand term
is strictly smaller than that for the right-hand term, whence a contradiction.

�

4.7 Exercise (Degree of a bundle). The degree of a bundle E of type
a1 � · · · � ad on P

1 is by definition the sum
∑d

i=1 ai. Prove that a bundle E
is trivial if and only if it has degree 0 and satisfies H1(P1,E (−1)) = 0.

4.8 Exercise (The Harder-Narasimhan filtration, case of P
1). For any

a ∈ Z, the subbundle F aE ⊂ E is defined as the direct sum of components
isomorphic to OP1(ai) with ai � a.

(1) Prove F a+1E ⊂ F aE , that the quotient F a/F a+1 vanishes if a is not equal
to one of the ai and that it is quasitrivial of weight a. We thus have

{0} = F∞E � F a1E ⊂ · · · ⊂ F adE = E .

(2) Prove that a filtration of E by vector subbundles satisfying the properties
above is unique.

(3) We call the slope of a nonzero bundle E the quotient μ(E ) =
deg(E )/ rk(E ), with deg(E ) =

∑d
i=1 ai. Prove that

μ(F a+1E ) � μ(F aE )

and consider the case when there is equality.
(4) We say that E is semistable if any nonzero subbundle F of E satisfies

μ(F ) � μ(E ). Deduce that E is semistable if and only if it is quasitrivial.

It can be suggestive to visualize the decomposition given by Theorem 4.4
as a polygon (see Figure I.2). This polygon is the graph of the function

k ∈ {0, . . . , d} �−→
k∑

i=1

ai.

The vertices of this polygon consist of the pairs (k, �k), where k is such that
F ak+1/F ak �= 0 and �k is the degree of F ak .
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Fig. I.2. The polygon of O(2)2 ⊕ O(1)3 ⊕ O(−2)2.

4.b Application to meromorphic bundles

4.9 Corollary (Meromorphic bundles are trivial). Any meromorphic
bundle M of rank d on P

1 with poles on some nonempty finite set Σ =
{m0, . . . ,mp} is isomorphic to the trivial meromorphic bundle OP1(∗Σ)d.

Proof. After Proposition 0.8.4, there exists a lattice E ⊂M . Then M =
E (∗Σ). By applying Birkhoff-Grothendieck theorem 4.4 to E , we are reduced
to showing that, for any k ∈ Z, the meromorphic bundle OP1(k)(∗Σ) is triv-
ial; let us identify OP1(k) with OP1(km0); we then have in an evident way
OP1(km0)(∗Σ) = OP1(∗Σ), whence the result. �

4.c Modification of the type of a bundle

It is clear that, if a bundle E has type a1 � · · · � ad, then the bundle E (k)
has type a1 + k � · · · � ad + k. We will now consider the effect on the type of
some modifications on the bundle.

Let us pick mo ∈ P
1 and let Lo be a line in the fibre Emo . Let us de-

fine the subsheaf E (Lomo) of E (mo) := E ⊗O
P1

OP1(1 · mo) � E (1): this
subsheaf is equal to the sheaf E (mo) on the open set P

1
� {mo}; let t be

a local coordinate vanishing at mo; the germ at mo of E (Lomo) consists of
meromorphic sections σ of Emo which have at most a simple pole at mo (i.e.,
sections of E (mo)mo) and whose residue at mo belongs to Lo, that is, such
that (tσ(t))|t=0 ∈ Lo.

4.10 Exercise.

(1) Check that this condition on the residue does not depend on the choice
of a local coordinate.

(2) Prove that, if e1, . . . , ed is a local basis of E and if Lo is the line containing
ed(mo), then e1, . . . , ed−1, ed/t is a local basis of E (Lo ·mo), which is thus
a locally free OP1-module of rank d.
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4.11 Proposition (Type of the modified bundle). Let a1 � · · · � ad

be the type of E and let F aE (a ∈ Z) be the natural associated filtration
(cf. Exercise 4.8). Let a(Lo) be the integer a such that Lo ⊂ (F aE)mo and
Lo �⊂ (F a+1E)mo . Let j = j(Lo) be the smallest integer i such that ai = a(Lo).
Then the type of E (Lomo) is

a1 � · · · � aj−1 � aj + 1 = a(Lo) + 1 > aj+1 � · · · � ad.

Proof. Let us first be more explicit concerning the definition1 of the integer
j(Lo) from a(Lo): it is the unique integer j ∈ {1, . . . , d} such that there exists
� � 0 with

a(Lo) = aj = · · · = aj+�, a(Lo) < aj−1, a(Lo) > aj+�+1.

We thus have a(Lo) + 1 � aj−1 (by convention, a0 = +∞).
If d = 1, the result is clear because, in this case, the line Lo is equal to the

fibre Emo and E (Lomo) � E (1).
For d > 1, let us choose, according to Theorem 4.4, a decomposition E =⊕d

i=1 Li where Li � O(ai). If Lo = Lj,mo for some j, we similarly have
E (Lomo) =

⊕
i�=j Li ⊕Lj(1) and the result is clear.

In general, with the notation above,

Lo ⊂ F a(Lo)Emo = L1,mo ⊕ · · · ⊕ Lj+�,mo

and
Lo �⊂ F a(Lo)−1Emo = L1,mo ⊕ · · · ⊕ Lj−1,mo .

We can then modify the decomposition

F a(Lo)Emo = L1,mo ⊕ · · · ⊕ Lj−1,mo ⊕ Lj,mo ⊕ · · · ⊕ Lj+�,mo

as
F a(Lo)Emo = L1,mo ⊕ · · · ⊕ Lj−1,mo ⊕ L′

j,mo ⊕ · · · ⊕ L′
j+�,mo

in such a way that L′
j,mo = Lo. It is therefore enough to show that there exists

a corresponding decomposition

(4.12) E =
( j−1⊕

i=1

Li

)
⊕

( j+�⊕
i=j

L ′
i

)
⊕

( d⊕
i=j+�+1

Li

)
,

as this reduces to the previous situation, and thereby ends the proof.
In order to do so, let us choose an isomorphism Li � OP1(aim

o), whence
a basis of each Li,mo (i ∈ {1, . . . , d}); let us choose a basis of each L′

j+k,mo

(k ∈ {1, . . . , �}); the projection pik : L′
j+k,mo → Li,mo is then the multiplica-

tion by some complex number αik, equal to zero if i > j + �. We consider the
homomorphism OP1(a(Lo)mo)→ OP1(aim

o) obtained from the natural homo-
morphism by multiplying it by αik. We thus get, by direct sum, an injective
1 It is taken from the proof that O.Gabber gives to Theorem IV.2.2.
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homomorphism OP1(a(Lo)mo) ↪→
⊕d

i=1 OP1(aim
o), which defines a subbun-

dle of this direct sum and hence a subbundle L ′
j+k of E (k ∈ {1, . . . , �}). One

then verifies (exercise) that this family of subbundles satisfies (4.12). �

4.13 Definition (of the defect). Let E be a bundle of rank d on P
1 of type

a1 � · · · � ad. The defect of E is the integer δ(E) =
∑d

i=1(a1 − ai).

The defect is a nonnegative integer and the bundle E has “defect zero” if
and only if it is quasitrivial.

4.14 Corollary (Lowering the defect). If Lo ⊂ Emo is not contained in
(F a1)mo , we have δ(E) > 0 and δ(E(Lomo)) = δ(E)− 1.

Proof. This immediately follows from the inequality a1 > aj(Lo). �

4.d Algebraic and rational vector bundles

If one uses the Zariski topology instead of the usual topology on P
1, one gets

the category of algebraic (instead of “holomorphic”) and rational (instead of
“meromorphic”) vector bundles. The functor which associates to each such
bundle its “analytization” is an equivalence between the algebraic categories
and the corresponding holomorphic categories (cf. [Ser56]).

In the algebraic framework, the bundles have a somewhat simple descrip-
tion in terms of cocycles. Let us denote as above U0 the chart of P

1 with
coordinate t centered at 0 and U∞ the chart with coordinate t′ centered at∞.

Recall the correspondence (cf. [Ser55] and §0.10.a) on any affine open
set U :

Vector bundles on U ⇐⇒ Free modules of finite rank over C[U ]

where C[U ] denotes the ring of regular functions on U , that is, if for instance U
is contained in U0, the ring of rational fractions in t which have poles in U0�U .

Any algebraic vector bundle on P
1 can be represented by a cocycle relative

to the covering (U0, U∞), that is, an element of GLd(C[t, t−1]).
The rational bundles which have a pole only at 0 and ∞ are the algebraic

bundles on the affine open set U0∩U∞, that is, the free modules of finite rank
over the ring C[t, t−1] of Laurent polynomials.

4.15 Proposition. Let M be a rational bundle of rank d on P
1 with poles at 0

and ∞ (i.e., a free C[t, t−1]-module of rank d).

(1) The lattices of M correspond to the pairs (E0,E∞), where E0 (resp. E∞)
is a free C[t] (resp. C[t′])-module of rank d contained in M, such that

C[t, t−1] ⊗
C[t]

E0 = M and C[t′, t′−1] ⊗
C[t′]

E∞ = M

with t′ = t−1.
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(2) The following properties are equivalent:
(a) the lattice corresponding to (E0,E∞) is trivial;
(b) we have in M the decomposition E∞ = (E0 ∩ E∞)⊕ t′E∞;
(c) we have in M the decomposition E0 = (E0 ∩ E∞)⊕ tE0;
(d) we have M = E0 ⊕ t′E∞ or also M = E∞ ⊕ tE0.

Proof. Let us only indicate why one of the decompositions (b) or (c) implies
triviality for the lattice E associated to (E0,E∞). The remaining part is left
as an exercise.

We first identify Γ (P1,E) with E0 ∩ E∞. The existence of the decompo-
sition (b) means that the natural restriction mapping Γ (P1,E) → i∗∞E is an
isomorphism. Birkhoff-Grothendieck theorem (in its algebraic version), plus
Exercise 2.3-(4), enable us to conclude that the bundle E is necessarily triv-
ial. �

5 Families of vector bundles on P
1

5.a First properties

Let X be a complex analytic manifold, that we will always assume to be con-
nected in the following. A family of holomorphic bundles on P

1 parametrized
by X is, by definition, a holomorphic bundle E on the manifold M = P

1×X.
For any x ∈ X, we can then consider the restriction Ex of the bundle E to
the submanifold P

1 × {x} = P
1 (cf. §0.3.3). Each bundle Ex has some type

a1(x) � · · · � ad(x). As this type consists of integers, one can imagine that it
remains constant when x varies in some dense open set of X. Such is indeed
the case. More precisely, one can show (see for instance [Bru85]), that there
exists a stratification of X with constant type of Ex, namely, there exists a
partition of X into complex analytic (not necessarily closed) submanifolds,
above each of which the restriction of E has constant type; the closure of each
of these submanifolds is a closed analytic (possibly singular) subset of X; the
topological boundary of any submanifold of the family is a union of other
submanifolds of the family.

Notice that all the “degeneracies” are not possible. Corollary 5.4 (see be-
low) shows for instance that, if at some point of X the type is that of the
trivial bundle, the same property holds at any nearby point. Moreover, there
is a simple constraint on the type of the bundles Ex for x ∈ X (cf. for in-
stance [BS76, Chap. 3, Th. 4.12] for the complex analytic case and [Har80] for
the algebraic case):

5.1 Proposition (In a deformation, the degree stays constant). If the
manifold X is connected, the degree function deg : x �→

∑d
i=1 ai(x) is constant.

�
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When one replaces the Riemann sphere P
1 with a compact Riemann sur-

face, the Harder-Narasimhan polygon of the bundle indicates possible degen-
eracies (see for instance [Bru85] for a precise study on any compact Riemann
surface). For the Riemann sphere, one recovers the polygon of Figure I.2.

5.2 Example (of a nontrivial deformation). The non-split extension (2.7)
enables us to construct a family E of bundles of rank 2 on P

1, parametrized by
the complex line X = C with coordinate z, such that E0 � OP1(−1)⊕OP1(1)
and Ez � OP1 ⊕ OP1 for any z ∈ C � {0}.

Let E′ be the trivial bundle of rank 2 on P
1×C. The trivial bundle E′

0 on P
1

contains a subbundle F0 of rank one isomorphic to OP1(−1). Let then E be the
subsheaf of E ′ whose local sections belong to F0 when restricted to z = 0. One
can check, as in Exercise 4.10, that E is locally free of rank 2. As E and E′

coincide away from z = 0, the bundles Ez are trivial for any z ∈ C � {0}.
One can write E = F + zE ′ ⊂ E ′, if F is the pullback bundle of F0 on

P
1 × C. Let us set G0 = E ′

0/F0 � OP1(1) and G = E ′/F . We will explicitly
give a homomorphism G0 → E0, the image of which only meets F0 on the zero
section, thereby showing that E0 = F0⊕G0. In order to do that, let us remark
that we have a homomorphism

G = E ′/F
z−−→ E /zE

induced by multiplication by z, as zE ′ ⊂ E and zF ⊂ zE . Moreover, the sub-
sheaf zG has image 0, as z2E ′ ⊂ zE . We thus get the desired homomorphism

G0 = G /zG
z−−→ E /zE = E0.

5.b Rigidity theorems

We will mainly consider the case where the restriction Ex of E to P
1 × {x},

for x general enough, is isomorphic to the trivial bundle. We will use some
fundamental results of the theory of coherent sheaves, for which we refer to
[BS76, Chap. 3] or [Fis76]: the semicontinuity of the dimension of fibres of a
coherent sheaf and a criterion of local freeness, the coherence of direct images
by a proper morphism (statement for a family analogous to the finiteness
theorem 3.1) and the proper base change theorem. We will thus assume in
this section some familiarity with the theory of coherent sheaves2.

In particular, we will use the fact that the support of a coherent sheaf H
on X is a closed analytic subset of X and that, at any point x of this support,
the fibre H /mxH of this sheaf3, that is, the set of values at x of the germs
of sections of H , is not equal to zero (Nakayama).

2 The reader will find a direct proof (i.e., not referring to the theory of coherent
sheaves) of Theorem 5.3 and of Corollary 5.6 in [Mal83c].

3 We denote by mx the sheaf ideals equal to OX on X � {x} and with germ at x
equal to the maximal ideal of OX,x.
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If E is a bundle of rank d on P
1×X, the degree of its restriction to the fibre

P
1×{x} does not depend on x, if X is connected, as follows from Proposition

5.1. If we still denote by OP1×X(1) the pullback by the first projection of
the bundle OP1(1) and E (k) = OP1×X(k) ⊗ E , we see that the degree of the
restrictions of E (−deg E ) is zero.

On the other hand, if π denotes the projection P
1 ×X → X and if F is a

locally free sheaf on P
1×X, the sheaf Rkπ∗F (k ∈ N) is (see [God64, §4.17])

the sheaf associated to the presheaf

V �−→ Hk(P1 × V,F ).

It is a coherent sheaf on X (Grauert’s Theorem; see for instance [BS76,
Chap. 3, §2]). It is zero for k � 2: indeed, if Fx is a bundle on P

1 × {x},
we have Hk(P1,Fx) = 0 for k � 2, as mentioned in Theorem 3.1; we can then
apply [BS76, Cor. 3.11]. It follows from this vanishing that the formation of
R1π∗F is compatible with base change (see [BS76, Cor. 3.5]). In particular,
the fibre at x of R1π∗F is equal to H1(P1,Fx).

5.3 Theorem (The nontriviality divisor). Let X be a connected complex
analytic manifold and let E be a holomorphic bundle of rank d on P

1×X such
that, for any x ∈ X, the restriction P

1 × {x} has degree zero.

(1) The support Θ of the sheaf R1π∗E (−1) is the set of points x ∈ X such
that the restriction of E to P

1 × {x} is not trivial.
(2) If Θ �= ∅ and Θ �= X, then Θ is a hypersurface of X.

Proof. According to the preliminary remarks above, the first point is a
straightforward consequence of Exercise 4.7. It remains thus to show that
the support Θ, that we will assume nonempty and �= X, is a hypersurface4.
Let us begin with some remarks on determinant bundles.

Let F and G be two locally free sheaves of OX -modules having the same
rank d and let ϕ : F → G be a non identically zero homomorphism. In local
bases of F and G , the determinant of its matrix is a holomorphic function,
the zero locus of which is the set of points where ϕ is not an isomorphism.
In a more intrinsic way, we call determinant bundle of F the line bundle
det F = ∧dF and detϕ the homomorphism detF → det G whose matrix in
a local basis of detF and detG (obtained from a basis of F and G) is the
determinant of that of ϕ. It is also a section of the bundle det G ⊗ (det F )∨,
where (det F )∨ is the dual bundle of the line bundle detF (it is also its
inverse in the sense of tensor product, cf. §0.7).

If ϕ : F → G is injective, the cokernel C of ϕ is a coherent sheaf on X and
its support is the set of zeroes of the section detϕ: if this set is not equal to X,
it is a closed analytic hypersurface of X, empty if and only if ϕ is everywhere
an isomorphism.
4 The proof which follows is inspired by that of [OSS80, p. 214–217]. I learned it

from J.Le Potier.
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We will therefore show that the sheaf R1π∗E (−1) admits, in the neigh-
bourhood of any point xo of Θ, a presentation of the previous kind, that is,
that there exists an exact sequence of sheaves on some neighbourhood of xo

in X
0 −→ F −→ G −→ R1π∗E (−1) −→ 0,

with F and G locally free and having same finite rank.
Let us first show that, up to replacing X with a sufficiently small neigh-

bourhood of xo, there exist an integer q and a surjective homomorphism

(∗) E ′ := OP1×X(q)d −→ E (−1).

Indeed, there exists an integer r such that the restriction of E (r) to P
1×{xo}

is generated by its global sections, that is, there exists a surjective homomor-
phism ϕxo : Od

P1×{xo} → Exo(r) (if Exo has the decomposition
⊕d

i=1 OP1(ai),
choose r such that r + ai � 0 for all i).

For such an r, we also have R1π∗E (r) = 0: indeed, we have seen that,
in our situation, R1π∗ commutes with restriction to xo; with the previous
choice of r, we thus have R1π∗E (r)xo = 0, by the vanishing theorem 2.10; as
R1π∗E (r) is coherent, Nakayama’s Lemma implies that the germ of R1π∗E (r)
at xo is zero, hence R1π∗E (r) is identically zero in some neighbourhood of xo;
on such a neighbourhood, π∗ commutes then with restriction to xo; therefore,
any section of E (r)xo can be locally lifted to a section of E (r).

In other words, the surjective morphism ϕxo can be lifted, if X is suffi-
ciently small, to a morphism ϕ : Od

P1×X → E (r). Using once more Nakayama’s
Lemma at points of P

1 × {xo}, and up to shrinking X once more, we get the
surjectivity of ϕ. We now tensor ϕ with OP1×X(q), with q + r = −1, in order
to get the existence and the surjectivity of (∗).

Let K be the kernel of (∗). We will apply the long exact sequence of
cohomology for the functor π∗, obtained from the exact sequence 0.6.2 by
passing to direct limit on neighbourhoods of xo ∈ X.

Let us first remark that the sheaf π∗E (−1) is zero: its restriction to fibres
P

1 × {x}, x �∈ Θ, is zero as Hk(P1,OP1(−1)d) = 0 for any k � 0 (see [BS76,
Cor. 3.11]); on the other hand, it has no local section supported in Θ, as such a
section defines a section of the bundle E (−1) on an open set P

1×V supported
in π−1Θ, hence is zero.

Moreover, for any coherent sheaf C on P
1, the cohomology groups

Hk(P1,C ) vanish for k � 2: we have mentioned this above for locally free
sheaves (see the proof of Theorem 3.1). The general case of coherent sheaves
follows, by using that any coherent sheaf on P

1 admits a finite resolution by
locally free sheaves (see for instance [BS76, Chap. 4, Cor. 2.6]).

Therefore, we have Rkπ∗H = 0 for k � 2, when H is one of the sheaves
K , E ′ or E (−1) ([BS76, Cor. 3.11]).

We finally get
π∗K

∼−→ π∗E
′
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and an exact sequence

0 −→ R1π∗K −→ R1π∗E
′ −→ R1π∗E (−1) −→ 0.

Let us note that G := R1π∗E ′ is locally free, as it is coherent (proper
direct image of a coherent sheaf) and its fibres have the same rank δ =
dimH1(P1,OP1(q)d) (see [BS76, Chap. 3, Lemma 1.6]).

Similarly, F := R1π∗K is coherent and locally free of rank equal to δ on
X�Θ. Moreover, being a subsheaf of the locally free sheaf G , it has no torsion.
If X has dimension one, we conclude that F is OX locally free as, for any
xo ∈ X, the ring OX,xo is a principal ideal domain. If X has dimension n � 2
and if F is not locally free, the dimension of the fibre of F at xo is > δ (see for
instance [Fis76, p. 54]). Then there exists, up to shrinking X, a system of local
coordinates (x1, . . . , xn) centered at xo such that the restriction of F to the
x1-axis has a generic fibre of dimension δ and a fibre at xo of dimension strictly
bigger than δ, that is, this restriction is not locally free. As the formation of
F and G commutes with base change5 (properness of π), this is impossible,
after the result when dimX = 1. Therefore, F is locally free, with the same
rank as G , and the support of R1π∗E (−1) is a closed analytic hypersurface
of X. �

The rigidity statement below will be essential. As B.Malgrange remarked,
it is basic for the Painlevé’s property of some systems of differential equations
considered later.

5.4 Corollary (Rigidity of trivial bundles on P
1). Let E be a bundle of

rank d on the product P
1 ×X. We assume that there exists xo ∈ X such that

Eo := E|P1×{xo} is trivial. There exists then an open neighbourhood V of xo

in X such that the restriction of E to P
1 × V is trivial.

Proof. After Theorem 5.3-(1), there exists an open neighbourhood W of xo

such that E|P1×{x} is trivial for any x ∈W . We thus haveHk(P1,E|P1×{x}) = 0
for any k � 1; therefore, as indicated before the statement of Theorem 5.3,
we have Rkπ∗E = 0 on W for any k � 1. It follows that the formation of π∗E
commutes to base change. Hence, denoting mxo the maximal ideal of OX,xo ,
we have Γ (P1,E o) = π∗E /mxoπ∗E and this space has dimension d. Let us
choose a basis eo

1, . . . , e
o
d of it and let e1, . . . , ed be liftings in (π∗E )xo . We thus

get, for V sufficiently small, a homomorphism

e : Od
P1×V −→ E|P1×V .

In a local basis of E|P1×V , its matrix A(t, x) satisfies detA(t, xo) �= 0 for any t
as, Eo being trivial, it admits eo

1, . . . , e
o
d as a local basis. It follows that, up

to taking a smaller V , we also have detA(t, x) �= 0 for any t and any x ∈ V .
Therefore, e is an isomorphism. �
5 As F may not be locally free, we have to use a resolution by locally free OP1×V -

modules to get the assertion for F from [BS76, Chap. 3, Th. 3.4].
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5.5 Remarks.

(1) We also get that π∗E is locally free of rank d on X �Θ.
(2) The following analogy can be helpful in understanding the proof of this

corollary. Let H be a finite dimensional C-vector space and let d be an
integer � dimH. The Grassmannian Gr(d,H) of d-dimensional subspaces
of H is equipped with a “tautological” bundle E whose fibre at the point
[E] representing the subspace E ⊂ H is precisely this subspace (for d = 1
and H = C

2, we have Gr(1,C2) = P
1 and E = OP1(−1)). Let us fix

a d-dimensional subspace Eo ⊂ H and a projection p : H → Eo, that
is, a decomposition H = Eo ⊕ F o. We deduce, for any E ∈ Gr(d,H),
a morphism ϕ : E → Eo, that we regard as a morphism ϕ from E to
the trivial bundle OGr(d,H) ⊗C Eo with fibre Eo. This morphism is an
isomorphism away from the locus Θp where detϕ = 0. We regard detϕ as
a morphism from the line bundle detE to the trivial bundle of rank one,
that is, a section of the bundle detE ∨ dual to detE . Therefore, Θp is a
hypersurface of Gr(d,H) (which depends on the choice of p).
Condition (2d) in Proposition 4.15 suggests to extend the reasoning above
to the case of an infinite dimensional space (i.e., take H = M). This is
meaningful when H is a separable Hilbert space (cf. [PS86, Chap. 7]), for
instance the space of L2 functions on the unit circle. The proof of [Mal83c]
uses these kind of methods.

We can now be more precise concerning Corollary 5.4 in the neighbourhood
of a point of Θ:

5.6 Corollary (Meromorphic trivialization). Let E be a bundle of rank d
on P

1 ×X having degree 0. We assume that the support Θ of R1π∗E (−1) is
a (possibly empty) hypersurface. Then, for any x ∈ X, there exists an open
neighbourhood V of x and a meromorphic trivialization

E|P1×V (∗π−1Θ) � Od
P1×V (∗π−1Θ).

Proof. It is a consequence of the following lemma:

5.7 Lemma. Let F be a OX-coherent sheaf, locally free of rank d on X �Θ.
Then OX(∗Θ)⊗OX

F is locally free of rank d as a OX(∗Θ)-module.

Indeed, Remark 5.5 enables us to apply this lemma to π∗E . Let us pick
xo ∈ Θ and let (e1, . . . , ed) be a basis of π∗E (∗Θ)xo . This basis defines thus a
homomorphism

e : Od
P1×V (∗π−1Θ) −→ E (∗π−1Θ)|P1×V

if V is a sufficiently small neighbourhood of xo. As e induces a basis of each
bundle E|P1×{x} for x ∈ V �Θ, it follows as above that e is an isomorphism.

�
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Proof (of Lemma 5.7). Let us pick xo ∈ Θ. As F is coherent, we have

dim Fxo/mxoFxo � d.

Let us choose d independent vectors ϕo
1, . . . , ϕ

o
d in this space. They can be

lifted in d independent local sections ϕ1, . . . , ϕd of F on a sufficiently small
neighbourhood V of xo. These ones define a homomorphism ϕ : Od

V → F|V .
The latter is an isomorphism on V � Θ as F is locally free of rank d there
and as the determinant of these sections, regarded as a homomorphism from
OX to ∧dF , does not vanish on V . The kernel K and the cokernel C of ϕ
are coherent sheaves with support in Θ. If θ = 0 is an equation of Θ in the
neighbourhood of xo, K and C are killed by some power of θ. In particular,
we have

OV (∗Θ) ⊗
OV

K = 0 and OV (∗Θ) ⊗
OV

C = 0.

As OV (∗Θ) is flat over OV (see for instance [Bou98]), we conclude that ϕ
induces an isomorphism Od

V (∗Θ) ∼−→ F (∗Θ)|V . �
Let i0 and i∞ be the zero and infinity sections from X to P

1 ×X. Let us
consider both natural restriction morphisms

ρ0 : π∗E −→ i∗0E and ρ∞ : π∗E −→ i∗∞E .

The mapping ρ0 is given, for any open set V of X, by

Γ (P1 × V,E ) −→ Γ ({0} × V,E )
s(t, x) �−→ s(0, x)

and ρ∞ is defined similarly.
Let E be a bundle of rank d on P

1×X. We assume that there exists xo ∈ X
such that Eo := E|P1×{xo} is trivial. There exists then, after Theorem 5.3, a
(possibly empty) hypersurface Θ of X not containing xo and such that Ex is
trivial for any x ∈ X �Θ.

5.8 Corollary (Canonical identification between the restrictions to 0
and to ∞). With this assumption, the restriction morphisms ρ0 and ρ∞
induce isomorphisms after tensoring with OX(∗Θ); in particular, on X � Θ,
the vector bundles π∗E|X�Θ, i∗0E|X�Θ and i∗∞E|X�Θ are isomorphic via ρ0 and
ρ∞. One also has, after applying the functor π∗, isomorphisms of meromorphic
bundles

E (∗π−1Θ), π∗i∗0E (∗π−1Θ) and π∗i∗0E (∗π−1Θ).

Proof. Let us notice first that i∗0E and i∗∞E are two vector bundles on X
(restrictions of the bundle E ). After Corollary 5.6, the bundle E (∗π−1Θ) is
a meromorphic bundle trivialized on open sets P

1 × V . We want to verify
that the morphisms ρ0 and ρ∞ are isomorphisms. It is enough to check this
property locally on X. We may thus assume that E (∗π−1Θ) = OP1×V (∗Θ)d

and in this case the result is obvious.
The third part of the corollary is proved in the same way. �



II

The Riemann-Hilbert correspondence
on a Riemann surface

In this chapter, M denotes a Riemann surface, i.e., a complex analytic man-
ifold of dimension one (cf. §0.2) which will always be assumed connected. A
general presentation of the properties of Riemann surfaces is given in [Rey89].
Their topological properties (that of their fundamental group in particular)
are analyzed with details in [Gra84, Mas67].

1 Statement of the problems

Let Σ be a discrete set of points of M and let o be a base point in M �Σ. If
for instance M = P

1, the set Σ = {m0,m1, . . . ,mp} is finite, as P
1 is compact,

and we have P
1

�Σ = C � {m1, . . . ,mp} (by taking ∞ = m0); therefore, the
fundamental group π1(M � Σ, o) is the free group having as generators the
classes of the loops γ1, . . . , γp drawn in Figure II.1 (where the point m0 is at
infinity), or, in a more intrinsic way, the quotient of the free group with p+ 1
generators γ0, . . . , γp by the equivalence relation generated by the relation
γp · · · γ0 = 1.

m1

m2

mp

γ1

γ2

γp

Fig. II.1.

Let us consider some representation π1(M � Σ, o) → GLd(C). For in-
stance, when M = P

1 and Σ = {m0, . . . ,mp}, giving such a representation is
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equivalent to giving p invertible matrices T1, . . . , Tp without any other condi-
tion or, in an equivalent way, p + 1 invertible matrices T0, . . . , Tp satisfying
Tp · · ·T0 = Id.

According to Theorem 0.15.8, there exists a locally constant sheaf F on
M �Σ corresponding to this representation. Moreover, according to Theorem
0.12.8, there is a holomorphic bundle with connection (E ,∇) on M �Σ such
that E∇ = F , namely E = OM ⊗CM

F . Recall that, as M has dimension
one, such a connection is flat; in higher dimension, one should not forget this
adjective for the analogous problem.

1.1 The very weak Riemann problem. Does there exist a meromorphic
bundle (M ,∇) with (flat) connection on M , whose restriction to M � Σ is
isomorphic to (E ,∇)?

1.2 The weak Riemann problem. Does there exist a meromorphic bundle
(M ,∇) with (flat) connection on M which has a regular singularity (cf. §0.14)
at each point of Σ and whose restriction to M �Σ is isomorphic to (E ,∇)?

1.3 The partial Riemann problem. Given a meromorphic bundle with
(flat) connection (UM , U∇) on some connected open set U of M � Σ, hav-
ing poles at a discrete set Σ′ ⊂ U , assume that the inclusion U � Σ′ ↪→
M � (Σ ∪ Σ′) induces an isomorphism of fundamental groups (for instance
U = M �Σ).

• Does there exist a meromorphic bundle with (flat) connection (M ,∇)
on M , whose restriction to U is isomorphic to (UM , U∇)?

• Can one moreover choose (M ,∇) with a regular singularity at each point
of Σ?

We will show that the answer to these questions is positive. Moreover, the
solution is unique when one asks for the regular singularity condition at each
point of Σ: we thus get the bijectivity of the Riemann-Hilbert correspondence
between representations of the fundamental group π1(M �Σ, o) and mero-
morphic bundles with (flat) connection having a regular singularity at each
point of Σ.

When M is compact (for instance M = P
1), one can deduce, by using

a GAGA1 type theorem (see Remark I.4.6) that the bundle with connection
can be chosen algebraic. This is one of the main motivations for these kind of
theorems.

A solution to the partial Riemann problem, in the case where M = P
1,

Σ = {∞}, Σ′ = {0} and U is a disc centered at the origin, as in the remark
above, enables one to algebraize the germs of meromorphic connections (see
§3.c).

When M = P
1, any meromorphic bundle, whose set of poles is nonempty,

is isomorphic to the sheaf OP1(∗Σ)d (cf. Corollary I.4.9), so that, by taking

1 This means “analytic geometry and algebraic geometry”.
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a basis of this sheaf, one can translate the statements on the connection into
statements on meromorphic differential systems.

For the solution to these problems, we will need a precise local study of
regular singularities. The question of deforming Birkhoff’s problem, which we
will consider with details in Chapter VI, will involve a precise local study of
irregular singularities, which we will do in §§5 and 6.

In order to do so, we will take a classic point of view from linear algebra:
before solving a linear system of differential equations, we give it a “normal”
form, in such a way that its resolution becomes easier. We will first introduce
the possible normal forms, which we will call “elementary models”. Producing
the normal form will involve the resolution of a linear system of the same kind
to find the matrix of the base change.

2 Local study of regular singularities

In this section, the Riemann surface M is the disc D = {t ∈ C | |t| <
r}, where r is arbitrarily small, so that 0 is the only possible pole of the
meromorphic functions that we consider. More precisely, we consider the germ
(C, 0) of Riemann surface.

2.a Some definitions

Let us take up in a local setting the notions introduced in §0.14. We consider
the (germ of) trivial bundle of rank d on the germ (C, 0), equipped with the
connection with matrix Ω = A(t) dt, where the entries of A are germs of
meromorphic functions with pole at 0.

The ring of germs of meromorphic functions with poles at 0 is the ring
C{t}[1/t] of converging meromorphic Laurent series. More precisely, it is a
field, that we will denote by k. The usual action of the derivation makes it
a differential field, with field of constant (elements killed by the derivation)
equal to the field C: a meromorphic Laurent series with zero derivative is
constant.

Therefore, a germ of meromorphic bundle with connection is nothing but a
k-vector space of rank d equipped with a derivation compatible to the deriva-
tion of k. It amounts to giving a square matrix A(t) of size d with entries in k
or also the matrix Ω = A(t) dt.

Two (k,∇)-vector spaces are isomorphic if and only if the corresponding
matrices Ω1 and Ω2 are related by a meromorphic base change P ∈ GLd(k),
via the relation

Ω2 = P−1Ω1P + P−1dP

and the matrices A1 and A2 by the relation

(2.1) A2(t) = P−1A1P + P−1P ′.
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A (k,∇)-vector space M of rank d defined by a matrix A1(t) has a regular
singularity at 0 if there exists a matrix P ∈ GLd(k) such that the matrix
A2 obtained after the base change (2.1) has at most a simple pole at t = 0.
Otherwise, the singularity is called irregular.

A lattice of this (k,∇)-vector space is a free C{t}-module E ⊂ M such
that

k ⊗
C{t}

E = M.

2.b Rank one

The classification of such systems is simple: if a(t) dt is the “matrix” of the
system, then a system of matrix b(t) dt is meromorphically equivalent to the
first one if and only if b(t) = a(t) + p′(t)/p(t) for some meromorphic germ
p ∈ k.

2.2 Proposition (Regular singularities in rank one).

(1) A (k,∇)-vector space of rank one has a regular singularity if and only if,
in any basis, the matrix a(t) dt of the connection has a simple pole. There
exists then a basis in which the matrix takes the form αdt/t with α ∈ C.
It admits a horizontal meromorphic section if and only if α ∈ Z.

(2) Two (k,∇)-vector spaces of rank one with regular singularity, with matri-
ces a1(t) dt and a2(t) dt, are isomorphic if and only if a1−a2 has a simple
pole with integral residue at 0.

Proof (Sketch).

(1) One shows that a meromorphic function q(t) can be written as p′/p with
p meromorphic if and only if q has at most a simple pole at 0 with integral
residue.

(2) A homomorphism (M1,∇)→ (M2,∇) is an isomorphism if and only if it
is nonzero, as M1 and M2 have rank one. It is a horizontal section of the
(rank one) (k,∇)-vector space Homk(M1,M2). The matrix of ∇ on this
space is (a2 − a1) dt. �

Let us pick α ∈ C and let e be a basis of some (k,∇)-vector space of rank
one with respect to which the matrix of ∇ is αdt/t. A horizontal section on
an open set U of D�{0} takes the form s(t) = u(t)e where u is a holomorphic
function on U satisfying Equation (0.12.7), which can be written here as

u′(t) + αu(t) = 0.

If U is simply connected, Such an equation has a solution, namely u(t) =
e−α log t if log is some determination of the logarithm on U . We denote by t−α

this function.
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2.3 Exercise (Lattices of (k,∇)-vector spaces of rank one). Let M be
a (k,∇)-vector space of rank one and let E be a lattice. Let e and e′ be two
bases of E and let a(t) dt and b(t) dt be the corresponding “matrices” of the
connection.

(1) Prove that there exists a germ p of invertible holomorphic function such
that b(t) = a(t) + p′/p.

(2) Show that a meromorphic function q can be written as p′/p, with p holo-
morphic invertible, if and only if q has at most a simple pole (at t = 0)
with a nonnegative integral residue.

(3) Infer from this a classification of lattices of a (k,∇)-vector space of rank
one with regular singularity.

(4) Deduce more generally a classification of lattices of a (k,∇)-vector space
of rank one.

2.c Models in arbitrary rank

We now consider a (k,∇)-vector space (M,∇) of rank d � 1 equipped with a
basis e = (e1, . . . , ed) in which the connection matrix takes the form

(2.4) Ω(t) = A
dt

t

where A ∈ Md(C). There exists a constant matrix P ∈ GLd(C) such that
J = P−1AP takes the Jordan normal form. The connection matrix in the
basis ε = e · P can be written as

Ω′(t) = J
dt

t

as the term P−1P ′ is zero, the matrix P being constant. One can remark
that the object we consider is the restriction to a neighbourhood of the origin
of a meromorphic bundle with connection on C with pole at the origin only
(because the coefficient of dt in the matrix Ω is a rational fraction with pole
at 0 only).

2.5 Definition (Elementary regular models). We define an elementary
regular model as a (k,∇)-vector space equipped with a basis in which the
connection matrix is written as

Ω(t) = (α Id +N)
dt

t

where α ∈ C and N is a nilpotent matrix. If N is a single Jordan block, we
denote it by Nα,d.

Note that the connection given in (2.4) is isomorphic to a direct sum of
elementary regular models: indeed, this is true after the base change P , as
the matrix Ω′ is blockdiagonal, each block taking the “elementary” form of
Definition 2.5; this is thus also true before the base change.
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2.6 Exercise (Horizontal sections of elementary regular models). We
assume that the matrix N has a single Jordan block, of size d � 1.

(1) Prove that, on any simply connected open set U of D�{0}, the horizontal
sections s of the elementary regular model with matrix (α Id +N) dt/t are
obtained by taking the linear combinations with coefficients in C of the
columns of the matrix

t−(α Id +N) := t−α

(
Id−N log t+N2 (log t)2

2!
+ · · ·+ (−N)d (log t)d

d!

)
,

that is, of the form s(t) = t−(α Id +N) · σ, with σ ∈ C
d.

(2) Prove that the monodromy representation (cf. §0.14) defined by the hor-
izontal sections of an elementary regular model associated to the matrix
α Id +N is given by

T = exp (−2iπ(α Id +N)) .

(3) Prove that the horizontal sections have moderate growth near the origin,
that is, for any horizontal section s on the neighbourhood of a closed
angular sector with angle < 2π, there exist an integer n � 0 and a constant
C > 0 such that, on this closed sector,

‖s(t)‖ � C |t|−n
.

Deduce analogous properties for any model (2.4).

2.7 Exercise (Extensions of elementary regular models). Prove that,
if α− α′ is not an integer,

(1) any homomorphism of (k,∇)-vector spaces ϕ : Nα,d → Nα′,d′ is zero;
(2) any (k,∇)-extension of Nα,d by Nα′,d′ splits.

2.d Classification of (k, ∇)-vector spaces with regular singularity
at 0

Let (M,∇) be a (k,∇)-vector space of rank d with regular singularity. There
exists, by definition, a basis e of M in which the matrix of ∇ is

Ω(t) = A(t)
dt

t

where A(t) is a matrix of size d with holomorphic entries2.

2.8 Theorem (Normal form regular singularities). With these condi-
tions, there exists a matrix P ∈ GLd(k) such that, after the base change of
matrix P , the matrix Ω′ of the connection takes the form

Ω′(t) = B0
dt

t

where B0 ∈ Md(C) is constant.
2 If A(0) = 0 the singularity is only apparent (in the sense given in Exercise IV.2.3).
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We then deduce from the results of §2.c:

2.9 Corollary (Sufficiency of elementary regular models). Any (k,∇)-
vector space with regular singularity is isomorphic to a direct sum of elemen-
tary regular models. �

2.10 Important remark. The matrix B0 that one gets is not necessarily
equal (or conjugate) to the matrix A(0) (see however Exercise 4.5 for what
concerns the characteristic polynomial).

Moreover, the matrix exp(−2iπB0) only depends, up to conjugation, on
(M,∇), as it is the monodromy matrix of horizontal sections (cf. Exercise
2.6-(2)).

The proof of Theorem 2.8 is done in two steps (see for instance [Was65],
[Mal74]). One first constructs the matrix P (t) as a formal series, then one
proves that this series has a nonzero radius of convergence.

We denote by k̂ the field of meromorphic formal Laurent series, i.e., the
series

∑
n�−n0

ant
n, for which the series

∑
n�0 ant

n may have a zero radius
of convergence (we also denote by C[[t]] the ring of such series).

2.11 Proposition. Let Ω̂ = Â(t) dt/t, where Â(t) has entries in C[[t]]. We
moreover assume that any two eigenvalues of the matrix A(0) do not differ by
a nonzero integer. There exists then a matrix P̂ ∈ GLd(C[[t]]) such that

P̂−1ÂP̂ + tP̂−1P̂ ′ = A(0).

This proposition is completed by:

2.12 Proposition. Let Ω̂ = Â(t) dt/t, where Â(t) is a matrix with entries in
C[[t]]. There exists a matrix Q ∈ GLd(C[t, t−1]) such that the eigenvalues of
B̂(0), where B̂(t) is defined by

B̂(t) := Q−1ÂQ+ tQ−1Q′,

do not differ by a nonzero integer.

We deduce from both propositions the statement of Theorem 2.8, if we
accept matrices P̂ with possibly nonconverging entries. The matrix A(t) we
start with has converging entries, as does the (constant) matrix B0 we get,
but the matrix of the base change possibly not. It will thus be necessary, in
order to achieve the proof of Theorem 2.8, to show:

2.13 Proposition. The matrix of the base change P̂ obtained in Proposition
2.11 has converging entries.

Proof (of Proposition 2.11). It follows that given in [Mal74] by B. Malgrange
(see also [Gan59] or [Sab93, §I.5.2]). We search for a matrix P̂ satisfying, if
we put Â(t) = A0 + tA1 + · · · ,

P̂−1ÂP̂ + tP̂−1P̂ ′ = A0.
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One can regard this relation as a differential equation satisfied by P̂ , namely

(2.14) tP̂ ′ = P̂A0 − ÂP̂ .

We a priori set P̂ = Id +tP1 + t2P2 + · · · , where the P� are constant matrices
to be determined. We will determine them in an inductive way: in degree �,
Equation (2.14) is written as

(2.15) �P� = P�A0 −A0P� + Φ�(P1, . . . , P�−1;A0, . . . , A�),

where Φ� is a matrix depending in a polynomial way on its variables.

2.16 Lemma. Let U ∈ Mp(C) and V ∈ Mq(C) be two matrices. Then the
following properties are equivalent:

(1) for any matrix Y of size q × p with entries in C, there exists a unique
matrix X of the same kind satisfying XU − V X = Y ;

(2) the square matrices U and V have no common eigenvalue.

Let � � 1. Let us assume that we have determined the matrices Pk

(k � �− 1). The relation (2.15) can be written as in the lemma, with X = P�,
Y = Φ�, U = � Id−A0 and V = −A0. Because of the assumption on A0, and
as � � 1, the condition in the lemma is fulfilled, as it means that there does
not exist a pair (λ, λ′) of eigenvalues of A0 with λ − λ′ = �. We can thus
determine a matrix P� which is a solution of (2.15) if we know the matrices
Pk for k � �− 1. �
Proof (of the lemma). Let ϕ : C

q×p → C
q×p be the linear map defined by

ϕ(X) = XU−V X. One shows (for instance assuming first U and V diagonal-
izable, then using a density argument) that the eigenvalues of ϕ are exactly
the λi− μj , where λi belongs to the set of eigenvalues of U and μj that of V .
Hence ϕ is bijective if and only if none of the differences λi − μj is zero. �
2.17 Remark. With the assumption made in Proposition 2.11, any solution
P̂ ∈ GLd(k) is in fact in GLd(C[[t]]). More generally, if u ∈ kd is the solution
of a system of the kind tu′(t)+A(t)u(t) = 0 with A ∈ Md(C[[t]]) such that the
possible integral eigenvalues of A(0) are � 0, then u(t) ∈ C[[t]]d. Indeed, if u�

denotes the coefficient of t� in u, the term (� Id−A(0))u� can be expressed in
terms of the uj for j < �; by induction, we deduce that u� = 0 for � < 0 as, in
this case, � Id−A(0) is invertible.

Proof (of Proposition 2.13). It is thus a matter of verifying that, if A(t) has
entries in the ring C{t} of converging series, so does the matrix P̂ . We will
not compute the radius of convergence of the series defining P̂ : this would
lead us to annoying computations. Let us rather remark that Equation (2.14)
defines P̂ as a horizontal section of a differential linear system of rank d2 and
that the matrix of this system has at most a simple pole at 0 (the residue of
which is the endomorphism adA0 of Md(C), defined by adA0(X) = [A0,X] =
A0X−XA0). The proposition is therefore a particular case of Proposition 2.18
below. �
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2.18 Proposition (Any formal solution is convergent). Let A(t) be a
matrix in Md(C{t}). Any vector u(t) with entries in C[[t]] which is solution of
the system tu′(t) +A(t)u(t) = 0 has converging entries (i.e., in C{t}).

Proof. We will use the method of bounding series3. Let us write

u(t) =
+∞∑
k=0

ukt
k and A(t) = A0 + tA1 + · · ·

so that the equation satisfied by u can be written as

A0u0 = 0, (� Id−A0)u� = −
�∑

j=1

Aju�−j (� � 1).

Let �0 be such that � Id−A0 is invertible for any � � �0. There exists then4 a
constant c > 0 such that

∥∥(� Id−A0)−1
∥∥ � c for any � � �0, if we set, for any

matrix B = (bij), ‖B‖ = maxi

∑
j |bij |. As a consequence, for � � �0,

‖u�‖ � c
�∑

j=1

‖Aj‖ ‖u�−j‖ .

Let us set

v� =

{
‖u�‖ for � < �0

c
∑�

j=1 ‖Aj‖ ‖u�−j‖ for � � �0.

One checks by induction on � that ‖u�‖ � v� for any �. Let us then show that
the series

∑
� v�t

� is convergent: this will give the desired result. Let us set
ϕ(t) =

∑+∞
j=1 ‖Aj‖ tj . This is a converging series.

2.19 Lemma. We have

∞∑
�=0

v�t
� = (1− cϕ(t))−1

[
‖u0‖+

�0∑
j=1

(
‖uj‖ − c

j∑
i=1

‖Ai‖ ‖uj−i‖
)
tj
]
.

Proof. Exercise. �

As ϕ(0) = 1, the function (1 − cϕ(t)) is invertible in the neighbourhood
of the origin; moreover, the term between the brackets is a polynomial. The
convergence of the series

∑∞
�=0 v�t

� in the neighbourhood of t = 0 follows. �
3 At last, some analysis!
4 Hint: Use that, for a matrix B such that ‖B‖ < 1, the series log(Id−B) :=
−

∑
j�1 Bj/j converges and deduce that, under these conditions, we have∥∥(Id−B)−1

∥∥ � (1 − ‖B‖)−1.
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Proof (of Proposition 2.12). Using a base change with constant matrix, we
first reduce to the case where the matrix A0 is blockdiagonal, each block
corresponding to some eigenvalue λi (i = 1, . . . , p) of A0. Let us then write

A(t) =

(
A

(1)
0 0
0 A

(2)
0

)
+

∑
j�1

Ajt
j

where A
(1)
0 is the block corresponding to the eigenvalue λ1 and A

(2)
0 to the

eigenvalues λj �= λ1. Let us set

Q(t) =
(
t Id 0
0 Id

)
.

Then the eigenvalues of the constant part B0 of the matrix B = Q−1AQ +
tQ−1Q′ are λ1 + 1, λ2, . . . , λp. By a finite sequence of such changes, we get a
matrix B0 satisfying the conclusion of Proposition 2.12. �

2.20 Exercise (Levelt normal form [Gan59, Lev61]). It is a matter
of giving a normal form to the connection matrix after a holomorphic base
change, even when the connection matrix does not satisfy the “nonresonance”
conditions on eigenvalues, asked in Proposition 2.11.

Let Ω = A(t) dt/t be the connection matrix, with A(t) holomorphic. We
can assume that A0 is blockdiagonal, the blocks corresponding to the distinct
eigenvalues. We denote by D = diag(δ1, . . . , δd) the diagonal matrix, the diag-
onal entries of which are the integral parts of the real parts of the eigenvalues
of A0. We assume that δ1 � δ2 � · · · � δd: this is possible up to a permutation
of the order of the blocks. We set δ = δ1 − δd. We thus have the following
properties:

• The endomorphism adD = [D, •] : Md(C)→ Md(C) is semisimple.
• The matrix A0 commutes with D and the eigenvalues λ of A0 −D satisfy

Re(λ) ∈ [0, 1[ (hence the only integral eigenvalue of ad(A0 −D) is 0).

(1) Prove that there exists a matrix B0 = A0 +B1 + · · ·+Bδ ∈ Md(C) with
adD(Bi) = −iBi for i � 1, and a matrix P̂ (t) ∈ GLd(C[[t]]) such that

(a) P̂ (t) = P0 + tP1 + t2P2 + · · · ,
(b) tP̂ ′(t) = P̂ (t)B(t)−A(t)P̂ (t) with B(t) = A0+tB1+t2B2+· · ·+tδBδ =
t−DB0t

D.
[Use that ad(A0 − D) + k Id commutes with adD, hence preserves the
eigenspaces of adD, and induces there an isomorphism if k �= 0; then,
decompose the equation of (b) on the eigenspaces of adD.]

(2) Show, by using Proposition 2.18, that the matrix P̂ is convergent. Deduce
that there exists a base change P ∈ GLd(C{t}) after which the connection
matrix takes the form

B(t)
dt

t
.
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(3) By applying the meromorphic base change with matrix P (t)t−D to the ma-
trix Ω = A(t) dt/t, show that the new matrix is (B0−D) dt/t and recover
Theorem 2.8. Deduce that the monodromy matrix is exp(−2iπ(B0−D)).

(4) Give an example of a matrix A(t) in M2(C{t}) such that the monodromy
of the system with matrix A(t) dt/t is not conjugate to exp(−2iπA(0)).

2.e Canonical logarithmic lattices

Let (M,∇) be a (k,∇)-vector space and let E be a logarithmic lattice. Let e
be a basis of E over C{t} and Ω(t) = A(t) dt/t be the matrix of ∇ in this
basis. Then the endomorphism of E0 having matrix A(0) in the basis e does
not depend on the choice of the basis: it is the residue of the connection at
the origin (see §0.14.b), that we will denote by Res∇, or also by ResE ∇ to
insist on the lattice which defines it.

We can now be more specific about Exercise 2.6 and construct canonical
logarithmic lattices (also called Deligne lattices) in any meromorphic bundle
with regular singularities. They are obtained by gluing local canonical loga-
rithmic lattices, as constructed below.

The local Deligne lattices enable us to reformulate the classification The-
orem 2.8 in terms of an equivalence of categories.

2.21 Corollary (Deligne lattices). Let (M,∇) be (k,∇)-vector space with
regular singularity.

(1) Let E be a logarithmic lattice of M; if the eigenvalues of the residue ResE∇
of the connection ∇ on E do not differ by a nonzero integer, there exists
a basis of E over C{t}, in which the connection matrix takes the form
A0 dt/t, with A0 constant.

(2) Let σ be a section of the natural projection C→ C/Z (so that two complex
numbers in the image Imσ of σ do not differ by a nonzero integer). There
exists a unique logarithmic lattice σV of (M,∇) such that the eigenvalues
of ResσV∇ are contained in Imσ. Moreover, for any homomorphism ϕ :
(M,∇)→ (M′,∇′),

ϕ(σV) = σV(Imϕ,∇) = σV(M′,∇′) ∩ Imϕ.

(3) Conversely, let T be an automorphism of C
d (defining a local system of

rank d on some disc punctured D∗). There exists then a unique (up to
isomorphism) bundle with meromorphic connection on D with logarithmic
pole at 0 for which
(a) the local system it defines on D∗ is that associated to T ,
(b) the residue at 0 of the connection has eigenvalues in Imσ.

(4) The functor which associates to any (k,∇)-vector space (M,∇) with regu-
lar singularity the vector space σH = σV/t σV equipped with the automor-
phism T = exp (−2iπResσV∇) is an equivalence of categories.
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Proof.

(1) This is exactly what gives Propositions 2.11 and 2.13.
(2) The existence of a lattice σV follows from Proposition 2.12. If E and E′ are

two such lattices, there exists, after (1), a basis e of E (resp. e′ of E′) in
which the matrix A0dt/t (resp. A′

0dt/t) of ∇ has eigenvalues in Imσ. By
arguing as in Proposition 2.11, we see that the matrix of the base change
P ∈ GLd(k) from e to e′ is constant and conjugates A0 with A′

0. Whence
the uniqueness.
As the image by ϕ of a lattice is a lattice of the image of ϕ, the second
assertion follows from uniqueness.

(3) One can decompose in a unique way C
d =

⊕
λ Fλ (Jordan decomposition

of T ), where Fλ is a direct sum of spaces C[T, T−1]/(T − λ)k and we
have a corresponding decomposition of the local system associated to T
on D∗. The desired bundle will be decomposed similarly and, to any term
C[T, T−1]/(T − λ)k, one associates the connection ∇ on the trivial bundle
of rank k having matrix (α Id +N) dt/t, with T = exp−2iπ(α Id +N),
where −2iπα is the unique logarithm of λ which belongs to 2iπ Imσ, N is
a Jordan block of size k and t is a coordinate on D.
If we have two such bundles E and E′, the bundle with meromorphic
connection HomOD

(E ,E ′) also has a logarithmic pole at 0 and the eigen-
values of the residue of its connection are obtained as the differences of the
eigenvalues of Res∇′ and of Res∇. Therefore, the only integral difference
is 0, by assumption.
As the bundles have the same monodromy on D∗, there exists an isomor-
phism of the associated locally constant sheaves on D∗ and hence we get
an invertible horizontal section of HomOD

(E ,E ′) on D∗. As the singu-
larity of (Homk(M,M),∇) is regular, this section has moderate growth
(after Exercise 2.6 and Theorem 2.8), and hence is meromorphic at 0. As
the unique integral eigenvalue of the residue of ∇ on HomOD

(E ,E ′) is
� 0, this section is holomorphic at 0 (see Remark 2.17). Its inverse satis-
fies the same property, whence the existence of an isomorphism between
both bundles with meromorphic connection.

(4) Point (3) shows in particular that this functor is essentially surjective. For
full faithfulness, let us first remark that, if ϕ : (M,∇)→ (M′,∇′) satisfies
ϕ(σV(M)) ⊂ t · σV(M′) then, after (2), we have σV(ϕ(M)) = t · σV(ϕ(M))
and therefore ϕ = 0.
Lastly, let us show that the map induced on the Hom is onto. By choosing
suitable bases, we are reduced to showing that, if A0 and A′

0 are two
square matrices, of size d and d′ respectively, having eigenvalues in Imσ,
any matrix P (t) of size d′ × d satisfying PA0 − A′

0P = tP ′ is constant.
This follows from Lemma 2.16, as the only integral eigenvalue of the linear
operator P �→ PA0 −A′

0P is 0. �
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2.22 Remark (Algebraization of Deligne lattices). One can express the
corollary above in a slightly different way. For any α ∈ C, let us set

M
α = {e ∈M | ∃n,

(
t∇∂/∂t − α Id

)n
e = 0}.

Then, the corollary implies (by first considering an elementary model) that
M

α is a finite dimensional C-vector subspace and multiplication by t induces
an isomorphism from M

α to M
α+1. Moreover, M

α = 0 except if exp(−2iπα)
is an eigenvalue of T .

Therefore, M :=
⊕

α M
α is a free C[t, t−1]-module contained in M, stable

under the action of ∇ and which generates M over k. More precisely, the
natural mapping

k ⊗
C[t,t−1]

M −→M

is an isomorphism of (k,∇)-vector spaces.
Let us set σ

V =
⊕

α∈Im σ

⊕
k∈N

M
α+k. Then σ

V is the Deligne lattice of
M corresponding to σ and we have

C{t} ⊗
C[t]

σ
V

∼−→ σV.

Lastly, let us notice that the natural mapping

(2.23)
⊕

α∈Im σ

M
α −→ σV/t σV

is an isomorphism compatible with the action of T , if one defines it on the
left-hand term by exp(−2iπt∇∂/∂t). One can thus identify M to the graded
(C[t, t−1],∇)-module

grσVM :=
⊕
k∈Z

(
tk σV/tk+1 σV

)
.

2.f Adjunction of parameters

The previous results can be extended without any trouble to a situation “with
parameters”. Although it is in fact not useful for what follows, we will indicate
how they are obtained, and we will take this opportunity to introduce useful
notions concerning irregular singularities. In the remaining part of this section,
the space of parameters X is a complex analytic manifold. Recall the notion
of regular singularity (cf. §0.14):

2.24 Definition (Regular singularities with holomorphic parameter).
A meromorphic bundle M on D × X, with poles along {0} × X, equipped
with a flat connection ∇, has regular singularity if, in the neighbourhood of
any point (0, xo) of {0} ×X, there exists a logarithmic lattice of (M ,∇).
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Let us denote by ÔD×X the formal completion of the sheaf OD×X along
{0} × X. This is a sheaf on X = {0} × X. If U is an open set of X, the
space of sections Γ (U, ÔD×X) is the ring OX(U)[[t]] of formal series in t with
coefficients in the ring OX(U). The reader will verify that the presheaf U �→
OX(U)[[t]] is a sheaf on X. The germ ÔD×X,xo is the subring of OX,xo [[t]] of
series

∑
i ai(x)ti, where the germs of functions ai(x) ∈ OX,xo are defined on

the same neighbourhood of xo, i.e., which, as a series of x− xo, have a radius
of convergence bounded from below by the same positive number.

Let xo ∈ X and (x1, . . . , xn) be a system of local coordinates centered
at xo. Let

Ω = A(t, x)
dt

t
+

n∑
i=1

C(i)(t, x) dxi

be the connection matrix in some basis e of M in the neighbourhood of (0, xo).
If the matrices A and C(i) (i = 1, . . . , n) have holomorphic entries, (M ,∇)
has regular singularity in the neighbourhood of (0, xo).

2.25 Theorem (Normal form of regular singularities with parame-
ter). There exists a basis of the germ M(0,xo) in which the matrix of ∇ can
be written as B dt/t, where B is constant.

Proof. Let us first assume that the eigenvalues of the matrix A(0, xo) do not
differ by a nonzero integer. So do the eigenvalues of the matrix A(0, x) for
any x in some neighbourhood U of xo. The endomorphism adA(0, x) + � Id is
thus invertible on U , with a holomorphic inverse at x, for any � ∈ Z � {0}.
Formula (2.15) furnishes thus a matrix P̂ ∈ GLd(ÔD×U,xo) such that

P̂−1A(t, x)P̂ + tP̂−1∂P̂ /∂t = A(0, x)

for x ∈ U . Let us set Ω̂′ = P̂−1ΩP̂ + P̂−1dP̂ . Then

Ω̂′ = A(0, x)
dt

t
+

n∑
i=1

Ĉ ′(i)(t, x) dxi.

As Ω satisfies the integrability condition, so does Ω̂′ (cf. Exercise 0.12.6).
We deduce that Ĉ ′(i)(t, x) = Ĉ ′(i)(0, x) := C ′(i)(x): indeed, the integrability
condition implies that

∂A(0, x)
∂xi

− t∂Ĉ
′(i)

∂t
= [A(0, x), Ĉ ′(i)]

and, setting Ĉ ′(i) =
∑

k C
′(i)
k (x)tk, we get, for k �= 0,

(adA(0, x) + k Id)(C ′(i)
k (x)) = 0;

the choice of the open set U shows that C ′(i)
k (x) ≡ 0 on U for any k �= 0.



3 Applications 97

As the connection � with matrix
∑

i C
′(i)(x) dxi is integrable, and as the

residue A(0, x) is horizontal with respect to � (cf. Exercise 0.14.6), there
exists a basis in which the matrix of Ω̂′ is A(0, x) dt/t.

The argument of Proposition 2.13 can be extended to the situation above,
on the open set U . We deduce that P̂ ∈ GLd(OD×U,(0,xo)).

Lastly, it is enough to prove the analogue of Proposition 2.12, asking there
that the eigenvalues of the matrix B̂(0, xo) do not differ by a nonzero integer.
The proof is similar. �

2.26 Deligne lattices. We let the reader extend to the situation “with
parameters” the results of §2.e. Let us only indicate that, for any section σ of
the projection C → C/Z, there exists a unique logarithmic lattice σV of the
meromorphic bundle (M ,∇). The local uniqueness enables us to obtain, by
gluing, the global existence from the local existence.

3 Applications

3.a Riemann-Hilbert correspondence

We follow here [Del70]. Let M be a Riemann surface and let Σ be a discrete
set of points.

3.1 Theorem (The logarithmic correspondence). Given a locally con-
stant sheaf F on M � Σ, there exists a holomorphic bundle E on M and
a connection ∇ : E → Ω1

M (Σ) ⊗OM
E with logarithmic poles, such that, on

M �Σ, the locally constant sheaf E∇ is isomorphic to F .

Proof. On the open set M �Σ we put E = OM�Σ ⊗C F . It is thus a matter
of finding, for any point m ∈ Σ, a sufficiently small open neighbourhood U
of m (in particular U ∩ Σ = {m}) and a basis e of Γ (U � {m},E ) in which
the connection matrix of ∇ has a logarithmic pole: this basis enables us to
define a bundle with connection on U , which coincides with E on U �Σ. We
then construct the desired bundle by gluing.

Therefore, the problem is local and we can assume that U is a disc D
centered at the origin of C. If we restrict to D�{0}, giving the locally constant
sheaf F = E∇ is equivalent to giving the representation of π1(D�{0}, o) = Z

in GLd(C), that is, an invertible matrix T . We then apply Corollary 2.21-(3).
�

3.2 Corollary (The meromorphic correspondence). Given a locally con-
stant sheaf F on M �Σ, there exists a meromorphic bundle with connection
(M ,∇) on M with poles at the points of Σ and having regular singularity at
these points, such that, on M�Σ, the locally constant sheaf M∇ is isomorphic
to F .
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Proof. It is enough to take M = E (∗Σ), where (E ,∇) is given by Theorem
3.1. �

The correspondence which associates to any meromorphic bundle with
connection (M ,∇) the locally constant sheaf of horizontal sections M∇

|M�Σ

is functorial: To a homomorphism ψ : M → M ′ compatible with connec-
tions, that is, satisfying ψ(∇s) = ∇′(ψ(s)) for any local section s of M , one
associates the restricted homomorphism

ϕ : M∇
|M�Σ −→M ′∇′

|M�Σ .

This correspondence at the level of morphisms is of course compatible with
the composition of morphisms.

3.3 Corollary (The Riemann-Hilbert correspondence is an equiva-
lence). This correspondence induces an equivalence between the category of
meromorphic bundles with connection, having poles at the points of Σ and
having regular singularity at any point of Σ, and the category of locally con-
stant sheaves of C-vector spaces on M �Σ.

Proof. The corollary above shows that the functor is essentially surjective.
Let us show that it is fully faithful. Let ϕ : M∇

|M�Σ → M ′∇
|M�Σ be a homo-

morphism. It is a matter of showing that there exists a unique homomorphism
ψ : (M ,∇)→ (M ′,∇) which induces it. Let us regard ϕ as a horizontal sec-
tion of the bundle (HomOM

(M ,M ′)|M�Σ ,∇). It is a matter of verifying that
this horizontal section is the restriction to M �Σ of a meromorphic horizon-
tal section of (HomOM

(M ,M ′),∇). This follows from the lemma below, as
(HomOM

(M ,M ′),∇) has a regular singularity at any point of Σ if (M ,∇)
and (M ′,∇) do so. �

3.4 Lemma. Let (N ,∇) be a meromorphic bundle with connection, with
poles at the points of Σ and having regular singularity at any point of Σ.
Let s be a horizontal section of (N ,∇) on M � Σ. Then s can be extended
in a unique way as a meromorphic section of N on M .

Proof. The uniqueness of the extension is clear. Let us show the existence.
The problem is local, so that we can assume that M is a disc D centered at 0
in C and Σ = {0}. After Corollary 2.9, we can assume that N = Nα,d for
some choice of α ∈ C and d ∈ N. There exists a horizontal section on D� {0}
if and only if α ∈ Z (horizontal sections have combinations of functions of the
kind t−α(log t)p as coordinates) and, if α ∈ Z, there exists a unique horizontal
section (up to a constant), which is meromorphic. �

3.b Partial Riemann correspondence

We take up the situation of the partial Riemann problem discussed at 1.3.
Let us consider the functor which, to any meromorphic bundle with connec-
tion (M ,∇) on M , having poles at the points of Σ ∪ Σ′ and having regular
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singularity at the points of Σ, associates its restriction (UM , U∇) to the open
set U and similarly for the morphisms of bundles with connection.

3.5 Theorem. This functor is an equivalence of categories.

Proof. For the essential surjectivity, we begin by extending (UM , U∇) toM�Σ
as a meromorphic bundle with connection: the holomorphic bundle with con-
nection (UM , U∇)|U�Σ′ can be extended to M � (Σ ∪ Σ′) as a holomorphic
bundle with connection, as so does, after the assumption made in Problem 1.3,
the locally constant sheaf of its horizontal sections (Corollary 0.15.10); this
enables us to construct the desired meromorphic bundle on M � Σ. Its ex-
tension to M can be obtained as in Theorem 3.1. This gives the essential
surjectivity of the functor.

Now for full faithfulness. If U = M � Σ, we argue as in Corollary 3.3.
Otherwise, we use the full faithfulness of the restriction functor from M �Σ
to U , obtained by means of Corollary 0.15.10-(3). �

3.6 Remark. Corollary 3.3 is of course a particular case of Theorem 3.5.

3.c Algebraization of a germ of meromorphic connection

This procedure has been introduced by G.Birkhoff [Bir09]. By applying The-
orem 3.5, taking for U some small disc centered at the origin Σ′, we get:

3.7 Corollary (Algebraization is an equivalence). Let (M,∇) be a k-
vector space with connection. There exists then a meromorphic bundle (M ,∇)
with connection on P

1, having singularities at most at 0 and∞, the latter being
regular, and with germ at 0 isomorphic to (M,∇). Such a bundle is unique
up to isomorphism and this isomorphism is unique if one asks that it induces
the identity on M. �

Let us notice that Theorem 3.5 gives a canonical procedure to obtain this
globalization. This corollary has a more concrete expression:

3.8 Corollary (Algebraization of holomorphic differential systems).
Given a matrix A(t) of size d with entries in the field k of meromorphic
Laurent series, there exists a matrix P ∈ GLd(C{t}) such that B(t) :=
P−1AP + P−1P ′ has entries in the ring C[t, t−1] of Laurent polynomials and
such that the connection with matrix B(t) dt has a regular singularity at in-
finity.

Proof. Let us set (M,∇) = (kd, d+A(t) dt) and let us denote by E the lattice
C{t}d. We can then construct a meromorphic subbundle E (∗∞) of the mero-
morphic bundle M given by Corollary 3.7: the lattice E defines a lattice E|D
of M|D on a sufficiently small disc centered at the origin; we glue it with the
meromorphic bundle M|P1�{0} according to the identification E|D∗ � M|D∗
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on D∗ = D � {0}. This meromorphic bundle has a pole at ∞ only. After
Corollary I.4.9, it is isomorphic to OP1(∗∞)d.

Let us take some basis of E (∗∞), by using this isomorphism. In this basis,
the connection matrix of ∇ has entries in the ring Γ (P1,OP1(∗{0,∞})) =
C[t, t−1]. The same property holds for the germs of these objects at 0. �

3.9 Remark (Another algebraization procedure). The base change, ob-
tained by the method above, from the given basis of M to the basis furnished
by the corollary, is not explicit. One can also show that the formal analogue
of this corollary, i.e., going from k̂ to C[t, t−1], is true (cf. [Mal91, Prop. 1.12,
p. 49]). This base change is even more explicit, as it is enough to truncate at
a sufficiently large order the expansion of A(t). Nevertheless, it is not clear
whether this procedure always produces a regular singularity at infinity. On
the other hand, the procedure of Corollary 3.8 a priori only keeps from A the
most polar part, as the matrix P has no pole.

3.10 Exercise. Let A(t) be a matrix with entries in C[t, t−1] such that the
system with matrix Ω = A(t) dt has a regular singularity at infinity. Prove
that any germ u ∈ C{t}d which is a solution to the system du + Ω · u = 0 is
in fact a polynomial, i.e., belongs to C[t]d.

3.11 Exercise. When (M,∇) has a regular singularity, compare Birkhoff’s
procedure of Corollary 3.7 with that of Remark 2.22.

4 Complements

4.a How to recognize a regular singularity

Given a germ (M,∇) of meromorphic differential system, with matrix A(t) dt
in some basis e, where A has entries in k, it is not immediate, in general, to
check whether (M,∇) has a regular singularity at 0. Indeed, it could happen,
for instance, that A has a double pole and that nevertheless (M,∇) has a
regular singularity.

We will give some criteria which happen to be effective. The following
should be better regarded as an irregularity criterion; a proof of it is given as
an exercise (cf. Exercise 5.9).

4.1 Theorem (An irregularity criterion). Let us set A(t) = B(t)/tr+1

with B(t) holomorphic, B(0) �= 0 and let us assume that r � 1. Then, if the
matrix B(0) is not nilpotent, the system with matrix A(t) dt has an irregular
singularity at 0. �

The property of having a regular singularity can be easily checked when
the system is defined by a single linear differential equation (cf. [Mal74] for
what follows). Let

p(t, ∂t) = ad(t)∂d
t + · · ·+ a0(t)
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be a differential operator of degree d, with a0, . . . , ad ∈ k and ad �= 0, and let
us consider the associated linear differential system of rank d, with matrix

(4.2) Ω(t) =

⎛
⎜⎜⎜⎝

0 0 . . . 0 −a0/ad

1 0 . . . 0 −a1/ad

...
...

...
...

0 0 . . . 1 −ad−1/ad

⎞
⎟⎟⎟⎠

Let us denote by v(ai) the valuation of ai, that is, the integer vi such that
ai(t) = tvibi(t) with bi ∈ C{t} and bi(0) �= 0.

4.3 Theorem (Fuchs condition, cf. for instance [Mal74]). The linear
system associated to the operator p has a regular singularity if and only if the
following condition is satisfied:

∀ i ∈ {1, . . . , d− 1}, i− v(ai) � d− v(ad). �

One can associate to the operator p a polygon in the plane, which is the
convex hull of the quadrants (i, i−v(ai))−N

2. The condition means that this
polygon is also quadrant, having the point (d, d− v(ad)) as its vertex.

Let (M,∇) be a (k,∇)-vector space and let us pick e ∈M. We say that e
is a cyclic vector of M if

e,∇∂t
e, . . . ,∇∂t

(· · · (∇∂t
e))︸ ︷︷ ︸

d−1 times

is a basis of M over k. Any (k,∇)-vector space admits a cyclic vector
(cf. [Del70]); hence, the construction of a cyclic vector combined with Fuchs
criterion gives a method to check the regular singularity property of a system
(M,∇).

Another method is given in [Var91], where the author uses a variant of a
method due to Turrittin.

4.4 Exercise (Lattices of arbitrarily large order). Set

Ω(t) =
(

0 0
1 0

)
dt

t
and, for k ∈ Z, Pk(t) =

(
tk 0
0 t−k

)
.

Compute the order of Ω′ = P−1ΩP + P−1dP . Generalize to higher rank.

4.b Computing the monodromy of horizontal sections

Given a logarithmic lattice of a regular differential system (M,∇), that is, if
we choose a basis, a holomorphic matrix Ω(t) = A(t) dt/t,

• if A(t) = A(0) is constant, the monodromy of horizontal sections is given
by T = exp(−2iπA(0)) (cf. Exercise 2.6),
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• if A(t) is not constant, the monodromy T is then conjugate to
exp(−2iπB0), where B0 is constructed in Theorem 2.8. If the eigenvalues
of A(0) do not differ by a nonzero integer, one can choose B0 = A(0)
(cf. Propositions 2.11 and 2.13). Otherwise, it can happen that T is not
conjugate to exp(−2iπA(0)) (see Exercise 2.20-(4)).

4.5 Exercise (The characteristic polynomial of the monodromy).
Prove that the characteristic polynomial of T is equal to that of
exp(−2iπA(0)).

5 Irregular singularities: local study

We will now tackle the analysis of systems with irregular singularities. We will
straightly consider the case “with parameters”, letting the reader “forget”,
during a first reading, the parameter space. We will take up both steps that
we have followed for regular singularities, namely working first with formal
series and then proving convergence. Nevertheless, the second step will not be
as simple as in Proposition 2.13.

In the following, the parameter space is an analytic manifold X equipped
with coordinates x1, . . . , xn in the neighbourhood of a point xo. We consider
a meromorphic bundle M on D × X with poles along {0} × X, equipped
with a flat connection ∇ : M → Ω1

D×X ⊗M . We will now denote by M its
germ at (0, xo) ∈ D × X: this is a module over the ring OD×X,(0,xo)[t−1] =
C{t, x1, . . . , xn}[t−1].

5.a Classification in rank one

Let us pick ϕ ∈ C{t, x1, . . . , xn}[t−1] and let us denote by Eϕ the germ

(M,∇) = (C{t, x1, . . . , xn}[t−1], d− dϕ)

(this is the system satisfied by the function eϕ). For α ∈ C, let Nα,0 be the
germ

(M,∇) = (C{t, x1, . . . , xn}[t−1], d+ αdt/t)

(cf. Definition 2.5).

5.1 Proposition (Classification of irregular singularities in rank
one). Any germ (M,∇) of rank one is isomorphic to some germ Eϕ ⊗Nα,0.
Two such germs corresponding to (ϕ1, α1) and (ϕ2, α2) are isomorphic if and
only if ϕ1 − ϕ2 has no pole and α1 − α2 ∈ Z.

Therefore, the class of ϕ in C{t, x1, . . . , xn}[t−1]/C{t, x1, . . . , xn} deter-
mines the germ Eϕ. In the following, we will fix this class by considering
only germs ϕ without holomorphic part, i.e., of the form

∑r
k=1 ϕkt

−k, where
ϕk ∈ C{x1, . . . , xn} for any k.
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Proof. A germ (M,∇) of rank one is determined, up to isomorphism, by giv-
ing a 1-form ω with coefficients in C{t, x1, . . . , xn}[t−1], satisfying dω = 0
(integrability condition in rank one). Two forms ω1 and ω2 determine the
same germ if there exists a function p(t, x1, . . . , xn) ∈ C{t, x1, . . . , xn}[t−1],
with p(t, 0) ∈ k � {0}, such that ω2 = ω1 + d log p.

If ω is such a form, one can write in a unique way ω = ω′ + ω′′, where ω′

is the “nonlogarithmic” part of ω and ω′′ its logarithmic part: there exists
r ∈ N

∗ minimum such that

ω = t−r
(
a(t, x)

dt

t
+

n∑
i=1

bi(t, x) dxi

)

with a and bi holomorphic. The form ω′ is obtained by replacing a and the bi
by their Taylor expansion in t up to order r − 1.

The condition dω = 0 can thus be decomposed in dω′ = 0 and dω′′ = 0.
One can check, as in Proposition 2.2, that there exist p as above and α ∈ C

such that ω′′ = αdt/t+ d log p. On the other hand, the adjunction of a term
like d log p only modifies the logarithmic part ω′′ of ω.

In order to end the proof, it is enough to check that there exists a unique ϕ
without holomorphic part, such that dϕ = ω′. To show this, let us set

ω′ =
∑
k�1

t−k
(
ωk + hk(x)

dt

t

)
,

where the ωk only contain the dxi. Denoting by dX the differentiation with
respect to coordinates xi only, we obtain

dω′ =
∑
k�1

t−k
(
dXωk + (dXhk + kωk) ∧ dt

t

)
= 0.

We deduce that, for any k � 1, there exists ψk ∈ C{x1, . . . , xn} with
dXψk = ωk (cf. Poincaré Lemma 0.9.7) and there exists ck ∈ C with hk =
−k(ψk + ck). If we put ϕk = ψk + ck and ϕ =

∑r
k=1 t

−kϕk, we have ω′ = dϕ.
Uniqueness is proved similarly. �

5.b Models in arbitrary rank

As in the regular case, we will first introduce some elementary models, to
which we will compare the germ M.

5.2 Definition (Elementary irregular models). We will say that a germ
of meromorphic bundle with connection (M,∇) is elementary if it is isomor-
phic to some germ like (Eϕ,∇)⊗ (R,∇), where (R,∇) has regular singularity
along {0} ×X (cf. §2.f).

5.3 Exercise (Comparison of elementary models). Let us fix r � 1 and
ϕ =

∑r
k=1 t

−kϕk with ϕr �≡ 0.
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(1) Compute the Poincaré rank of the meromorphic bundle with connection
(Eϕ ⊗ R,∇) (cf. §0.14).

(2) Prove that there does not exist any nonzero horizontal section of the
meromorphic bundle with connection (Eϕ ⊗ R,∇).

(3) Show that there does not exist any nonzero homomorphism Eϕ⊗R→ R′,
where R,R′ have regular singularity.

A model is a meromorphic bundle with connection (M,∇) isomorphic to
a direct sum of elementary models. We will write this direct sum as

(5.4)
⊕
ϕ

(Eϕ ⊗ Rϕ)

where we assume that the meromorphic bundles with connection Rϕ have
regular singularity and the ϕ ∈ C{t, x1, . . . , xn}[t−1] have no holomorphic
part and are pairwise distinct.

5.5 Exercise (Comparison of elementary models, continuation).

(1) By decomposing each Rϕ into elementary regular models, give a simple
form for the connection matrix of a model.

(2) Check that any homomorphism between two models is diagonal with re-
spect to the ϕ-decomposition, and that two models are isomorphic if and
only if the corresponding Rϕ are isomorphic. Deduce that the decompo-
sition (5.4) is unique.

5.6 Definition (of goodness). We will say that a model (5.4) is good if,
for all ϕ �= ψ such that Rϕ,Rψ are nonzero, the order of the pole along t = 0
of (ϕ− ψ)(t, x) does not depend on x being in some neighbourhood of xo.

If ϕ−ψ =
∑r

k=1 t
−k(ϕ−ψ)k(x) with (ϕ−ψ)r(x) �≡ 0, the condition means

that (ϕ − ψ)r(xo) �= 0. It may happen however that the order of ϕ or ψ is
strictly bigger than r. Let us remark that, if a model (M,∇) is good then, for
any η ∈ t−1

C{x1, . . . , xn}[t−1], the germ Eη ⊗ (M,∇) = (M,∇+ dη) remains
a model, which is good.

5.7 Theorem (Formal decomposition). Let (M,∇) be a germ of mero-
morphic bundle with connection, equipped with a basis in which the matrix Ω
takes the form

Ω = t−r
[
A(t, x)

dt

t
+

n∑
i=1

C(i)(t, x) dxi

]

with r � 1, A and the C(i) having holomorphic entries, and A0 := A(0, xo)
being regular semisimple (i.e., with pairwise distinct eigenvalues). There exists
then a good model (Mgood,∇) and a “formal” isomorphism

ÔD×X,xo ⊗ (M,∇) ∼−→ ÔD×X,xo ⊗ (Mgood,∇).
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When the conclusion of the theorem is satisfied, we will say that the germ
(M,∇) admits a good formal decomposition along {0}×X. A more general re-
sult due to Turrittin, and for which there exist various approaches (see [Tur55],
[Lev75], [Rob80], [Mal79], [BV83], [Var91] for the case “without parameter”
and [BV85] for that “with parameters”), says that such a decomposition ex-
ists5, possibly not for (M,∇), but for its pullback by some suitable ramifica-
tion t = zq of order q � 1. In the present situation, no ramification is needed.
Moreover, we will see that all the components Rϕ occurring in the model
have rank one, which is not the case in general, even when no ramification is
needed.

Proof. Let Ω = t−r
[
A(t, x)

dt

t
+

∑
i C

(i)(t, x) dxi

]
be the matrix of ∇ in some

basis of M. Let us set

A(t, x) =
∞∑

p=0

Ap(x)tp.

As A(0, xo) is regular semisimple, so is A0(x) := A(0, x) for any x nearby xo

and there exists a matrix Q ∈ GLd(OX,xo) such that (Q−1AQ)(0, x) is di-
agonal with pairwise distinct eigenvalues6. We may therefore assume from
the beginning that A0(x) takes the diagonal form diag(λ1(x), . . . , λd(x)). The
sheaf Md(OX) of matrices of size d with holomorphic entries admits the de-
composition7

Md(OX) = Ker adA0 ⊕ Im adA0,

and each term is a locally free sheaf of OX -modules; moreover,

adA0 : Im adA0 −→ Im adA0

induces an isomorphism: indeed, Ker adA0 consists of diagonal matrices and
Im adA0 of matrices having only zeroes on the diagonal.

Form ∈ N, let us set Pm = (Id +tmTm), where Tm is a matrix of size d with
entries in OX,xo . Let us consider the effect of the base change of matrix Pm on
the coefficient of dt/t in the matrix Ω. If we write Ω̃ = P−1

m ΩPm + P−1
m dPm

as we did for Ω, we have

t−rÃ = P−1
m (t−rA)Pm + P−1

m · tP ′
m,

which can be written as

Ã−A =
∑
p∈N

∑
k�0

(−1)ktp+(k+1)m[Tm, Ap]T k
m +m

∑
k�0

(−1)kt(k+1)m+rT k
m

5 Generically on the parameter space; in Theorem 5.7, genericity is implied by the
separation of eigenvalues.

6 Hint: Check that the projection from X × C to X induces, on the subset having
equation det(s Id−A(0, x)), a covering map, in the neighbourhood of the pullback
of xo (i.e., the set of eigenvalues of A(0, xo)) and conclude with Example 0.2.2-(2).

7 Recall that ad A0(B) := [A0, B].
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The coefficients Ãp differ from Ap only for p � m and we have

Ãm = Am + [Tm, A0].

Let us assume that, for any p < m, we found Tp such that, after the base
change of matrix P<m =

∏
0<q<m Pq, the matrix Ap is diagonal for any p < m.

We then choose Tm in such a way that so is the matrix Ãm := Am +[Tm, A0]:
it is enough to kill the component of Am in Im adA0.

Lastly, after the formal base change of matrix
∏

m>0 Pm, we get a decom-
position of M̂ into free Ô[t−1]-modules, stable by tr+1∇∂t

, where the matrix
of t∇∂t

is diagonal, with dominant term t−rA0(x).
It remains to prove that this decomposition is stable by ∇∂x�

for � =
1, . . . , n. In order to do so, we now use the integrability condition. Let us de-
note by Ĉ(�) =

∑
m�0 C

(�)
m (x)tm the matrix of tr∇∂x�

in the basis constructed

above. It is a matter of showing that C(�)
m is diagonal and it is enough to check

that [A0, C
(�)
m ] is zero or, what amounts to the same, that [A0, C

(�)
m ] is also

diagonal. We will show this by induction on m. Let us write the integrability
relation as

t
∂(t−rĈ(�))

∂t
− ∂(t−rA)

∂x�
= [t−rĈ(�), t−rA],

that is, for any m,

(m− 2r)C(�)
m−r −

∂Am−r

∂x�
=

∑
p+q=m

[C(�)
p , Aq].

Then [A0, C
(�)
0 ] = 0, hence C

(�)
0 is diagonal. For m � 1, [A0, C

(�)
m ] can be

expressed linearly as a function of the C
(�)
p and of the ∂Ap/∂x� (p < m),

hence is diagonal (by induction). As Ker adA0 ∩ Im adA0 = {0}, we must
have [A0, C

(�)
m ] = 0, hence C(�)

m is diagonal.

We have thus proved that (M̂, ∇̂) is isomorphic to some model, all the
components of which have rank one, and the exponents ϕi take the form
t−rλi(x)(1+

∑r−1
k=1 ui,k(x)tk), where λi is an eigenvalue of A0(x). By assump-

tion, the differences λi(x) − λj(x) do not vanish in the neighbourhood of xo

if i �= j, which implies that the model is good. �

5.8 Remark. The base change P̂ belongs to GLd(ÔD×X,xo), hence has no
pole, neither does its inverse, along {0} ×X.

5.9 Exercise (Decomposition with respect to eigenvalues). We con-
sider a matrix Ω as in Theorem 5.7. We only assume that there exist k holo-
morphic functions λ1(x), . . . , λk(x) in the neighbourhood of xo and integers
ν1, . . . , νk such that, for any x near xo, the characteristic polynomial of A(0, x)
is equal to

∏k
j=1(s − λj(x))νj ; we moreover ask that the differences λi − λj

do not vanish.
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(1) Adapt the proof of Theorem 5.7 to show that the system (M̂, ∇̂) is iso-
morphic to a direct sum of systems of rank νi equipped with a connection
with pole of order r, for which the corresponding matrix A(i)(0, x) admits
only λi(x) as an eigenvalue.

(2) Prove that, if one of the eigenvalues λi is not identically zero, the formal
system (M̂, ∇̂) does not have a regular singularity along {0} × X in the
neighbourhood of xo.

(3) Deduce from this a proof of Theorem 4.1 (where the space of parameters
is reduced to a point).

5.c The sheaf A

Unlike the case of regular singularities, the formal solutions of a system with
an irregular singularity can be divergent8 and we cannot use the argument of
Proposition 2.13 to complete Theorem 5.7 and find an analytic isomorphism
with Mgood. In fact, we will see later that such an isomorphism may not exist.
However, it does exist if one restricts to sectors around the origin. The sectorial
analysis will lead us to work with polar coordinates.

If D is an open disc with coordinate t centered at the origin and of radius
ro > 0, we will denote by D̃ the product [0, ro[ × S1 and by π : D̃ → D the
mapping (r, eiθ) �→ t = reiθ. In the neighbourhood of a point (0, θo) we will
use (r, θ) ∈ [0, ro[× ]θo − η, θo + η[ as a coordinate system.

Let C∞
]−ε,ro[×S1×X be the sheaf of C∞ functions on the manifold ]−ε, ro[×

S1 ×X, for ε > 0. If

i : D̃ ×X ↪−→ ]− ε, ro[× S1 ×X

denotes the inclusion, the pullback sheaf i−1C∞
]−ε,ro[×S1×X , denoted by C∞

D̃×X
,

is by definition the sheaf of C∞ functions on the manifold with boundary
D̃ × X. In other words, a C∞ function on D̃ × X in the neighbourhood
of (0, θo, xo) is a function which can be extended as a C∞ function on a
neighbourhood of this point in ]− ε, ro[× S1 ×X.

By “working in polar coordinates ”, we can define the derivations t∂/∂t,
t∂/∂t, ∂/∂xi and ∂/∂xi (i = 1, . . . , n) on C∞

D̃×X
: we have

t
∂

∂t
=

1
2

(
r
∂

∂r
− i ∂

∂θ

)
, t

∂

∂t
=

1
2

(
r
∂

∂r
+ i

∂

∂θ

)
.

5.10 Definition (The sheaf A ). The sheaf of rings AD̃×X is the subsheaf
of C∞

D̃×X
of germs killed by t∂/∂t and ∂/∂xi (i = 1, . . . , n).

8 One will find in [Ram94] not only examples but also a survey on the use of
divergent series in analysis.
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5.11 Remark. The open set D̃∗ := D̃ � ({0} × S1) coincides with D∗ =
D�{0} and, on D̃∗×X, the sheaf AD̃∗×X coincides with the sheaf OD∗×X of
holomorphic functions. A section of AD̃×X on an open set of the kind D̃×V is
nothing but a holomorphic function on D×V , as it is holomorphic on D∗×V
and locally bounded.

On the sheaf AD̃×X is defined the action of the derivation ∂/∂t (and not
only that of t∂/∂t): by using the vanishing of t∂/∂t, we can set

∂

∂t
= e−iθ ∂

∂r
.

The action of the ∂/∂xi on C∞
D̃×X

keeps AD̃×X stable. The sheaf AD̃×X

contains the subsheaf π−1OD×X : if f is holomorphic on D × X, f ◦ π is a
section of AD̃×X .

The Taylor expansion of a C∞ germ in (θo, xo) along r = 0 can be writ-
ten as ∑

k�0

fk(x1, . . . , xn, θ)rk,

where the fk are C∞ functions on some fixed neighbourhood of (θo, xo). The
Taylor expansion of a germ of AD̃×X thus takes the form

∑
k�0

fk(x1, . . . , xn)tk,

where the fk are holomorphic on some fixed neighbourhood of xo. In other
words, if we denote by AS1×X the restriction to {0} × S1 × X of the sheaf
AD̃×X , the “Taylor expansion” mapping defines a homomorphism

AS1×X,(θo,xo)
T−−→ ÔD×X,xo

whose kernel9 is denoted by A
<{0}×X
S1×X,(θo,xo), or also A <X

S1×X,(θo,xo), if one identi-
fies X to the divisor {0}×X of D×X. By construction, T is compatible with
the action of the derivations ∂/∂t, ∂/∂x1, . . . , ∂/∂xn. One can remark that it
is possible to “divide by t” as many times as wanted the sections of A <X

S1×X .
The Borel-Ritt Lemma (see for instance [Mal91]) states that T is sur-

jective10. In terms of sheaves, we can express this result by saying that the
sequence of sheaves on S1 ×X

0 −→ A <X
S1×X −→ AS1×X

T−−→ π−1ÔD×X −→ 0

is exact (recall that ÔD×X is a sheaf on {0} ×X, hence π−1ÔD×X is a sheaf
on S1 ×X).
9 Here appears the main difference with OD×X , as the “Taylor expansion” mapping

T : OD×X → ÔD×X is injective.
10 This is the other main difference with OD×X ; between O and A , the injectivity

of T has been replaced by the surjectivity.
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5.d Sectorial classification

The sectorial analogue of Proposition 2.13 is known as the “Hukuhara-
Turrittin Theorem”, although other mathematicians also have contributed,
in some particular cases, to its proof (Malmquist [Mal40] for instance). The
version with parameters that we indicate below without proof has been ob-
tained by Sibuya (see [Sib62, Sib74], see also [BV89b]).

If M is a germ at (0, xo) of a meromorphic bundle with poles along {0}×X,
we will set

M̂ = ÔD×X,xo ⊗
OD×X,(0,xo)

M

and, for any eiθo ∈ S1,

M̃θo = AS1×X,(θo,xo) ⊗
OD×X,(0,xo)

M.

Right exactness of the tensor product and Borel-Ritt Lemma show that the
natural mapping M̃θo → M̂ is onto.

5.12 Theorem (Sectorial decomposition). Let M be a germ at (0, xo)
of a meromorphic bundle with poles along {0} ×X. Let us assume that there
exist a good model Mgood and an isomorphism λ̂ : M̂

∼−→ M̂good. There exists
then, for any eiθo ∈ S1, an isomorphism λ̃θo : M̃θo

∼−→ M̃good
θo lifting λ̂, that

is, such that the following diagram

M̃θo ∼
λ̃θo

M̃good
θo

M̂
λ̂

∼
M̂good

commutes. �

We will apply this theorem to the situation described in Theorem 5.7 of
§III.2.

6 The Riemann-Hilbert correspondence in the irregular
case

We will now try to give a description of a “topological” nature to the category
of germs of meromorphic bundles with connection. For regular singularities,
we have seen that this category is equivalent to that of representations of the
fundamental group. In the irregular case, a set of nontopological data is fur-
nished by the formal meromorphic bundle with connection that we associate
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to the bundle we start with. Indeed, the exponents ϕ which occur in any good
model are data of an analytic nature. The data which enable us to recover
the meromorphic bundle with connection from the formal meromorphic bun-
dle with connection are called a Stokes structure. It is in fact a sheaf on the
parameter space. We will see that this sheaf is locally constant .

At this stage, many developments are possible, that we will not address:
one can define a “wild” fundamental group and identify the category of mero-
morphic connections to that of the finite dimensional linear representations
of this group; one can also define a “differential Galois group” and consider
its representations (see for instance [Ber92, LR95, Var96, vdP98, SvdP03] for
an introduction to this approach, as well as the references given therein); one
can identify the category of meromorphic connections to that of filtered local
systems, in the sense of Deligne and give thereby a more geometric flavour to
the notion of Stokes structure (see [Mal91, BV89a]); lastly, the theory of mul-
tisummability enables one to analyze in a finer way the Stokes phenomenon
(see for instance [BBRS91, MR92, LR94, LRP97]).

6.a The Stokes sheaf

Let X be a complex analytic manifold and let M good be a meromorphic bun-
dle on D × X with poles along {0} × X, equipped with a flat connection
∇good. We will assume that (M good,∇good) is a good model in the neighbour-
hood of any point xo of X, that is, that there exist pairwise distinct germs
ϕ1, . . . , ϕp ∈ t−1OX,xo [t−1] and nonzero germs of systems with regular singu-
larity Rϕ1 , . . . ,Rϕp

along {0} ×X, such that we have, in the neighbourhood
of xo, an isomorphism M good

xo � ⊕k(E ϕk ⊗ Rϕk
). According to goodness, as

the function ϕk−ϕ� is not identically zero for k �= �, the order of the pole with
respect to t of (ϕk − ϕ�)(x, t) does not depend on x in some neighbourhood
of xo.

Let us consider on S1 × X the sheaf of automorphisms of M̃ good :=
AD̃×X ⊗OD×X

M good which are compatible with the connection and are for-
mally equal to the identity, i.e., which induce identity on

M̂ good := ÔD×X ⊗
OD×X

M good.

We denote it by Aut<{0}×X(M̃ good) or, in short, Aut<X(M̃ good) (in this no-
tation, we think of X as the divisor {0} × X in D ×X). It is a sheaf of (in
general noncommutative) groups on S1 × X, that we will analyze later. Its
local sections are called Stokes matrices.

This sheaf enables us to define a sheaf StX(M good) on X, called the Stokes
sheaf. This is, by definition, the sheaf on X associated to the presheaf

U �−→ H1(S1 × U,Aut<X(M̃ good)).

We will show in §6.c:
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6.1 Theorem (The Stokes sheaf is locally constant). The Stokes sheaf
StX(M good) is a locally constant sheaf of pointed sets.

We deduce that the Stokes sheaf is constant on any simply connected open
set.

6.b Classification (statement)

Let (M ,∇) be a meromorphic bundle on D×X with flat connection, having
poles along {0} ×X. We will say that (M good,∇good) is a good formal model
for (M ,∇) if there exists an isomorphism of sheaves of ÔD×X -modules

f̂ : (M̂ , ∇̂) ∼−→ (M̂ good, ∇̂good)

compatible with the connections.
We will say that two germs (M ,∇, f̂) and (M ′,∇′, f̂ ′) along {0} ×X are

isomorphic if there exists an isomorphism g : (M ,∇) ∼−→ (M ′,∇′) such that,
moreover, f̂ = f̂ ′ ◦ ĝ. It is important to remark that such an isomorphism is
then unique: indeed, in local bases of M and M ′, the Taylor expansion of the
matrix of g is equal to that of f̂ ′−1f̂ in these bases; the matrix of g is thus
uniquely determined.

The good model (M good,∇good) being fixed, let us consider the presheaf
HX on X which, to any open set U of X, associates the set HX(U) of isomor-
phism classes of germs (M ,∇, f̂) defined on U , equipped with a distinguished
element, namely, the class of (M good,∇good, Îd)|U .

6.2 Lemma. The presheaf HX is a sheaf.

Proof. Let (Ui)i∈I be a family of open sets of X and let (si)i∈I be a family of
sections si ∈ HX(Ui), which are compatible on intersections. Let us choose
for any i a representative (Mi,∇i, f̂i) of si. We wish to construct a germ
(M ,∇, f̂) on V = ∪iUi whose restriction to Ui is isomorphic to (Mi,∇i, f̂i).
The uniqueness of isomorphisms enables one to glue them, hence, if such an
object exists, it is unique (up to a unique isomorphism). We argue similarly
for the existence: for all i, j ∈ I, we have a unique isomorphism

gij : (Mi,∇i, f̂i)|Ui∩Uj

∼−→ (Mj ,∇j , f̂j)|Ui∩Uj

and, by uniqueness, we have gijgjk = gik on Ui ∩ Uj ∩ Uk, which enables us
to glue the (Mi,∇i, f̂i). �

According to Theorem 5.12, we can construct a homomorphism of sheaves
of pointed sets

HX −→ StX(M good).
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Indeed, if (M ,∇, f̂) is defined on U , there exist an open covering W of S1×U
and, for any open set Wi of W, an isomorphism

fi : (M̃ , ∇̃)|Wi

∼−→ (M̃ good, ∇̃good)|Wi

such that f̂i = f̂ . Then, (fjf
−1
i )i,j is a cocycle of the sheaf Aut<X(M̃ good)

relative to covering W. If f ′
i is another lifting of f̂ on Wi, (f ′

if
−1
i )i is a 0-

cochain of Aut<X(M̃ good) relative to W and the cocycles associated to (fi) and
to (f ′

i) are equivalent via the corresponding coboundary. One checks similarly
that, if (M ,∇, f̂) and (M ′,∇′, f̂ ′) are isomorphic, the corresponding cocycles
define the same cohomology class.

We have thus defined a mapping of pointed sets

Γ (U,HX) −→ H1(S1 × U,Aut<X(M̃ good))

from which we deduce a homomorphism of sheaves HX → StX(M good), which
sends the class of (M good,∇good, Îd)|U to that of Id.

6.3 Theorem (The Stokes sheaf classifies meromorphic connections
with fixed formal type, [Mal83b]). The homomorphism so defined HX →
StX(M good) is an isomorphism of sheaves of pointed sets.

We deduce from Theorems 6.1 and 6.3 that the sheaf HX is locally con-
stant. We also get:

6.4 Corollary (Analytic extension with fixed formal structure). If X
is 1-connected and if (M o,∇o, f̂o) is a germ of meromorphic bundle on D

with pole at 0, equipped with a formal isomorphism f̂o : (M o,∇o) ∼−→
i+(M good,∇good), where i denotes the inclusion D × {xo} ↪→ D × X, then
there exists a meromorphic bundle with connection (M ,∇, f̂) equipped with a
formal isomorphism f̂ to (M good,∇good), such that i+(M ,∇, f̂) is isomorphic
to (M o,∇o, f̂o). Such an object is unique up to a unique isomorphism.

Proof. After Proposition 6.9 below, the germ of the sheaf StX(M good) at xo is
the Stokes set St(i+M good). Therefore, the initial data (M o,∇o, f̂o) define an
element of StX(M good)xo . As X is 1-connected and as the sheaf StX(M good)
is locally constant, there exists a unique section of StX(M good) whose value
at xo is precisely this element (cf. Lemma 0.15.9). The corresponding section
of HX defines an object (M ,∇, f̂), the restriction of which to xo is isomorphic
to (M o,∇o, f̂o).

Let (M ,∇, f̂) and (M ′,∇′, f̂ ′) be two such objects, with restrictions iso-
morphic to the object (M o,∇o, f̂o). According to uniqueness of the section
constructed above, their isomorphism classes coincide; in other words, these
two objects are isomorphic and, as we have yet seen, this isomorphism is
unique. �
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6.c Local constancy of the Stokes sheaf

Let us now show Theorem 6.1 by analyzing first with more details the sheaf of
Stokes matrices Aut<X(M̃ good). The germs ϕk are polynomials in t−1 without
constant term, with coefficients in OX,xo . An automorphism a of M̃ good on a
product I×U of an interval with a sufficiently small neighbourhood of xo can
be decomposed into blocks

ak� : Ẽ ϕk ⊗ R̃k −→ Ẽ ϕ� ⊗ R̃�.

The term ak� thus takes the form eϕk−ϕ�bk�, where bk� is a homomorphism of
bundles with connection R̃k → R̃�. Let us assume that X is a ball. The C-
vector space Vk consisting of multivalued horizontal sections of Rk on D∗×X
is finite dimensional and the space of horizontal sections of R̃k on an open
set like ]0, r[× I ×X, with I �= S1, can be identified to Vk, this identification
depending on the choice of a determination of the logarithm on I. With such
an identification, bk� induces a C-linear map Vk → V�, that we also denote
by bk�. The matrix of bk� with respect to bases of Vk, V� is thus constant, while
with respect to OD×X [t−1]-bases of Rk,R�, it has moderate growth.

For k �= �, let us write

(ϕk − ϕ�)(t, x) =
ψk�(x)
tnk�

· uk�(t, x)

with nk� > 0, ψk�(x) ∈ O∗
X,xo (i.e., does not vanish), u(t, x) holomorphic

in the neighbourhood of (0, xo) and u(0, 0) = 1. We also choose some C∞

determination ηk�(x) of the argument of ψk�:

ψk�(x) = |ψk�(x)| · eiηk�(x).

Let us remark that ψ�k = −ψk�.

6.5 Lemma. Let us pick eiθo ∈ S1.

(1) For k �= �, the matrix eϕk−ϕ�bk� in OD×X [t−1]-bases of E ϕk⊗Rk, E ϕ�⊗R�

has entries in A <X
S1×X in the neighbourhood of (eiθo

, xo) if and only if
bk� = 0 or cos(nk�θ

o − ηk�) < 0.
(2) The matrix bkk−Id has entries in A <X

S1×X in the neighbourhood of (eiθo

, xo)
if and only if bkk − Id = 0.

The proof of the lemma is easy and left to the reader: for the first point,
it is enough to check that eϕk−ϕ� belongs to A <X

S1×X in the neighbourhood of
(eiθo

, xo) if and only if Re(ϕk−ϕ�) < 0 on a sufficiently small neighbourhood
of (eiθo

, xo), then to express this condition on the leading term of ϕk − ϕ�.
Then, one notices that, as bk� has moderate growth, it does not affect the
rapid decay or the exponential growth property. �
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Let V =
⊕

k Vk be the C-vector space of multivalued horizontal sec-
tions of

⊕
k Rk on D∗ × X. Let us consider the subsheaf L of the con-

stant sheaf Aut(V ), the germ of which at (eiθo

, xo) is the space of automor-
phisms Id +(⊕ck�), with ckk = 0 and ck� : Vk → V� nonzero if and only if
cos(nk�θ

o − ηk�) < 0. Let us note that any Stokes matrix (local section of L )
is unipotent : if we suitably order the set of indices (an order which depends
on the chosen point θo), we can assume that ck� = 0 for k < � and the matrix
of ⊕ck� is strictly uppertriangular.

We deduce:

6.6 Corollary (The Stokes matrices are constant). For any open in-
terval I �= S1, the restrictions to I ×X of the sheaves Aut<X(M̃ good) and L
are isomorphic.

Let I �= S1 be an open interval of S1 such that, for all k �= �, the function
t �→ cos(nk�t − ηk�(xo)) does not vanish at the end points of I, and let V be
a neighbourhood of xo such that the same property holds for t �→ cos(nk�t −
ηk�(x)) for any x ∈ V . If a is any section of Aut<X(M̃ good) on I × V , then
akk = Id for any k and, for all k, � such that k �= �, we have ak� = 0 or
a�k = 0. If ak� �= 0, then cos(nk�t− ηk�(xo)) < 0 for t ∈ I and in such a case
the matrix of bk� is constant in bases of Vk and V�. �

6.7 Corollary (Base change for horizontal sections). If i : S1×{xo} ↪→
S1 ×X denotes the inclusion, the natural morphism

i−1 Aut<X(M̃ good) −→ Aut<0(ĩ+M good)

is an isomorphism.

Proof. The question is local, and one can replace the sheaf i−1 Aut<X(M̃ good)
by L . The result is then clear. �

The manifold of Stokes directions in S1 ×U , where U is a neighbourhood
of xo on which the ϕk are defined and satisfy the goodness properties11, is the
union of the sets having equation

cos(nk�θ − ηk�(x)) = 0.

The restriction of this set to S1×{xo} is a finite set of points, called the Stokes
directions at xo. A pair (k, �) contributes to the directions (ηk�+π/2+jπ)

/
nk�,

for j = 0, . . . , 2nk� − 1.

6.8 Exercise (Straightening the Stokes manifold). In this exercise, we
assume that the manifold of Stokes directions is a submanifold of S1×U and
that, through a Stokes direction at xo, passes only one connected component
of the manifold of Stokes directions.
11 For a study of the singularities which can occur, in a more general situation, in

the Stokes manifold, the reader can refer to [Kos90].
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(1) Show that there exists a real analytic mapping Ψ from S1 ×U into itself,
of the form Ψ(θ, x) = (ψ(θ, x), x), admitting an inverse mapping of the
same kind and sending the component of the manifold of Stokes directions
which goes through θo at xo to {θo} × U .

•

•

•

•

→

•

•

•

•

••

••

•

• •

•

Fig. II.2. The mapping Ψ , with Stokes directions corresponding to a pair (k, �).

(2) Prove that the sheaf Aut<X(M̃ good) is isomorphic to the pullback by the
projection p1 : S1 × U → S1 of its restriction G to S1 × {xo}.

When the assumption of this exercise is satisfied, Theorem 6.1 is an im-
mediate consequence of Example 0.5.2 (the existence of a finite good covering
will be indicated in §6.e). Otherwise, the argument requires a more precise
analysis of the sheaf StX(M good). Let us begin by showing

6.9 Proposition (Base change for the Stokes sheaf). The germ
at xo of the Stokes sheaf StX(M good) is equal to the Stokes space12

H1(S1,Aut<0(ĩ+M good)) of the connection i+M good.

Proof. Let U be an open neighbourhood of xo, and let U be an open cover-
ing of S1 × U . There exists then an open neighbourhood V of xo contained
in U and a refinement V of U such that the covering V|V of S1 × V induced
by V consists of open sets like Ij × V , where Ij is an open interval of S1,
and Ij ∩ Ik ∩ I� = ∅ if j, k, � are pairwise distinct (one first refines the re-
striction of U to S1 × {xo} and then one argues by compactness). It will be
moreover convenient to assume that Corollary 6.6 applies to any Ij × V and
(Ij ∩ Ik) × V . Consequently, H1(S1 × U,Aut<X(M̃ good)) is the union of the
H1(V ,Aut<X(M̃ good)) over all coverings V of this kind, and the germ at xo

of the presheaf W �→ H1(S1 ×W,Aut<X(M̃ good)) (for W ⊂ U) is the union
of the germs at xo of the presheaves W �→ H1(V|W ,Aut<X(M̃ good)).

Let us note that, for V and V as above,

H1(V|V ,Aut<X(M̃ good)) = H1(V|{xo},Aut<0(ĩ+M good))

after Corollary 6.6, which says that

Γ (Ij × V,Aut<X(M̃ good)) = Γ (Ij ,Aut<0(ĩ+M good)),
12 The word “space” is used here as this set is equipped with a natural structure of

affine space, cf. Example 6.e.



116 II The Riemann-Hilbert correspondence

and similarly for intersections Ij ∩ Ik, which implies the equality of the corre-
sponding Čech complexes. Moreover, for W ⊂ V , the restriction morphism

H1(V|V ,Aut<X(M̃ good)) −→ H1(V|W ,Aut<X(M̃ good))

induces the identity morphism on H1(V|{xo},Aut<0(ĩ+M good)). Hence,
for V and V chosen as above, the germ at xo of the presheaf
W �→ H1(V|W ,Aut<X(M̃ good)) is H1(V|{xo},Aut<0(ĩ+M good)). Therefore,

StX(M good)xo =
⋃
V

H1(V|{xo},Aut<0(ĩ+M good))

= H1(S1,Aut<0(ĩ+M good)). �

Proof (End of the proof of Theorem 6.1). The previous proof says more
precisely that, for any small enough neighbourhood V of xo and any
covering V of S1 × V of the form (Ij × V )j , where the open inter-
vals Ij satisfy the previous properties, the sheaf associated to the presheaf
W �→ H1(V|W ,Aut<X(M̃ good)) is the constant sheaf on V , with germ

H1(V|{x},Aut<0(ĩ+M good)) for any x ∈ V .
In order to conclude, it is enough to show that one can choose a finite

covering (Ij)j of S1 such that, for any x ∈ V ,

H1(V|{x},Aut<X(M̃ good)) = H1(S1 × {x},Aut<X(M̃ good)).

Indeed, the right-hand term is equal to the germ at x of StX(M good), accord-
ing to the previous proposition and Corollary 6.7 applied at the point x. The
previous equality would imply that the morphism of presheaves on V defined
by H1(V|W ,Aut<X(M̃ good)) → H1(S1 ×W,Aut<X(M̃ good)) induces an iso-
morphism between the associated sheaves. The proof of this statement will be
indicated in §6.e. �

6.d Classification (proof)

We will now show Theorem 6.3. As the homomorphism HX → StX(M good)
is defined globally, showing that it is an isomorphism is a local problem
on X. It is thus a matter, after what we have seen above, of proving that
the map which, to the germ (M,∇, f̂) at xo, associates the element of
H1(S1, i−1 Aut<X(M̃ good)) obtained according to Theorem 5.12, is bijective.

Consider (M,∇, f̂) and (M′,∇′, f̂ ′) which define the same element

λ ∈ H1(S1, i−1 Aut<X(M̃ good)).

We can assume that there exist a finite covering (Ii) of S1 and an open neigh-
bourhood V of xo such that λ is the class of the cocycles (fjf

−1
i ) and (f ′

jf
′−1
i ),
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where the fi, f
′
i are defined on Ii × V . There exists thus a 0-cochain (gi) of

the sheaf Aut<X(M̃ good) relative to the covering (Ii×V ) of S1×V such that,
on (Ii ∩ Ij)× V

f ′
jf

′−1
i = gjfjf

−1
i g−1

i .

If we set σ = f−1
i g−1

i f ′
i on Ii×V , we get a horizontal section, on a sufficiently

small open set [0, r0[×S1×V , of the sheaf Hom(M̃ ′, M̃ ). By making explicit
the matrix of such a section in local bases of M and M ′, we see, as in Remark
5.11, that σ is a horizontal section of Hom(M ′,M ). It is moreover invertible
on D∗ × V , where D is the disc of radius r0, hence also on D × V . Lastly,
as the gj are asymptotic to identity, we have σ ◦ f̂ ′ = f̂ . Therefore (M,∇, f̂)
and (M′,∇′, f̂ ′) are isomorphic. This gives injectivity for the homomorphism
in Theorem 6.3.

Let us now prove surjectivity. We will first give, as in [Mal83b], a neces-
sary and sufficient condition for a class λ in H1(S1, i−1 Aut<X(M good)) to
come from an object (M ,∇, f̂): such is the case if and only if its image in
the set H1(S1, i−1 AutA (M good)) is the identity (we take here all the A -
linear automorphisms). Indeed, if λ comes from a bundle with connection
(M ,∇, f̂), there exist a covering (Ii) of S1 and isomorphisms of connections
fi : M̃

∼−→ M̃ good inducing f̂ such that λ comes from the cocycle (λij) with
λij = fjf

−1
i on Ii ∩ Ij . If we fix a basis of M and a basis of M good, the

equality of the corresponding matrices shows that (λij) is a coboundary of
GLd(AD̃×X [∗X]) = AutA (M̃ good).

Conversely, if for some suitable covering (Ii) the cocycle (λij) is a cobound-
ary with values in AutA (M̃ good), i.e., λij = fjf

−1
i , we define a new connection

∇ on M̃ good by conjugating ∇good by fi on Ii. Because of the compatibility of
λij with ∇good, it is globally defined on some sufficiently small neighbourhood
D × V of (0, xo), hence induces a new structure of OD×V [∗{0} × V ]-module
with connection on the OD×V [∗{0} × V ]-module M good. Moreover f̂i = f̂j on
Ii ∩ Ij , so that the formal isomorphisms

(M̂ good,∇)
f̂i−−−→ (M̂ good,∇good)

can be glued in an isomorphism f̂ : (M̂ good,∇) ∼−→ (M̂ good,∇good).
Theorem 6.3 is therefore a consequence of the Malgrange-Sibuya Theorem

below, for which we refer to [Mal83b, Appendice], [Sib90, Th. 6.4.1], [BV89a,
Chap. 4]. �

6.10 Theorem (Malgrange-Sibuya). The image of the mapping

H1(S1,GL<X
d (i−1AD̃×X)) −→ H1(S1,GLd(i−1AD̃×X))

is the identity. �
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6.e Some supplementary remarks on the Stokes space

The previous considerations imply that a local knowledge of the Stokes sheaf
consists mainly in knowing the fibre of this sheaf. Moreover, according to the
base change property seen in Proposition 6.9, we can, for that purpose, forget
about the parameter space. Therefore, we now assume that (Mgood,∇good) is
a good model in the neighbourhood of 0 in C and we will describe with more
details the space H1(S1,Aut<0(Mgood)).

(1) The first tool, complementing Exercise 0.5.1, is an analogue of Leray’s
Theorem 0.6.1 for the nonabelian H1: let G be a sheaf of groups on a
topological space S; if U is a covering of S which is 1-acyclic for G , i.e.,
such that H1(U,G ) = {Id} for any open set U of U, then H1(U,G ) =
H1(S,G ); moreover, it is enough, in order that this equality is true, that
the restriction mappings H1(S,G )→ H1(U,G ) have the identity as image
(cf. for instance [BV89a, part II, Cor. 1.2.4]).

(2) Let r be the maximal order of the pole of differences ϕk − ϕ�, where
the ϕj are the exponential factors occurring in the model Mgood (cf. §6.a).
Then (cf. [BV89a, part II, Prop. 3.2.3]) any open interval I ′ of S1 of length
� π/r, and whose boundary points are not Stokes directions for Mgood,
satisfies

H1(I ′,Aut<0(Mgood)) = {Id}.
(3) Let I ′ ⊂ I be two open intervals of S1 such that I − I ′ does not contain

any Stokes direction of Mgood. Then the restriction mapping

H1(I,Aut<0(Mgood)) −→ H1(I ′,Aut<0(Mgood))

is bijective (this follows from the fact that the sheaf Aut<0(Mgood) is
locally constant on I − I ′).

We deduce from these results that any element of H1(S1,Aut<0(Mgood))
can be represented by a cocycle associated to a covering of S1 by open intervals
of length ε + π/r, with ε > 0 sufficiently small (if I ′ is as in (2), we can
enlarge I ′ by “pushing” the boundary points of I ′ up to the nearest Stokes
directions without changing the vanishing of H1, after (3)). Here is a way of
constructing such a covering (cf. [BJL79]):

• let us call main directions the Stokes directions corresponding to pairs
(k, �) such that the difference ϕk − ϕ� has pole of maximal order r, and
secondary directions the other ones; let us fix such a pair (ko, �o) and
a corresponding main direction θo

0; the other directions corresponding to
(ko, �o) are the θo

α = θo
0 + απ/r (α = 0, . . . , 2r − 1);

• let us denote by I ′α the open interval of length π/r centered on the main
direction θo

α (if both boundary points of some I ′α are (main or secondary)
Stokes directions, we slightly move the center of each I ′α in the same di-
rection);
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• let us “push” the boundary points of each I ′α up to the nearest (main or
secondary) directions, getting thus an open interval Iα of length > π/r;

• lastly, let us consider the covering I of S1 by the intervals Iα.

θo
0

θo
1

θo
2

θo
3 θo

4

θo
5

I0

I1

I2

I3

I4

I5

,θk �
α

Fig. II.3. An example of a covering.

In the covering by 2r intervals constructed in this way, there is no three-by-
three intersection, as each interval contains only one Stokes main direction θo

α.
There are also 2r pairwise intersections, each of which has length � π/r, as
it contains no main direction θo

α. Let us also notice that each interval Iα
contains, for any k, �, one and only one main direction of type θk,�

β .
The set of 1-cocycles Z1(I,Aut<0(Mgood)) is thus the direct product of

the groups Gα = H0(Iα ∩ Iα+1,Aut<0(Mgood)) (if we agree that α + 1 = 0 if
α = 2r−1). Such a group Gα is made of unipotent matrices. For i, j = 1, . . . , p
and i �= j, the matrices of Gα have some nonzero entry in their i, j-block if
and only if Re(ϕi − ϕj) < 0 on each small sector with direction contained in
Iα ∩ Iα+1.

For each α = 0, . . . , 2r − 1, the group H0(Iα,Aut<0(Mgood)) is made of
unipotent matrices. For k, � giving main directions, the k, �-block of these
matrices is zero, as Iα contains some Stokes direction of type k, �. For i �= j,
the i, j-block is zero if Iα contains the corresponding Stokes direction or if
Re(ϕi − ϕj) > 0 on Iα.

6.11 Example (The Stokes space in the case of a single slope). Let
us assume that all Stokes directions are main directions, i.e., that, for all i, j
such that i �= j, the difference ϕi−ϕj has a pole of order r exactly. Then the
0-cochains of the covering I reduce to the identity and we have

H1(I,Aut<0(Mgood)) = Z1(I,Aut<0(Mgood)).
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The Stokes space is therefore a product of 2r algebraic subgroups of the group
of unipotent matrices. It is in particular an affine space, as a group of unipotent
matrices can be algebraically identified to its Lie algebra by the logarithm.

In particular, if r = 1, one can represent in a unique way an element of
the Stokes space by a pair of unipotent matrices, one upper triangular, the
other one lower triangular, with a block decomposition corresponding to the
decomposition of Mgood.

More generally, one can show that H1(S1,Aut<0(Mgood)) has a natural
structure of affine space (cf. [BV89a], where the “ramified” case, which we
did not consider here, is also treated).



III

Lattices

Introduction

We have given in Chapter II a classification of germs of linear systems of
one-variable differential equations, up to meromorphic equivalence. When the
singularities are irregular, we have only considered the simplest case where the
dominant part of the connection matrix is semisimple with pairwise distinct
eigenvalues.

In this chapter, we will consider the holomorphic equivalence, that is, the
classification of lattices of a (k,∇)-vector space (M,∇).

When M has regular singularity, we can extend the correspondence of
§II.2.e

(M,∇) −→ (H,T )

to a correspondence “with a lattice”

(M,∇,E) −→ (H,T,H•)

where H• is a decreasing filtration of H.
This correspondence shows a particularly nice behaviour when restricted

to logarithmic lattices (and to filtrations stable by T on the other side): it
reduces then to the Levelt normal form (cf. Exercise II.2.20) and translates in
a simple way duality for lattices, or their tensor product1.

More generally, this correspondence associates to any lattice a character-
istic polynomial, which is nothing but that of its residue when the lattice
is logarithmic. This characteristic polynomial determines that of the mon-
odromy.

One of the key results which will be used later concerns rigidity of loga-
rithmic lattices by integrable deformation.
1 One will find in [Sim90] a variant of these results and in Appendix C of [EV86] a

generalization of these results for the many variable logarithmic lattices.
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The case of irregular singularities is much less clear in general. We however
extend the notion of characteristic polynomials to any lattice.

Moreover, some classification can be done when the most polar part of
the connection matrix is regular semisimple, and this classification can be
extended to integrable deformations of such systems. We will follow [Mal83c]
on this question.

In the following, the k- or C-vector spaces are finite dimensional.

1 Lattices of (k, ∇)-vector spaces with regular
singularity

In this section, we will assume, implicitly or explicitly, that the (k,∇)-vector
spaces we consider have regular singularity.

Recall (see §II.2.a) that a lattice of a k-vector space M of finite rank is
a free C{t} submodule E such that k ⊗C{t} E = M. A lattice is logarithmic
(relative to the connection ∇) if it is stable by t∇∂/∂t.

Given a logarithmic lattice, the residue of the connection may not be
enough to reconstruct monodromy, when some pair of eigenvalues differ by a
nonzero integer (cf. Exercise II.2.20-(4)). In other words, the correspondence
which associates to any logarithmic lattice E of (M,∇) the pair consisting of
E/tE and Res∇ is not an equivalence of categories. The classification of these
lattices will introduce auxiliary lattices, to which one compares the given
lattice.

1.a Classification of logarithmic lattices

In order to formulate the classification statement, let us fix a canonical lattice
(cf. §II.2.e) by choosing σ as being the section of C→ C/Z with values in

{s ∈ C | −1 < Re(s) � 0}.

We will denote by V the corresponding canonical lattice.
We have seen that the functor which associates to any (k,∇)-vector space

(M,∇) the pair
(H,T ) = (V/tV, exp(−2iπResV∇)),

consisting of a vector space and of an automorphism, is an equivalence. How
to recover lattices in this description? If E is a lattice of (M,∇), we will set
Ek = tkE for any k ∈ Z.

1.1 Theorem (The Deligne-Malgrange functor is an equivalence).
The functor F which, to any lattice E of (M,∇), associates the vector space
H = V/tV, equipped with the endomorphism T = exp(−2iπResV∇) and with
the decreasing exhaustive filtration H• indexed by Z, defined by

Hk = Ek ∩ V/Ek ∩ tV
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is essentially surjective. When restricted to logarithmic lattices and to filtra-
tions stable by T , it induces an equivalence of categories.

Therefore, giving (M,∇) is equivalent to giving (H,T ). The supplementary
datum of a logarithmic lattice E is equivalent to giving a decreasing filtration
of H stable by T . If E = V, we have H0 = H and H1 = 0. Let us notice that
the filtration is exhaustive (i.e., Hk = 0 for k  0 and Hk = H for k ! 0):
indeed, as E and V are two lattices of M, they can be compared, that is, there
exist k0 such that Ek0 ⊃ V and k1 such that Ek1 ⊂ tV.

Proof. Let us denote by R the endomorphism of H such that exp(−2iπR) = T
and whose eigenvalues are in the image of the section σ. Let us set M =
C[t, t−1] ⊗C H, equipped with the connection ∇ such that t∇∂t

(h ⊗ p) =
p⊗R(h) + tp′(t)⊗ h, for h ∈ H and p(t) ∈ C[t, t−1]. Let H• be a decreasing
exhaustive filtration of H, and let us denote by E the vector subspace of M

defined by
E =

⊕
k∈Z

t−kHk.

As H• is decreasing, E is a C[t]-submodule of M. Moreover, as H• is exhaus-
tive, E is a C[t]-free lattice of M, a basis of which over C[t] can be obtained
by choosing, for any � ∈ Z, a family e� in H� inducing a basis of the quotient
H�/H�+1 and by considering the family (t−�e�)�∈Z.

We define in that way a functor G : (H,T,H•)→ (M,∇,E) by setting

(M,∇) =
(
k ⊗C[t,t−1] M,∇

)
= (k ⊗C H,∇) and E = C{t} ⊗C[t] E.

By definition, the filtration σ
V•M is given by σ

VkM = tkC[t] ⊗C H, and
σVkM = C{t} ⊗C[t]

σ
VkM. We deduce that

F ◦G = Id .

This shows that the functor F is essentially surjective.

If Hk is stable by R (or T ) for any k, then E is logarithmic. Similarly, if E

is logarithmic, then the filtration H• associated by F is stable by R (or T ).

1.2 Lemma. Let E be a logarithmic lattice of (M,∇) = (k⊗CH,∇). There ex-
ists a unique decreasing filtration H• of H, stable by T , such that (M,∇,E) =
G(H,T,H•). We have (H,T,H•) = F (M,∇,E).

Proof. The second point and the uniqueness of the filtration H• are clear, as
we have F ◦G = Id. The existence of H• is nothing but a reformulation of the
existence of the Levelt normal form (Exercise II.2.20). Indeed, from any basis
of E, we can construct (II.2.20-(3)) a basis ε of M in which the connection
matrix is written as

A
dt

t
=

[
(A0 −D) +A1 + · · ·+Aδ

]dt
t
,
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where D is diagonal with integral eigenvalues, [D,Ai] = −iAi for any i, and
A0 − D has eigenvalues in the image of σ (the choice of σ is different here
than that of Exercise II.2.20, but the argument is the same). If Ej is the
eigenspace of D with eigenvalue j, we have Ai(Ej) ⊂ Ej−i for any i, hence Ai

is nilpotent for i � 1. It follows that the eigenvalues of A are that of A0 −D.
As (A0 − D)|Ej

has eigenvalues in the image of σ, the basis ε is contained
in H; it is thus a C-basis of H and A is the matrix of R in this basis. Let us
define the decreasing filtration H• by the formula

Hk =
⊕

j�−k

Ej .

This filtration is stable by A, and the basis ε is adapted to the direct sum
decomposition H =

⊕
j Ej . Still according to Exercise II.2.20, we know that

the basis e = ε · tD of C[t, t−1]⊗C H is a basis of E. This gives E the desired
form. �

Full faithfulness of the functor F is now clear: set (H,T,H•) = F (M,∇,E)
and (H ′, T ′,H ′•) = F (M′,∇′,E′); if f : (H,T,H•) → (H ′, T ′,H ′•) is a mor-
phism, there exists, by the Riemann-Hilbert correspondence, a unique mor-
phism ϕ : (M,∇)→ (M′,∇′) which induces it; it is a matter of proving that ϕ
sends E into E′; this is immediate, as ϕ = G(f). More precisely, the inverse
functor of F is G. �

1.3 Remarks.

(1) One should not confuse “filtration” and “flag”: a filtration consists in
giving a flag of vector subspaces and, for any space of the flag, in giving
an integer, the set of these defining a decreasing sequence.

(2) If one does not restrict to logarithmic lattices, the functor F is not an
equivalence. Let us assume for instance that H has dimension 2, with
basis ε1, ε2, and let E be the lattice of M = k⊗H generated by (e1, e2) =
(ε1, ε2) ·P (t), where P (t) =

(
t 1
0 t

)
. If the lattice E took the form G(H•), it

would admit a basis of the form (td1ε′1, t
d2ε′2), where (ε′1, ε

′
2) is a basis ofH.

There would exist thus a holomorphic invertible matrix Q(t), a constant
invertible matrix C and a diagonal matrix D = diag(d1, d2), such that
P (t) = C · tD ·Q(t). One checks that this is not possible, hence there does
not exist a filtration H• such that (M,∇,E) is isomorphic to G(H,T,H•).

1.4 Remark (dependence with respect to the section σ). The choice
of the section σ with image {s ∈ C | −1 < Re(s) � 0} has only been done
for convenience. What is the relation between the functors σF for distinct
sections σ? Let us notice first that we have a canonical isomorphism2

(1.5) σH = σV/t σV
∼−→ σ′

V/t σ′
V = σ′

H

2 Here, we assume that we have fixed a coordinate t. A change of coordinate would
give a nonzero multiple of this isomorphism.



1 Lattices of (k,∇)-vector spaces with regular singularity 125

compatible with the action of T . Indeed, Remark II.2.22 shows that the terms
are canonically identified to

⊕
α∈Im σ M

α and
⊕

α′∈Im σ′ M
α′

. For any α′ ∈
Imσ′, there exists a unique α ∈ Imσ and a unique k ∈ Z such that α′ = α+k.
The isomorphism M

α ∼−→M
α′

is that induced by multiplication by tk.
If E is a lattice of M, let us denote by σH• and σ′

H• the filtrations it defines
on σH and σ′

H. A priori, the isomorphism (1.5) does not preserve filtrations.
However, when the lattice E is logarithmic, one can describe precisely the
behaviour of filtrations.

Indeed, as σH• and σ′
H• are stable by T , we have

σH
• =

⊕
α∈Im σ

σH
•
α and σ′

H
• =

⊕
α′∈Im σ′

σ′
H

•
α′ .

We then see that, if α′ = α+ k (k ∈ Z), the image of σH•
α by (1.5) is σ′

H•+k
α′ .

Let us consider for instance the case of sections σ′ and σ with respective
images {s | −1 < Re(s) � 0} and {s | 0 � Re(s) < 1}, which will occur later
on. We can write σH = σH �=1 ⊕ σH1 and similarly for σ′

H, where the index
denotes some eigenvalue of T (and not its logarithm). Then the isomorphism
(1.5) is induced by multiplication by t−1 on σH �=1 and is equal to the identity
on σH1 = σ′

H1. Therefore, the image by (1.5) of σH•
�=1 is σ′

H•−1
�=1 and that

of σH•
1 is σ′

H•
1 .

Let us give more details concerning the dictionary between lattices and
filtrations for a (k,∇)-vector space (M,∇) with regular singularity. Let E

be a lattice of M obtained through the functor G: (M,∇,E) = G(H,T,H•).
Let R be the logarithm of T : H → H whose eigenvalues are in the image
of σ, let Rs be its semisimple part and Rn its nilpotent part.

1.6 Proposition.

(1) The lattice E has order � r if and only if we have R(Hk) ⊂ Hk−r for
all k.

(2) The lattice E is logarithmic if and only if the filtration is stable by R
(or T ). If such is the case, the residue ResE∇ is semisimple if and only
if we have Rn(Hk) ⊂ Hk+1 for any k.

Proof. The connection on E can be written as

∇
(∑

k

tke−k

)
=

[∑
k

ktke−k +
∑

k

tkRe−k

]dt
t
.

We deduce the two first assertions. For the last one, we identify E/tE with
the direct sum

⊕
k(Hk/Hk+1). With this identification, the operator ResE∇

acts as R− k Id on Hk/Hk+1. It is thus semisimple if and only if Rn induces
the zero endomorphism on Hk/Hk+1 for any k. �
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1.b Behaviour with respect to duality

Let us denote by M∗ = Homk(M,k) the dual space of the k-vector space M,
equipped with its natural connection ∇∗ (cf. §0.11.b). If E is a lattice of M,
let us denote by E∗ = HomC{t}(E,C{t}) the dual module. We can identify in
an evident way E∗ to the set of ϕ ∈ M∗ which send E into C{t}. This shows
that E∗ is naturally a lattice of M∗.

Let us apply this to the Deligne lattice V. The residue of ∇∗ on V∗ is equal
to − tResV∇ (cf. Exercise 0.14.5), so that its eigenvalues have their real part
in [0, 1[.

The natural mapping

V ⊗
C{t}

V∗ −→ C{t}

e⊗ ϕ �−→ ϕ(e)

induces a nondegenerate C-bilinear mapping

(V/tV)⊗
C

(V∗/tV∗) −→ C = C{t}/tC{t},

whence an isomorphism

(1.7) (V∗/tV∗, T ∗) � (HomC(V/tV,C), tT−1).

On the other hand, the isomorphism (1.5) identifies the pair (V∗/tV∗, T ∗) with
the pair (V(M∗)/tV(M∗), T ). We thus have a canonical identification (if we
still denote by F the functor (M,∇) �→ (H,T ), and by H∗ the dual of H)

F (M∗,∇∗) = (H∗, tT−1).

We can now extend this identification by introducing a lattice E. However,
as we have to use the isomorphism (1.5), we assume that E is logarithmic.
Here, the choice of the section σ simplifies the presentation of the result. As
in Remark 1.4, let us denote by Hλ the generalized eigenspace of T for some
eigenvalue λ and H�=1 =

⊕
λ�=1Hλ.

1.8 Proposition (The Deligne-Malgrange functor and duality).
Let E be a logarithmic lattice of (M,∇). Then the canonical identification

F (M∗,∇∗) = (H∗, tT−1) can be extended to a canonical identification

F (M∗,∇∗,E∗) = (H∗, tT−1,H ′•)

with H ′k
�=1 = (H−k

�=1 )⊥ and H ′k
1 = (H−k+1

1 )⊥.

Proof. Let us first show that, without assuming that the lattice E is logarith-
mic,

(1.9) ∀ k ∈ Z, {ϕ ∈M∗ | ϕ(E−k ∩ V) ⊂ tC{t} } = (tk+1E∗) + tV∗.
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The inclusion ⊃ is immediate. In order to show the other one, let us choose,
for any � ∈ Z, a basis of the C-vector space

E� ∩ V

(E�+1 ∩ V) + (E� ∩ tV)

and let us lift it as a family e� ⊂ E� ∩ V. The (finite) union of the e� forms a
C{t}-basis of V, after Nakayama’s lemma.

Let ϕ be such that ϕ(E−k ∩V) ⊂ tC{t}. As, for � � −k, we have E� ∩V ⊂
E−k ∩ V, it follows that ϕ(e�) ⊂ tC{t}. For � < −k, we have

E � ∩ V = (t�+kE−k) ∩ V = t�+k(E−k ∩ t−(�+k)V) ⊂ t�+k(E−k ∩ V)

and therefore ϕ(e�) ⊂ t�+k+1
C{t}.

We then write ϕ = ψ + η, where

ψ(e�) =

{
ϕ(e�) if �+ k � 0
0 if �+ k < 0

and η(e�) =

{
0 if �+ k � 0
ϕ(e�) if �+ k < 0.

We have ψ(V) ⊂ tC{t}, hence ψ ∈ tV∗. On the other hand, we see, still
using Nakayama’s lemma, that the union of the tme−k−m (m ∈ Z) forms a
C{t}-basis of E−k. We have η(tme−k−m) = 0 for m � 0 and, for m > 0, we
have

η(tme−k−m) = ϕ(tme−k−m) = tmϕ(e−k−m) ⊂ tm · t−m+1
C{t},

which proves (1.9).
The equality (1.9) exactly means that (E∗)k+1 ∩ V∗/(E∗)k+1 ∩ tV∗ is the

orthogonal space of the space E−k ∩ V/E−k ∩ tV through duality (1.7).
When E is logarithmic, these spaces are stable under the action of mon-

odromy and can be decomposed relatively to its eigenvalues. Remark 1.4 gives
the conclusion. �

1.10 Definition (of a bilinear form). A bilinear form on (M,∇) is a
k-linear mapping

〈 , 〉 : M⊗
k

M −→ k

compatible with the connection, that is, such that, for all e, e′ ∈M we have

∇〈e, e′〉 = 〈∇e, e′〉+ 〈e,∇e′〉.

Giving such a form is equivalent to giving a morphism of (k,∇)-vector spaces

M −→M∗, e �−→ (e′ �→ 〈e, e′〉).

The bilinear form is said to be nondegenerate if and only if this morphism is
an isomorphism.



128 III Lattices

1.11 Exercise. The category whose objects are the (k,∇)-vector spaces
(M,∇) with regular singularity equipped with a bilinear form 〈 , 〉
(resp. nondegenerate, resp. symmetric, etc.) and whose morphisms are
those which are compatible with bilinear forms, is equivalent to the cat-
egory whose objects are the C-vector spaces H equipped with a bilinear
form 〈 , 〉 (resp. nondegenerate, resp. symmetric, etc.) and with a self-adjoint
automorphism T , and whose morphisms...

Let now E be a lattice of M. We will say that a nondegenerate bilinear form
〈 , 〉 on (M,∇) has weight w ∈ Z relatively to the lattice E if the corresponding
isomorphism M

∼−→ M∗ sends E into (E∗)w = twE∗. We deduce a nondegen-
erate bilinear form on E/tE, obtained by composing the isomorphisms

E/tE
∼−→ twE∗/tw+1E∗ ∼−→ E∗/tE∗ = HomC(E/tE,C).

If E is logarithmic, the residue of ∇ on E satisfies then

Res∇+ tRes∇ = w Id .

We deduce from Proposition 1.8 and from Exercise 1.11 above:

1.12 Corollary (With a bilinear form, the Deligne-Malgrange func-
tor is an equivalence). The functor F induces an equivalence between

(1) the category of objects (M,∇,E, 〈 , 〉) consisting of a (k,∇)-vector space
with regular singularity, of a logarithmic lattice and of a nondegenerate
bilinear form of weight w relatively to the lattice;

(2) the category of objects (H,T,H•, 〈 , 〉) consisting of a C-vector space
equipped with a nondegenerate bilinear form, of a self-adjoint automor-
phism T and of a decreasing filtration H• stable by T such that, for any
k ∈ Z, we have (denoting by H⊥ the orthogonal space of H with respect
to 〈 , 〉) (

Hk
�=1

)⊥
= H−k−w

�=1 and
(
Hk

1

)⊥
= H−k−w+1

1 . �

1.13 Exercise (With a sesquilinear form, the Deligne-Malgrange
functor is an equivalence). We fix some coordinate t and we consider
the automorphism of the field k defined by f(t) �→ f(−t). If M is a k-vector
space, we define the k-vector space M by modifying the action of k on M: if
f(t) ∈ k and m ∈M we set f(t) ·m = f(−t)m. Therefore, M and M coincide
as C-vector spaces. We will denote by m the element m “regarded in M”. In
other words, we have f(t)m = f(−t)m. We define similarly E if E is a lattice
of M. If ∇ is a connection on M, we set ∇(m) = −∇(m).

• Prove that V is the canonical lattice of M, that H = V/tV = V/tV and
that ResE∇ = ResE∇.

• Show that the filtrations associated to E and E coincide.
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A sesquilinear form3 on (M,∇) is a k-linear mapping

〈 , 〉 : M⊗
k

M −→ k

compatible with the connections.

• Prove that Corollary 1.12 still holds if one replaces in (1) “bilinear form”
with “sesquilinear form”.

1.c Characteristic polynomial of a lattice at the origin

Characteristic polynomial of a logarithmic lattice. Let E be a logarithmic lat-
tice of (M,∇). The characteristic polynomial of the residue ResE∇ can be
computed with the filtration H• associated to the lattice: this filtration is
stable by A = ResV∇; in a similar way, the filtration induced by V� = t�V on
E/tE is stable by ResE∇. Multiplication by tk identifies the spaces

V−k ∩ E

(V−k+1 ∩ E) + (V−k ∩ tE)
and

Ek ∩ V

(Ek+1 ∩ V) + (Ek ∩ tV)

and is compatible with ResE∇ (on the left) and ResV∇ (on the right); lastly,
the left-hand term above is the subspace of E/tE corresponding to eigenvalues
of ResE∇ with real part contained in ]− k − 1,−k].

1.14 Definition (of the characteristic polynomial of a logarithmic
lattice). The characteristic polynomial χE(s) of the logarithmic lattice E

is the characteristic polynomial det (s Id−ResE∇) of the residue of ∇ on E.

We can thus write
χE(s) =

∏
β

(s− β)νβ

with

(1.15) νβ = dimHk
λ/H

k+1
λ where λ = exp(−2iπβ) and [−β] = k,

if we denote by [−β] the integral part of the real part of −β and where Hk
λ is

as in §1.b.

General case. When the lattice E is not logarithmic, the residue is not defined
in general (see Remark 0.14.8). We can however take Formula (1.15) as an
model to define a characteristic polynomial χE. It is nevertheless necessary to
give a meaning to the spaces Hk

λ when Hk is not stable by T .
In order to do so, let us begin, when the eigenvalues of T do not have mod-

ulus equal to 1, by choosing a total order � on C subject to both conditions
below:
3 The need of such a notion will be clear in the chapter devoted to Fourier transform,

cf. in particular Formula V.(2.5).
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• it extends the usual order on R and
• it satisfies the property α � β ⇔ ∀ k ∈ Z, α+ k � β + k.

We can for instance use the lexicographic order

x+ iy � x′ + iy′ ⇐⇒ x < x′ or x = x′ and y � y′.

Let us fix such an order. We will denote by ]a, b] the subset of C consisting of
the complex numbers s such that a < s � b.

−1 0

Fig. III.1. The set ] − 1, 0].

We can then filter H in a decreasing way by setting, for α ∈ ]− 1, 0],

Hα =
⊕

β�α

Hexp−2iπβ .

In an analogous way, we can interpolate the filtration V• by taking, for any
β ∈ C, the lattice Vβ corresponding to the section σ with image ]β − 1, β].

For any α ∈ ]−1, 0], we identify the space Hexp−2iπα to the quotient space
Vα/V>α, by setting V>α = ∪β>αVβ .

With the lattice E we define a decreasing exhaustive filtration of each
subspace Hλ by setting, for any k ∈ Z,

Hk
λ := (Ek ∩ Vα)/(Ek ∩ V>α) = (Hk ∩Hα)/(Hk ∩H>α)

(by choosing α ∈ ] − 1, 0] such that λ = exp(−2iπα) and taking care of the
ambiguity of notation in the right-hand term).

The characteristic polynomial χE(s) is then defined by Formula (1.15).

1.16 Definition (of the characteristic polynomial of a lattice). The
characteristic polynomial χE(s) of the lattice E is equal to

χE(s) =
∏
β∈C

(s− β)νβ with νβ = dim
E ∩ Vβ

(E ∩ V>β) + (tE ∩ Vβ)
.
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1.17 Remark. The polynomial χE(s) determines the characteristic polyno-
mial of the monodromy T , which is equal to

∏
β(S − exp(−2iπβ))νβ .

1.18 Exercise (Behaviour of the characteristic polynomial by dual-
ity). Let (M∗,∇∗) be the (k,∇)-vector space dual to (M,∇).

(1) Prove that, for any β ∈ C, we have

Vβ(M∗) = HomC{t}(V>−(β+1),C{t}).

(2) Deduce that the bilinear form, composition of both mappings

Vβ(M∗) ⊗
C{t}

V−(β+1)(M) −→ t−1
C{t} Residue−−−−−−−→ C

induces a nondegenerate bilinear form

[
Vβ(M∗)/V>β(M∗)

]
⊗
C

[
V−(β+1)(M)/V>−(β+1)(M)

]
−→ C.

(3) Show that the orthogonal space of t−1E ∩ V−(β+1)(M) is equal to

[E∗ ∩ V>β(M∗)] + [tE∗ ∩ Vβ(M∗)]

and deduce a nondegenerate bilinear form

E∗ ∩ Vβ(M∗)
[E∗ ∩ V>β(M∗)] + [tE∗ ∩ Vβ(M∗)]

⊗
C

t−1E ∩ V−(β+1)(M)
[E ∩ V−(β+1)(M)] + [t−1E ∩ V>−(β+1)(M)]

−→ C.

(4) Deduce that χE∗(s) = (−1)dχE(−s), where d = dimk M.
(5) Deduce that, if there exists a nondegenerate bilinear form on (M,∇) of

weight w relatively to E, we have χE(s) = (−1)dχE(w − s).

Prove the analogous statements for M
∗
.

Remark (Various notions of exponents). There exists other ways to as-
sociate “exponents” to a lattice E. Let us indicate that of Levelt [Lev61].
E.Corel [Cor99] has shown that these exponents correspond to the character-
istic polynomial of the residue of ∇ acting on the largest logarithmic sublattice
of E. It could also be possible to consider the smallest logarithmic lattice con-
taining E, or also, with Gérard and Levelt [GL76], the lattice obtained from E

by saturating by t∇∂/∂t. These exponents do not necessarily satisfy the dual-
ity property of Exercise 1.18, but in loc. cit. E.Corel has shown for them an
inequality which enables one, when one applies it to a lattice on P

1, to obtain
inequalities analogous to that proved by R.Fuchs for differential equations.
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1.d Rigidity of logarithmic lattices

The proposition which follows shows that, locally, logarithmic lattices do not
produce any interesting theory of integrable deformations. This statement
happens however to be very useful in order to transform local problems into
global, hence algebraic, problems.

1.19 Proposition (Rigidity, [Mal83c, Th. 2.1], [Mal86]). Let (Eo,∇o)
be a bundle on a disc D equipped with a connection having a logarithmic pole at
the origin. Let X be a 1-connected analytic manifold with basepoint xo. There
exists then a unique (up to unique isomorphism) bundle E on D×X with a flat
connection having logarithmic poles along {0}×X, such that (E,∇)|D×{xo} =
(Eo,∇o).

1.20 Remarks.

(1) This result can be compared with that of Corollary II.2.21 and §II.2.26,
with the difference that the condition on the eigenvalues of the residue is
replaced here with the initial condition (E,∇)|D×{xo} = (Eo,∇o), which
gives the strong uniqueness.

(2) A more precise way to formulate Proposition 1.19 is by saying that the
restriction functor, from the category of holomorphic bundles on D ×X
with logarithmic connection with pole along {0} × X to the category of
bundles on D × {xo} with logarithmic connection with pole at 0, is an
equivalence.
Indeed, if this equivalence is proved, any logarithmic (E,∇) with restric-
tion equal to (Eo,∇o) is isomorphic to p+(Eo,∇o), if p : D × X → X
denotes the projection. Full faithfulness shows that there exists a unique
isomorphism inducing the identity when restricted to D × {xo}.

(3) If, in Proposition 1.19, we start from a triple (Eo,∇o, 〈 , 〉o), where 〈 , 〉o is
a nondegenerate bilinear or sesquilinear form of weight w ∈ Z, a reasoning
analogous to that done in the proof of this proposition shows the existence
and the uniqueness of an extension (E,∇, 〈 , 〉): we indeed regard 〈 , 〉 as
a homomorphism (E,∇) → (E∗,∇∗) or (E

∗
,∇∗

) and we apply the full
faithfulness of the restriction functor to D × {xo}.

Proof (of Proposition 1.19). We will prove that the restriction functor is an
equivalence. The essential surjectivity is clear, as we have seen in Remark 1.20-
(2): it is enough to take for (E,∇) the pullback of (Eo,∇o) by the projection
p : D ×X → D.

Let us show full faithfulness. Any horizontal section of the sheaf
HomOD

(E o,E ′o) can be lifted in a unique way as a horizontal section
of HomOD×X

(E ,E ′)|D∗×X as, by assumption of 1-connectedness of X, the
inclusion D∗ × {xo} ↪→ D∗ × X induces an isomorphism of fundamental
groups. It is a matter of verifying that this section can be extended as a
section of HomOD×X

(E ,E ′). This follows from the existence of the normal
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form given by Theorem II.2.25: it implies indeed that any horizontal section
on D∗ ×X is meromorphic along {0} ×X and that, if the restriction of such
a section to D × {xo} is holomorphic, the section is also holomorphic along
{0} ×X4. �

1.21 Remark. One can show in the same way that, if Eo is a bundle on P
1

equipped with a connection ∇o with logarithmic poles at all points of a subset
Σo ⊂ P

1 having cardinal p+ 1, there exists a unique (up to a unique isomor-
phism) bundle E equipped with an integrable connection ∇ with logarithmic
poles along Σo ×X which extends (Eo,∇o).

1.22 Remark. Let us now assume that the set Σo varies analytically in P
1.

In other words, let us be given a smooth hypersurface Σ in P
1×X, such that

the projection Σ → X is a covering of finite degree p + 1. For any x ∈ X,
the set Σx ⊂ P

1 is thus a configuration of p + 1 distinct points and we have
Σxo = Σo. If X is 1-connected, the statement given in Remark 1.21 still holds
in this situation, with the supplementary assumption that the inclusion

(P1
�Σo)× {xo} ↪−→ (P1 ×X) �Σ

induces an isomorphism of fundamental groups. This assumption is satisfied
for instance if the homology group H2(X,Z) is zero5. As X is 1-connected, the
covering Σ → X is trivializable and there exists p+ 1 holomorphic mappings
ψi : X → P

1 (i = 0, . . . , p) such that Σ is the union of the graphs of ψi. We
apply Proposition 1.19 to an open neighbourhood Vi of each component Σi

isomorphic to D ×X to obtain a bundle (Ei,∇i). We get (E,∇) on P
1 ×X

by gluing the (Ei,∇i) with the holomorphic bundle with a flat connection on
P

1×X�Σ corresponding to the representation of π1(P1×X�Σ) = π1(P1
�Σo)

defined by (Eo,∇o).

2 Lattices of (k, ∇)-vector spaces with an irregular
singularity

2.a Classification of lattices

The classification of (k,∇)-vector spaces with an irregular singularity is not
as simple as for regular singularities (cf. §II.5). Nevertheless, once the latter
is known, the classification of lattices reduces to that of formal lattices. Some
of these lattices can be classified. We will give some indications below.
4 One will take care that this property can be false for a nonhorizontal meromorphic

section.
5 Indeed, as X is 1-connected, this group is equal to the group π2(X); the homotopy

sequence of the fibration (P1 × X) � Σ → X gives the desired result.
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2.1 Lemma (Malgrange). Let M be a finite dimensional k-vector space.
If F̂ is a lattice of M̂ := k̂⊗k M, then F := F̂ ∩M is a lattice of M ⊂ M̂ and
we have C[[t]]⊗C{t} F = F̂.

One will find a generalization of this lemma in [Mal96, Prop. 1.2].

Proof. Let us set F = F̂ ∩M. The injection F ↪→ F̂ induces a homomorphism
C[[t]]⊗C{t} F → F̂; we will show that it is an isomorphism.

Let us fix a lattice G of M and let us consider the lattice Ĝ = C[[t]]⊗C{t} G

of M̂ that it defines. By taking a basis of G we see that G = Ĝ ∩M. On the
other hand, we can assume, up to changing G to t−kG for some suitable k,
that Ĝ ⊂ F̂.

Let us consider the exact sequences

0 Ĝ F̂ F̂/Ĝ 0

0 C[[t]]⊗C{t} G C[[t]]⊗C{t} F C[[t]]⊗C{t} F/G 0

We know that the left up arrow is an isomorphism. It is thus enough to show
the same property for the right one. In order to do so, let us remark that
M̂ = M + Ĝ. We deduce that

F̂ = F̂ ∩ (M + Ĝ) = F + Ĝ,

as Ĝ ⊂ F̂. We deduce that the natural injection F/G ↪→ F̂/Ĝ is bijective
and, in particular, multiplication by t is nilpotent on F/G. Therefore, we have
C[[t]]⊗C{t} F/G = F/G = F̂/Ĝ, whence the result. �
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Deligne lattices. We will assume in the following6 that the (k,∇)-vector space
(M,∇) admits a good formal model (Mgood,∇). This model can be written
as

⊕
ϕ

(
Eϕ ⊗ Rϕ

)
. Let V(M�) be the Deligne lattice of Mgood, that is, by

definition, the lattice
⊕

ϕ

(
Eϕ ⊗ V(Rϕ)

)
, where V(Rϕ) is the Deligne lattice

of the (k,∇)-vector space with regular singularity Rϕ. We deduce a lattice
V(M̂). The Deligne lattice of (M,∇) is by definition the lattice (cf. Lemma
2.1)

V(M) = V(M̂) ∩M.

Formal lattices. Let Ê be a lattice of (M̂, ∇̂). This lattice is not necessarily
decomposed correspondingly to the components Êϕ⊗R̂ϕ of (M̂, ∇̂). Therefore,
in general, the classification of (formal) lattices cannot be reduced to that
of lattices in (k,∇)-vector spaces with regular singularity Rϕ. However, if
the lattice has order equal to the Poincaré rank of (M,∇), that is, if it has
minimal order among lattices of (M,∇), the decomposition corresponding to
eigenvalues of the most polar part (cf. Exercise II.5.9) preserves the lattice
(neither the base changes nor their inverses have a pole). In particular, if
there is rkM distinct eigenvalues (as in Theorem II.5.7), the lattice can be
decomposed as a direct sum of lattices of rank one: we will come back to these
properties in §2.e.

2.b Characteristic polynomial of a lattice at infinity

For want of a general classification of lattices of (M,∇) when the connection
has an irregular singularity, we will associate to any lattice a characteristic
polynomial. Two kinds of characteristic polynomials can be defined:

(a) By using the notion of Deligne lattice for irregular singularities introduced
above, we can proceed as in §1.c. The polynomial that we get in this
way determines the characteristic polynomial of the formal monodromy
of (M,∇).

(b) By algebraizing the germ (M,∇) as in §II.3.c and by using the (regular)
Deligne lattice in the neighbourhood of infinity, we can follow an approach
analogous to that of §1.c. The characteristic polynomial that we get in this
way determines that of the monodromy of (M,∇).

We will follow the latter approach. Let (M,∇) be the free C[t, t−1]-module
with connection, with regular singularity at infinity and whose germ at 0 coin-
cides with (M,∇) (cf. §§I.4.d and II.3.c). There exists a unique C[t]-module E

which is a lattice of M and whose germ at 0 is equal to E. Let V′ be a Deligne
lattice of the analytic germ M′ of M at ∞ (that we have already used above,
for instance), such that the eigenvalues of the residue of ∇ have a real part
in ]− 1, 0]. Let V

′ be the C[t′] submodule of M whose analytic germ at ∞ is

6 This assumption is made for simplicity; see [Mal83b] for the general case.
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equal to V′. We have in an evident way V′/t′V′ = V
′/t′V′, a space that we

will denote by H ′, equipped with its monodromy T ′.
Let us consider the increasing filtration of M by the t−k

E = t′kE, for k ∈ Z.
It induces an increasing filtration on H ′ by the formula

G′
k = V

′ ∩ t′kE/(t′V′) ∩ t′kE.

2.2 Lemma. The filtration G′
• is exhaustive, i.e.,

G′
k =

{
0 if k ! 0,
H ′ if k  0.

Proof. Given V
′ and t′kE, we define a bundle Gk on P

1 (cf. Proposition I.4.15)
and we have

Gk = G ⊗ OP1(k)

by setting G = G0. We deduce that

V
′ ∩ t′kE = H0(P1,Gk) = 0 for k ! 0

and therefore G′
k = 0 for k ! 0.

On the other hand, we have an isomorphism t′ : V
′ ∩ t′k−1

E
∼−→ (t′V′) ∩

t′kE, so that G′
k is identified to the quotient of H0(P1,Gk) by H0(P1,Gk−1).

If m0 is a point of P
1, the exact sequence

0 −→ H0(P1,G ⊗ O((k − 1)m0)) −→ H0(P1,G ⊗ O(km0))

−→ Gm0 −→ H1(P1,G ⊗ O((k − 1)m0))

and the fact that H1 is zero for k  0 (see the proof of Corollary I.3.3) show
that dimG′

k = d for k  0. �

In an analogous way, if we fix a total order on C as in §1.c, we get an
increasing exhaustive filtration on each H ′

λ by setting

G′
k(H ′

λ) = t−k
E ∩ V

′α/t−k
E ∩ V

′>α.

2.3 Definition (of the characteristic polynomial at infinity). The
characteristic polynomial at infinity χ∞

E (s) is defined by Formula (1.15) where
one replaces H ′k

λ with G′
k(H ′

λ). We thus have

νβ = dim
E ∩ V

′β

(E ∩ V′>β) + (tE ∩ V′β)
.

2.4 Remark. This polynomial will reappear later in relation with Birkhoff’s
problem (cf. Remark IV.5.13-(1)).

2.5 Exercise. Recover the characteristic polynomial of the monodromy T ′

on the space H ′ = V
′/t′V′ from χ∞

E (s) (see Remark 1.17).
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2.6 Example (Darkness at noon). If (M,∇) has regular singularity and
if E is a logarithmic lattice of it, we have χ∞

E (s) = χE(s). Indeed, we can write
M =

⊕
β∈C

M
β and E =

⊕
β∈C

E
β . The multiplicity νβ of (s − β) in χE(s)

is equal to dim E
β . We remark then that the residue at 0 of ∇ on M

β has
eigenvalue β, while the residue at ∞ has eigenvalue −β.

The behaviour by duality is analogous to that of Exercise 1.18:

2.7 Proposition (Behaviour by duality). If E∗ is the lattice dual to E

and E
∗

is its “Hermitian” dual, we have χ∞
E∗(s) = χ∞

E
∗(s) = (−1)dχ∞

E (−s).

Proof. Let us set χ∞
E (s) =

∏
β(s − β)νβ and χ∞

E∗(s) =
∏

β(s − β)ν∗
β . It is

a matter of showing that ν∗β = ν−β . For any γ ∈ C, let F γ be the bundle
on P

1 constructed by gluing the lattices E (in the neighbourhood of the origin)
and V

′γ (in the neighbourhood of infinity). Let us denote similarly by F ∗γ the
bundle constructed with the lattices E∗ and V

′γ(M∗). As we have (cf. Exercise
1.18)

V
′γ(M∗) = [V′>−(γ+1)]∗

we also have F ∗γ = [F>−(γ+1)]∗. On the other hand, for k ∈ Z, we have
F γ+k = OP1(−k)⊗ Fγ . Serre’s duality (cf. [Har80]) and the fact that Ω1

P1 �
OP1(−2) (cf. Proposition I.2.11) imply then the equalities

dimH1(P1,F>−(γ+1)) = dimH0(P1,F ∗(γ+2))

dimH1(P1,F−(γ+1)) = dimH0(P1,F ∗>(γ+2)).

On the other hand,

dimH0(P1,F γ) = dim E ∩ V
′γ := δγ ,

so that
νβ = (δβ − δβ+1)− (δ>β − δ>β+1).

We thus deduce that

ν∗β =
(
dimH1(P1,F>−β+1)− dimH1(P1,F>−β)

)
−

(
dimH1(P1,F−β+1)− dimH1(P1,F−β)

)
.

For any γ we have an exact sequence of sheaves

0 −→ F>γ −→ F γ −→ G
γ −→ 0

where G
γ is the skyscraper sheaf, vanishing on P

1
� {∞} and with fibre

V
′γ/V′>γ at ∞. This exact sequence induces thus a long exact sequence in

cohomology:

0 −→ H0(P1,F>γ) −→ H0(P1,F γ) −→ G
γ
∞

−→ H1(P1,F>γ) −→ H1(P1,F γ) −→ 0.

By considering the sequences above for γ = −β and γ = −β+1, and by using
that dim G

γ
∞ = dim G

γ+1
∞ , we deduce the equality ν∗β = ν−β . �
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2.8 Corollary (Symmetry of the characteristic polynomial at infin-
ity). If there exists a nondegenerate bilinear or sesquilinear form on (M,∇)
of weight w relatively to E, then χ∞

E (s) = (−1)dχ∞
E (w − s). �

2.9 Exercise (Behaviour under tensor product, cf. [Var83]). Let
(M′,∇′,E′) and (M′′,∇′′,E′′) be two k-vector spaces with connection,
equipped with lattices, and let (M,∇,E) be their tensor product:

M = M′⊗
k

M′′, E = E′ ⊗
C{t}

E′′ and ∇ = ∇′ ⊗ IdM′′ + IdM′ ⊗∇′′.

(1) Prove that M = M
′ ⊗C[t,t−1] M

′′ has regular singularity at infinity.
(2) Show that, if V denotes the Deligne lattice at infinity,

V(M) = V(M′)⊗C[t′] V(M′′).

(3) Prove that, for any β ∈ C, we have, if we denote by (Vβ)β∈C the filtration
which interpolates the filtration (t′kV)k∈Z,

V
β(M)/V>β(M)

=
⊕

α′∈]−1,0]

([
V

α′
(M′)/V>α′

(M′)
]
⊗
C

[
V

β−α′
(M′′)/V>(β−α′)(M′′)

])

(Compute M
reg :=

⊕
k∈Z

(t′kV/t′k+1
V) in terms of M

′reg and M
′′reg by

considering the analytic germs of M,M′,M′′ at ∞).
(4) Show that

E ∩ V
β(M) ⊂

∑
α′∈]−1,0]

([
E
′ ∩ V

α′
(M′)

]
⊗

[
E
′′ ∩ V

β−α′
(M′′)

])
.

Deduce that, for any β ∈ C, we have∑
k�0

νβ+k �
∑

α′∈]−1,0]

∑
i�0

∑
j�0

ν′α′−iν
′′
β−α′−j .

(5) We set (ν′ � ν′′)β =
∑

β′+β′′ ν′β′ν′′β′′ . Deduce that, for any β, on a
∑
k�0

νβ+k �
∑
k�0

(ν′ � ν′′)β+k,

Nβ :=
∑
γ�β

νγ � (N ′ � N ′′)β :=
∑
γ�β

(ν′ � ν′′)β .
and

Check that Nβ = (N ′ � N ′′)β for β ! 0 or β  0.
(6) We moreover assume that (M′,∇′) and (M′′,∇′′) are equipped with non-

degenerate bilinear (or sesquilinear) forms of weight w′ and w′′ relatively
to E′ and E′′. Prove that (M,∇) is also naturally equipped with a nonde-
generate bilinear (or sesquilinear) form of weight w = w′ + w′′ relatively
to E. Deduce that, for any β ∈ C,

νβ = νw−β and (ν′ � ν′′)β = (ν′ � ν′′)w−β .
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(7) Keeping the previous assumption, show that Nβ = (N ′ � N ′′)β for any β
and deduce that νβ = (ν′ � ν′′)β for any β.

2.c Deformations

The main result of this section is Theorem 2.10 below, which is an analogue
of Proposition 1.19 for connections with pole of order one, and the proof of
which will occupy the remaining part of this chapter. We restrict ourselves
here to the case of poles of order one for simplicity and because only this case
will be considered in the following. The reader interested in a more general
situation can refer to [Mal83c].

In the following, X denotes a connected analytic manifold of dimension n
equipped with a base point xo and with holomorphic functions λ1, . . . , λd :
X → C. We will assume that, for any x ∈ X and all i �= j, the values λi(x)
and λj(x) are distinct. We will set λo

i = λi(xo).

2.10 Theorem (cf. [Mal83c]). Let (Eo,∇o) be a bundle on a disc D
equipped with a connection with pole of order one at the origin, the
“residue” Ro

0 of which admits λo
1, . . . , λ

o
d as eigenvalues. If the parameter

space X is 1-connected, there exists a unique (up to isomorphism) holomor-
phic bundle E on D×X, equipped with a connection having pole of order one
along {0} ×X, such that

• for any x ∈ X, the spectrum of R0(x) is {λ1(x), . . . , λd(x)};
• the restriction (E,∇)|D×{xo} is isomorphic to (Eo,∇o).

2.d Bundles of rank one with connection having a pole of order
one

Let (E,∇) be a holomorphic bundle on D ×X equipped with a flat connec-
tion ∇. We assume in this paragraph that the bundle E has rank one and, as
in Theorem 2.10, that the connection has a pole of order one. Let us begin
with the local classification of such objects.

2.11 Proposition. Let (E,∇) be a germ at (0, xo) of bundle of rank one on
D ×X, with a connection having a pole of order one along {0} ×X.

(1) We can associate to (E,∇) a unique pair (λ, μ), where μ ∈ C and λ ∈
O(X), characterized by the property that, in any local basis of E, the polar
part of the connection form is written as

ωpol = −d
(
λ(x)
t

)
+ μ

dt

t
.

(2) The germ of bundle (E,∇) admits a non identically zero holomorphic
horizontal section if and only if λ ≡ 0 and μ ∈ −N.
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(3) Two such bundles with associated pairs (λ, μ) and (λ′, μ′) are locally iso-
morphic if and only if λ = λ′ and μ = μ′.

Proof.

(1) Let ω be the connection form in some local basis of E. The integrability
condition reduces to the condition dω = 0 as E has rank one. Moreover,
the polar part of the form ω is not modified by a holomorphic base change,
which only adds some exact holomorphic form to ω. The integrability
condition applied to the polar part of ω gives the desired expression.

(2) This is analogous to Proposition II.5.1. Let us begin by noticing that there
exists a basis of E in which the connection form is reduced to its polar
part: indeed, the connection form ω in a given basis can be written as
ω = ωpol + dϕ with ϕ holomorphic. The base change with matrix e−ϕ

gives the existence. In this basis, the coefficient s(t, x) =
∑

k�0 sk(x)tk of
a holomorphic horizontal section satisfies the differential equation

t
∂s

∂t
+

(
λ(x)
t

+ μ

)
s = 0,

which can be written as
∑
k�0

(k + μ)sk(x)tk + λ(x)
∑
k�0

sk(x)tk−1 = 0.

If λ(x) �≡ 0, we deduce step by step that all coefficients sk are identically
zero. If λ ≡ 0, we see in the same way that the nonvanishing of at least
one coefficient sk is equivalent to μ ∈ −N.

(3) A homomorphism (E,∇) → (E′,∇′) is a holomorphic horizontal section
of the bundle Hom(E ,E ′). This one still has rank one and its connection
still has order one, with form ω′ − ω. The existence of an isomorphism
between both bundles with connection implies therefore, after (2), that
λ ≡ λ′ and μ = μ′. Conversely, if this equality is satisfied, both bundles
are isomorphic, as there exists for each a basis in which the connection
form reduces to its polar part. �

Let us now consider the global situation: the point (3) of the previous
proposition shows the existence of a holomorphic function λ on X and of a
complex number μ such that, in any local basis, the polar part ωpol of the
connection form is equal to −d(λ(x)/t) + μdt/t.

2.12 Proposition. There exists a locally constant sheaf E of rank one on X
and an isomorphism E � OD×X ⊗C E such that the connection ∇ can be
written as

∇ = ∇̃+ ωpol

if ∇̃ is the natural holomorphic flat connection on OU ⊗C E.
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Proof. It is enough to notice that the local basis of (E,∇) in which the connec-
tion form reduces to its polar part is unique up to a multiplicative constant:
indeed, two bases in which the matrix is equal to ωpol are related by multipli-
cation by an invertible holomorphic function ψ such that d logψ = 0, hence
ψ is locally constant. �

2.13 Remarks.

(1) With the notation of §0.14.c, the endomorphism R0 is the multiplication
by λ, the endomorphism R∞ is the multiplication by −μ and Φ = −dλ.

(2) If X is 1-connected, it follows from Proposition 2.12 that the bundle E is
trivializable.

(3) The sheaf of automorphisms of (E,∇) is locally constant of rank one on X:
as a matter of fact, such an automorphism must preserve the polar part
ωpol of the connection matrix of ∇, hence also the connection ∇̃ (if one
prefers, the natural connection defined by ∇ on HomO(E ,E ) has no pole
and it is also the natural connection defined by ∇̃); as a consequence, it
is an automorphism of the flat bundle (E, ∇̃).
This sheaf is thus constant if X is 1-connected.

2.14 Exercise. Extend these results to the case of a connection of order r�1.

2.e Formal structure

When E has rank � 1, the structure of the bundle (E,∇) is not so simple (this
is even so for the associated meromorphic bundle; see §II.5). Nevertheless, if
one only considers the associated formal bundle, everything is similar to rank
one.

Let Ô be the formal completion of the sheaf OD×X along {0} ×X: it is a
sheaf on {0} ×X whose germ at any point (0, xo) is the set of formal series∑∞

i=0 ai(x)ti, where the ai are holomorphic functions defined on the same
neighbourhood of xo (cf. §II.2.f).

Let E be a holomorphic bundle on D×X and let E be the associated sheaf.
We will denote by Ê the formal bundle associated to E along {0}×X: this is
the sheaf Ô ⊗O E ; it is thus a sheaf on {0} ×X. The notion of formal bundle
with meromorphic connection remains meaningful and, if E is equipped with
a connection having pole along {0} ×X, then so is Ê .

In general, going from (E,∇) to (Ê , ∇̂) loses much information, if (E,∇)
does not have regular singularity along {0} ×X.

Nevertheless, we notice that, when E has rank one and ∇ has a pole of
order one, giving the formal bundle with connection (Ê , ∇̂) is equivalent to
giving a pair (λ, μ) and, in this case, taking the formal bundle is an equivalence
of categories.

Let us resume the assumptions of §2.c.
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2.15 Theorem (Formal decomposition of a lattice of order one). If
(E,∇) is a holomorphic bundle on D×X with connection of order one along
{0}×X and which “residue” R0(x) has eigenvalues λi(x) at any x ∈ X, then
the associated formal bundle with connection can be decomposed in a unique
way (up to a permutation) as a direct sum of subbundles of rank one

(Ê , ∇̂) =
d⊕

i=1

(Êi, ∇̂)

which are locally pairwise nonisomorphic.

Proof. The restricted bundle i∗0E can be decomposed as the direct sum of
eigenbundles of R0. It is a matter of lifting this decomposition to Ê in a way
compatible with ∇̂.

The local existence of the decomposition follows from Theorem II.5.7 be-
cause, as we mentioned in Remark II.5.8, neither the base change that we use
not its inverse has a pole. This decomposition also provides complex num-
bers μi.

Moreover, this local decomposition is unique: as a matter of fact, let us
consider another decomposition by (Ê ′

i , ∇̂); the projection Ê ′
i → Êj induced

by the local decomposition is zero if i �= j as λi �= λj (Proposition 2.11-(2))
and, arguing the other way around, we deduce that Ê ′

i = Êi.
Lastly, the summand (Êi, ∇̂) is the unique subbundle of rank one of (Ê , ∇̂)

on which the polar part of ∇̂ is equal to −d(λi/t) + μi dt/t: if (Ê ′
i , ∇̂) is

another one, we see as above that the sections of Ê ′
i have no component on

the summands Êj (j �= i) of the decomposition, hence Ê ′
i ⊂ Êi; having fixed

the residue μi implies Ê ′
i = Êi.

The uniqueness now gives the global existence of the subbundle (Êi, ∇̂).
Finally, the natural homomorphism

⊕
i(Êi, ∇̂)→ (Ê , ∇̂) is locally, hence glob-

ally, an isomorphism. �

2.16 Remarks.

(1) The sheaf of automorphisms of (Ê , ∇̂) is locally constant: indeed, an au-
tomorphism of (Ê , ∇̂) preserves the decomposition of Theorem 2.15 as the
(Êi, ∇̂) are pairwise nonisomorphic.

(2) When X is 1-connected, we deduce from what we have seen above that the
bundle Ê is trivializable and admits a basis in which the matrix Ω̂ of ∇̂ can
be written as diag(ω1, . . . , ωd), where the ωi take the form −d(λi(x)/t) +
μi dt/t. Such a basis is unique up to conjugation by a constant diagonal
matrix.

2.f Proof of Theorem 2.10

Step 1: construction of the formal connection. If the formal bundle (Ê, ∇̂)
exists, it must be trivializable, as X is assumed 1-connected and after Re-
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mark 2.16-(2). It admits thus a basis in which the connection matrix is
diag(ω1, . . . , ωd), with

ωi = −d
(
λi(x)
t

)
+ μi

dt

t
,

where μi = μo
i is determined by (Eo,∇o). We equip the trivial formal bundle

with this connection, which is suitable, and we fix a formal isomorphism f̂o

of (Êo, ∇̂o) with the former.
Step 2: construction of the meromorphic bundle. The meromorphic bundle

(M ,∇) = (E (∗({0} ×X)),∇)

can be obtained by means of the Riemann-Hilbert correspondence with pa-
rameter of §II.6.b. Indeed, the formal bundle (M̂ , ∇̂) = (Ê (∗{0} ×X), ∇̂) is
determined by Step 1. Moreover, Theorem II.6.1 shows that the Stokes sheaf
is locally constant, hence constant as X is 1-connected. There exists therefore
a unique section σ of this Stokes sheaf, the value of which at xo is the ele-
ment determined by (Eo,∇o, f̂o). By means of (M̂ , ∇̂) and of the section σ,
we can thus construct a meromorphic bundle with connection (M ,∇, f̂). Its
restriction to D × {xo} is isomorphic to (M o,∇o, f̂o) = (E (∗{0}),∇o, f̂o).
Step 3: construction of the bundle (E ,∇). We can proceed in two ways. The
simpler method notes that, once the formal decomposition of Theorem 2.15
is obtained, the arguments of §II.6 do not necessitate inverting the variable t
and can thus be applied to (E ,∇, f̂) as well as to (M ,∇, f̂). We can therefore
gather Steps 2 and 3.

Another method involves constructing E as a lattice of the meromorphic
bundle M obtained above and verifying that the connection ∇ has a pole of
order one. Moreover, it is enough to construct the germ of E along {0} ×X
as, away from this set, E must be equal to M . It is thus enough to show that
E := Ê ∩M is a lattice of M which satisfies Ô ⊗O E = Ê ; as a matter of
fact, if this equality is proved, the connection ∇ on E has a pole of order one
along {0} ×X as so has its formalized connection.

One will find in [Mal96, Prop. 1.2] a proof of this result, which is an ana-
logue, with parameters, of Lemma 2.1.
Uniqueness. Let us employ the arguments of the first method above, by using
of course the simple connectedness of X. Let (E,∇) and (E′,∇′) be two such
bundles with connection, which are isomorphic when restricted to D×{xo}
and let go such an isomorphism. On the other hand, let f̂ and f̂ ′ be formal
isomorphisms of these bundles with some model (Egood,∇good) as in Theorem
2.15. Remark 2.16 shows that the automorphism ĥo = f̂ ′o ◦ ĝo ◦ (f̂o)−1 of
the restriction i+(Êgood, ∇̂good) can be extended in a unique way as an auto-
morphism ĥ of (Êgood, ∇̂good). The restrictions to D × {xo} of (E ,∇, ĥ ◦ f̂)
and (E ′,∇′, f̂ ′) are then isomorphic via go. The constancy of the Stokes sheaf
implies that (E ,∇, ĥ ◦ f̂) and (E ′,∇′, f̂ ′) are isomorphic. �



IV

The Riemann-Hilbert problem and
Birkhoff’s problem

Introduction

The question of the existence of logarithmic lattices, trivial as vector bun-
dles, in a given meromorphic bundle with connection on P

1, is known as the
Riemann-Hilbert problem1. This question takes for granted that the meromor-
phic bundle has only regular singularities.

There are various generalizations and variants of this question. Birkhoff’s
problem is one for which the meromorphic bundle has only two singularities,
one being regular, and where one fixes the lattice in the neighbourhood of the
other singularity, which can be regular or irregular.

We can also ask for the existence of a trivial lattice whose order in each
singularity is minimum among the orders of the local lattices of the meromor-
phic bundle at this singularity: it is a straightforward generalization of the
Riemann-Hilbert problem to the case of irregular singularities.

The case of bundles on compact Riemann surfaces has also been consid-
ered. One then tries to bound from above the number of apparent singularities
which are needed for making the bundle trivial. One could also, considering
Exercise I.4.8, ask for the existence of logarithmic lattices which are semistable
as vector bundles (cf. [EV99]).

One will find in [AB94] and [Bol95] a detailed historical review of this
question (cf. also [Bea93]). Let us only note here that, although we have long
known examples giving a negative answer to Birkhoff’s problem (cf. [Gan59,
Mas59]), a negative answer to the Riemann-Hilbert problem has only been
given quite recently by A.Bolibrukh.

We will give here proof of the existence of a solution to the Riemann-
Hilbert problem and to Birkhoff’s problem with an assumption of irreducibil-
ity, a result which is drawn from Bolibrukh and Kostov. We will not, how-
1 In fact, the original problem 1.1 shows up the monodromy representation, but this

amounts to the same, according to the Riemann-Hilbert correspondence II.3.3.
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ever, exhibit examples for which the answer is negative, referring for this to
[AB94, Bol95] and to the references given therein.

We will also give a criterion, drawn from M.Saito, for a positive answer
to Birkhoff’s problem. This criterion happens to be more effective, as we will
mention in §VII.5, when applied to differential systems associated to some
objects coming from algebraic geometry, than Corollary 5.7 below.

1 The Riemann-Hilbert problem

Given a finite set {m1, . . . ,mp} of distinct points of the complex line,
we fix a base point o ∈ C � {m1, . . . ,mp}. The fundamental group
π1(C � {m1, . . . ,mp}, o) is the free group with p generators. Giving a
linear representation

ρ : π1(C � {m1, . . . ,mp}, o) −→ GLd(C)

is then equivalent to giving p invertible matrices T1, . . . , Tp ∈ GLd(C).
On the other hand, let us consider a differential system

du

dt
= −A(t) · u,

where A(t) is a matrix d×d with holomorphic entries on C�{m1, . . . ,mp} and u
is a vector (u1, . . . , ud) of functions on an open subset of C�{m1, . . . ,mp}.

Theorem 0.12.8 shows that this equation defines a linear representation as
above.

1.1 The Riemann-Hilbert problem. Given p invertible matrices
T1, . . . , Tp ∈ GLd(C), do there exist matrices A1, . . . , Ap ∈ Md(C) such that
the representation defined by T1, . . . , Tp is isomorphic to that associated to
the system

du

dt
=

[ p∑
i=1

Ai

t−mi

]
· u ?

1.2 Remark. One should not believe that the matrices Tj are related to the
matrices Aj by relation Tj = exp−2iπAj . Indeed, in the neighbourhood of
mj , the equation can be written as

du

dt
= A(i)(t) · u

with A(i)(t) − Ai

t−mi
holomorphic in the neighbourhood of mi and �≡ 0 in

general. The situation of Exercise II.2.20-(4) may thus happen here.

We will first consider an analogous problem, where representations do not
occur. Let (M ,∇) be a meromorphic bundle with connection on the Riemann
sphere P

1, with poles in p+ 1 distinct points m0,m1, . . . ,mp.
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1.3 The algebraic Riemann-Hilbert problem. We suppose that (M ,∇)
has a regular singularity at m0, . . . ,mp (i.e., that there exists in the neighbour-
hood of each mi a logarithmic lattice).

(a) Does there exist a global logarithmic lattice of (M ,∇)?
(b) Does there exist such a lattice which is moreover quasitrivial?
(c) Does there exist such a lattice which is moreover trivial?

Let us first translate the questions in terms of differential systems. Recall
that (Corollary I.4.9) when Σ �= ∅, the meromorphic bundle M is isomorphic
to OP1(∗Σ)d. Let Ω be the connection matrix in some basis e1, . . . , ed of global
sections of M , which exists according to this corollary. This matrix has poles
in Σ. The question (c) is then equivalent to

(c’) Does there exist an invertible matrix P whose entries are rational functions
with poles contained in Σ, such that the matrix

Ω′ := P−1ΩP + P−1dP

has a logarithmic pole at each mi ∈ Σ and has no other pole in P
1?

Indeed, the lattice E generated by the basis (ε1, . . . , εd) = (e1, . . . , ed) · P
satisfies then Property (c) and, conversely, any basis of a lattice E satisfying
(c) provides, through some base change, a matrix having the desired form.

Let us choose a coordinate t on P
1
�{m0} in such a way that m0 ={t=∞}.

The question (c’) is then equivalent to the question

(c”) Does there exist an invertible matrix P whose entries are rational functions
with poles contained in Σ, such that the matrix Ω′ := P−1ΩP + P−1dP
can be written as

(1.4) Ω′ =
p∑

i=1

Ai

t−mi
dt ?

We then say that the differential system defined by Ω′ is Fuchsian. This
equivalence follows from the lemma below applied to the entries of Ω:

1.5 Lemma. Let f be a holomorphic function on C � {m1, . . . ,mp} having
at most a simple pole at each mi, with residue fi ∈ C at mi. The differential
form f(t) dt admits at most a simple pole at m0 =∞ if and only if

f(t) dt =
p∑

i=1

fi

t−mi
dt

and the residue at infinity is −
∑

i fi.
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Proof. Let us consider the 1-form

g(t) dt = f(t) dt−
p∑

i=1

fi

t−mi
dt.

By definition of fi, this form has no pole on C. Moreover, we have on U0∩U∞,
if we put t′ = 1/t,

fi

t−mi
dt =

−fi

1−mit′
· dt

′

t′

so that this form has a simple pole at infinity, with residue −fi. Therefore,
the 1-form f(t) dt has at most a simple pole at infinity if and only if the 1-
form g(t) dt does as well. But saying that g(t) dt has at most a simple pole at
infinity is equivalent to saying that g(t) dt is a holomorphic global section of
the sheaf Ω1

P1(1 · ∞) � OP1(−1) (cf. Proposition I.2.11), which is equivalent
to g(t) dt = 0, after Exercise I.2.3. �

We have a simple result giving a constraint on the residue matrices of the
solutions to Problem 1.3-(c).

1.6 Proposition. Let E be a trivial logarithmic lattice of a meromorphic bun-
dle with connection (M ,∇) on P

1. Then
∑p

i=0 tr Resmi
∇ = 0.

Proof. One chooses a coordinate t on C such that the point {t =∞} does not
belong to Σ. Let e be a basis of E in which the matrix of ∇ is

Ω(t) =
p∑

i=0

Ai

t−mi
dt.

We then have
∑

i Ai = 0 and therefore
∑

i tr(Ai) = 0. �

1.7 Remark (The canonical trivialization of a trivializable bundle).
Let M be a connected complex analytic manifold and let E be a locally free
sheaf of rank d of OM -modules. The restriction mapping provides, for any
m ∈ M , a mapping Γ (M,E ) → Em which associates to any holomorphic
section of E on M its germ at the point m. We deduce an homomorphism of
sheaves

OM ⊗
C

Γ (M,E ) −→ E .

We say that E is generated by its global sections if this homomorphism is sur-
jective. One can also show that, if M is compact (for instance M = P

1), the
bundle E is trivializable (i.e., isomorphic to the trivial bundle of rank d)
if and only if this homomorphism is an isomorphism (the reader should
prove this: one could use that, if M is compact and connected, one has
Γ (M,OM ) = C). This homomorphism furnishes then a specific isomorphism—
called canonical—with the trivial bundle of rank d. It identifies thus all the
fibres Em of E to the same vector space Γ (M,E ).
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When E is a logarithmic lattice of a meromorphic bundle with connection
on P

1, having poles at Σ, the endomorphisms Resmi
∇ : Emi

→ Emi
which

act on distinct fibres of E can, when E is trivializable, be regarded as en-
domorphisms of the same vector space Γ (P1,E ). The corresponding matrices
in some basis of this space are nothing but the matrices Ai considered above
(if we set A0 = −

∑p
i=1Ai).

1.8 Exercise.

(1) By using an argument analogous to that of Lemma 1.5, prove that, if ω is
a logarithmic 1-form on P

1, having poles at m0, . . . ,mp and with integral
residue at each mi, there exists a meromorphic function f on P

1, with
poles at m0, . . . ,mp, such that ω = df/f .

(2) Let T1, . . . , Tp be matrices with determinant equal to 1. Show that, if there
exists a solution A1, . . . , Ap to Problem 1.1, there exists another one with
matrices A′

1, . . . , A
′
p having trace zero (i.e., belonging to the Lie algebra

sld(C) of the Lie group SLd(C)). Check first that the Ai have an integral
trace, then take

A′
i = Ai −

⎛
⎜⎜⎜⎝

trAi

0
. . .

0

⎞
⎟⎟⎟⎠ .

1.9 Exercise (Residue formula for a meromorphic form). Let ω be a
meromorphic 1-form on P

1 having poles on a set Σ = {m0, . . . ,mp}. Consid-
ering the proof of Lemma 1.5, prove the residue formula

p∑
i=0

resmi
ω = 0.

1.10 Exercise (Residue formula for a meromorphic connection).
Let E be a bundle of rank d on P

1 of degree deg E . The degree only depends
on the (rank one) bundle detE . Let ∇ : E → Ω1

P1(∗Σ)⊗ E be a meromorphic
connection on E , having poles at the points of a finite set Σ = {m0, . . . ,mp}.
It is a matter of computing the degree of E by a residue formula from the
meromorphic connection ∇, namely

(∗) deg E = −
p∑

i=0

tr Resmi
(∇)

This computation can be generalized to any compact Riemann surface.

(1) Let e be a local basis of E in the neighbourhood of a point mi and let
Ωi be the matrix of ∇ in this basis. Let resmi

Ωi be the residue of Ωi

at mi, i.e., the coefficient of dz/z in Ωi, if z is a local coordinate centered
at mi (cf. Remark §0.9.15). Prove that this residue does not depend on
the chosen local coordinate and that its trace does not depend on the
chosen local basis.
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(2) Show that the determinant bundle ∧dE can be naturally equipped with
a meromorphic connection, whose matrix in the local basis e1 ∧ · · · ∧ ed

at mi is trΩi. Deduce that both terms in (∗) only depend on (detE ,∇),
so that one can assume from the beginning that E has rank one.

(3) If the bundle E is trivial, write ∇ = d + η, where η is a meromorphic
1-form and apply the classic residue theorem (cf. Exercise 1.9).

(4) If E is not trivial, it is the bundle associated to some divisor, that we can
assume to be equal to δm0, if δ = deg E is the degree of E . Let s be a
meromorphic section of E defining this divisor. Prove that there exists a
meromorphic connection ∇′′ on E for which s is a horizontal section, i.e.,
such that ∇′′fs = df ⊗ s for any holomorphic or meromorphic function
f on an open set of P

1. Show that this connection admits −δ as residue
at m0 (if e is a local holomorphic basis of E in the neighbourhood of m0

and if z is a local coordinate there, set s(z) = zδu(z)e with u(0) �= 0; show
that, in the basis e,

∇′′e = ∇′′ (s(z)/zδu(z)
)

= d(1/zδu(z))⊗ s(z) =
−δv(z) dz

z
⊗ e

with v(0) �= 0 and conclude).
Consider then the connection∇⊗Id− Id⊗∇′′ on the trivial bundle E ⊗E ∗

to prove (∗) in this case.

Let us come back to Problem 1.3 and let us first show a simple result.

1.11 Proposition.

(1) The answer to Question (a) is positive.
(2) There exists a trivial lattice of (M ,∇) which is logarithmic at each mi

(i = 1, . . . , p), but possibly not at m0.
(3) Questions (b) and (c) are equivalent.

Proof.

(1) Adapt the proof of Corollary I.4.9 starting from local lattices which are
logarithmic, which is possible as (M ,∇) has regular singularity.

(2) Let us start from the logarithmic lattice E obtained in (a). It is possibly
not trivial, but the meromorphic bundle E (∗m0) is trivializable (Corollary
I.4.9).
Let us then choose a basis e1, . . . , ed of the meromorphic bundle E (∗m0)
and let us consider the lattice E ′ :=

∑d
k=1 OP1ek of (M ,∇). By as-

sumption, it coincides with E on P
1

� {m0}, hence it is logarithmic at
m1, . . . ,mp. By construction also, it is a trivial bundle. Nevertheless, the
connection matrix in the basis e1, . . . , ed is possibly not logarithmic at m0.

(3) Let us assume that we have answered Question 1.3-(b) positively. Then
let E be a quasitrivial logarithmic lattice of (M ,∇). On the other hand, let
(OP1(∗m0), d) be the trivial meromorphic bundle of rank one having a pole
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at m0 only, equipped with its natural connection d (usual differentiation
of meromorphic functions). The lattices OP1(k ·m0) are logarithmic (the
reader should check this). We have in an evident way (cf. 0.11.b)

(OP1(∗m0), d)⊗ (M ,∇) = (M ,∇).

Therefore, when E is a logarithmic lattice of (M ,∇), the lattices
OP1(k ·m0)⊗ E also are logarithmic (cf. 0.14.b). If E is quasitrivial,
isomorphic to OP1(�)d for some � ∈ Z, the lattice OP1(−� · m0) ⊗ E is
trivial. �

1.12 Remark (The Riemann-Hilbert problem with a bilinear form).
Let w1, . . . , wp be integers. Let us set

ω =
p∑

i=1

wi dt

t−mi
.

This is a 1-form on P
1 with logarithmic poles at the points of Σ, with

residues wi at mi and −
∑
wi at m0 =∞. The trivial bundle is then a loga-

rithmic lattice of the meromorphic bundle with connection (OP1(∗Σ), d+ ω).
The latter is isomorphic to the bundle (OP1(∗Σ), d) via multiplication by the
rational fraction

∏
(t−mi)−wi .

Let us set A1, . . . , Ap ∈ Md(C) and Ω =
p∑

i=1

Ai

t−mi
dt. We denote by

(E ,∇) the trivial bundle Od
P1 equipped with the connection∇ having matrix Ω

in the canonical basis. It is a logarithmic lattice of the meromorphic bundle
with connection (M ,∇) := (Od

P1(∗Σ), d + Ω). The matrix of ∇ in another
basis of E takes the form C−1ΩC with C ∈ GLd(C).

The property

(∗) ∃C ∈ GLd(C), ∀ i = 1, . . . , p, C−1AiC + t(C−1AiC) = wi Id

is equivalent to the existence of a nondegenerate pairing

(E ,∇)⊗ (E ,∇) −→ (OP1 , d+ ω),

that is, of an isomorphism (E ∗,∇∗) ∼−→ (E ,∇ + ω Id). In order that this
property is fulfilled, it is necessary that we have an isomorphism

(M ∗,∇∗) ∼−→ (M ,∇+ ω Id)

and thus (M ∗,∇∗) � (M ,∇). According to the Riemann-Hilbert correspon-
dence, this is equivalent to the existence of an isomorphism of the correspond-
ing local systems.

In other words, given matrices T1, . . . , Tp ∈ GLd(C), in order to solve the
problem 1.1 with the supplementary condition Ai + tAi = wi Id, it is necessary
that the matrices T1, . . . , Tp are conjugate, by the same matrix, to orthogonal
matrices (i.e., satisfying tT = T−1)
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2 Meromorphic bundles with irreducible connection

2.1 Definition (Irreducibility). We will say that a meromorphic bundle
with connection (M ,∇) is irreducible if there exists no proper (i.e., distinct
from M and 0) meromorphic subbundle N , on which∇ induces a connection,
i.e., such that ∇(N ) ⊂ Ω1

P1 ⊗O
P1

N .

The first part of the statement which follows is drawn from J.Plemelj
[Ple08] (see also [Tre83]) and the second one from A.Bolibrukh and V.Kostov
(see for instance [AB94, Chap. 4]). The proof we give below is due to
O.Gabber. This theorem will be instrumental in giving positives answers to
Riemann-Hilbert and Birkhoff’s problems.

2.2 Theorem (Existence of a quasitrivial lattice). Let (M ,∇) be
a meromorphic bundle with connection on P

1 having poles at the points
m0, . . . ,mp. Let E be a lattice of (M ,∇) of order ri � 0 at each mi

(i = 1, . . . , p) and admitting a local basis in the neighbourhood of m0 (co-
ordinate t) in which the matrix of ∇ takes the form Adt/t with A ∈ Md(C).
Let us assume that one of the two conditions below is fulfilled

(1) (Plemelj) the matrix A is semisimple;
(2) (Bolibrukh-Kostov) the bundle with connection (M ,∇) is irreducible.

Then there exists a lattice E ′ ⊂ E which coincides with E when restricted to
P

1
� {m0}, which is logarithmic at m0 and which is quasitrivial.

Proof (First part: Plemelj). It is a matter of exhibiting a sublattice of E having
defect zero (cf. Definition I.4.13). We will make a sequence of modifications
like those of Proposition I.4.11 and apply Corollary I.4.14. As the residue
Resm0 ∇ is semisimple, there exists a one-dimensional eigenspace Lo ⊂ Em0

for this residue which is not contained in (F ad+1E)m0 . The bundle E (Lom0)
satisfies the same properties as E does: if Lo contains for instance the vector
ed(m0), a local basis of E (Lom0) is e1, . . . , ed−1, ed/t and the connection ma-
trix in this basis and with this coordinate is A′ dt/t, where A′ is the diagonal
matrix (α1, . . . , αd−1, αd + 1) if A is the diagonal matrix (α1, . . . , αd).

If we have δ(E) > 0, Corollary I.4.14 shows that the defect of E (Lom0) is
< δ(E).

By a simple induction, we get in this way a lattice E ′′ contained in E (δ(E)),
which is logarithmic at m0 and which has defect zero, i.e., is quasitrivial. The
lattice E ′ = E ′′(−δ(E)) is then a solution to the problem. �

2.3 Exercise (Adjunction of an apparent singularity). Let (M ,∇) be
a meromorphic bundle with connection having pole at Σ = {m0, . . . ,mp}. Let
us pick mp+1 ∈ P

1
�Σ. Show that the conclusion of Theorem 2.2 holds for the

bundle with connection (N ,∇) := (M (∗mp+1),∇) and any lattice E of N
(one can apply Plemelj’s Theorem at the point mp+1). We say that mp+1 is
an apparent singularity of the bundle with connection (N ,∇).
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Proof (Second part: Bolibrukh-Kostov). The main point is that the irreducibil-
ity condition provides an a priori upper bound for the defect of any lattice E ′′

which coincides with E when restricted to P
1
�{m0} and which is logarithmic

at m0. Let us set r = −2 +
∑p

i=0(ri + 1) with r0 = 0, and R = d(d − 1)r/2.
Let us begin with a general result, without assuming r0 = 0.

2.4 Proposition (A priori upper bound of the defect). Let us assume
that (M ,∇) is irreducible. Then, for any lattice E having order ri � 0 at mi

(i = 0, . . . , p), we have the inequality δ(E) � R.

Proof. We can assume that d � 2, otherwise both terms of the inequality
vanish. If a1 � · · · � ad is the type of E, we have an isomorphism E �⊕d

k=1 OP1(ak · m0). There is a meromorphic connection d (with pole at m0

only, this one being logarithmic) on each summand. Let us set θ = ∇− d. Its
components θk� are OP1-linear morphisms

OP1(ak ·m0)
θk�−−−→ Ω1

P1

〈∑p
i=0(ri + 1)mi

〉
⊗O

P1
OP1(a� ·m0).

The right-hand term is isomorphic to OP1(a� + r), after Proposition I.2.11.
Hence, after Exercise I.2.3, we have

θk� �= 0 =⇒ ak � a� + r.

If there exists k such that ak−ak+1 > r, we have θj� = 0 for any j � k and � �
k+1 and therefore the subbundle F akE :=

⊕
j�k OP1(aj) (cf. Exercise I.4.8) is

stable by θ and thus by the connection ∇, which is impossible according to the
irreducibility assumption. We thus have ak−ak+1 � r for any k = 1, . . . , d−1
and we immediately deduce the inequality on the defect δ(E) =

∑d
k=2(a1 −

ak).
Lastly, let us note that the hypothesis of the proposition implies in par-

ticular
d = 1 or r � 0. �

2.5 Remark (The semistability condition, cf. [GS95]). Let (M ,∇) be
a (not necessarily irreducible) meromorphic bundle with connection, having
poles at the points of Σ. A lattice E of M is said to be semistable (as a
bundle with meromorphic connection) if any subbundle F of E satisfying
∇(F ) ⊂ Ω1

P1(∗Σ)⊗F has slope μ(F ) � μ(E ) (cf. Exercise I.4.8). The previ-
ous proposition shows in fact that the inequality on the defect is satisfied for
any semistable lattice of order ri � 0 at mi. When (M ,∇) is irreducible, all
lattices are semistable.

End of the proof of Theorem 2.2. By assumption, there exists a local basis
of E in the neighbourhood of m0 and a local coordinate t, such that the
connection matrix takes the form Adt/t with A constant. Up to a base change
with constant matrix, we can moreover suppose that A = Resm0 ∇ takes the
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Jordan normal form. Let us denote by (eα,�) this basis, where α belongs to a
finite set indexing the Jordan blocks and, for any α, the integer � belongs to
a finite set Iα = {1, . . . , να}. If λ(α) denotes the eigenvalue associated to the
Jordan block α, we have

(A− λ(α) Id) (eα,�) =

{
eα,�−1 if � � 2
0 if � = 1.

Let us set as above R = d(d − 1)
(
− 2 +

∑p
i=0(ri + 1)

)/
2. We choose, for

any α, a strictly increasing sequence of integers Nα,� � 0 (� ∈ Iα) such that,
for any α and any � ∈ {1, . . . , να}, we have Nα,� > Nα,�−1 + R (if we set
Nα,0 = 0).

We then set e′α,� = tNα,�eα,�. The e′α,� generate a local lattice of (M ,∇),
which is contained in E in the neighbourhood of m0. We can extend it as a
global lattice E ′ by gluing this local lattice with E|P1�{m0}.

Let us note that, whatever the choice of the sequences (Nα,�) is, the defect
of the lattice E ′ is bounded from above by the number R, after Proposition
2.4.

It is clear that the lattice E ′ has order ri at any mi �= m0, as it coincides
with E in the neighbourhood of such a point. We moreover have

t∇∂/∂te
′
α,� = (λ(α) +Nα,�)e′α,� + tNα,�−Nα,�−1e′α,�−1,

so that, for the lattice E ′, the connection matrix in the neighbourhood of m0

takes the form
Ω′(t) =

(
D + tR+1C(t)

) dt
t

where D is diagonal and constant and C(t) has holomorphic entries. The
situation is now analogous to that of Plemelj’s Theorem, up to a perturbation
of order R.

The modification of the lattice E ′ done in the proof of Plemelj’s Theorem
replaces here the connection matrix with a matrix (D1 + tRC1(t)) dt/t, with
D1 diagonal, so that we can iterate R times such a modification if needed, the
connection matrix keeping at each step the form

(
Dk + tR−k+1Ck(t)

)dt
t

(Dk diagonal). As δ(E ′) � R, we can get, by at most δ(E ′) modifications, a
lattice with defect zero. �

2.6 Corollary (Existence of a trivial lattice). Let (M ,∇) be a meromor-
phic bundle having Σ as its set of poles and having at m0 a regular singularity.
If one of the following conditions is fulfilled

(1) (Plemelj) the monodromy at m0 is semisimple,
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(2) (Bolibrukh-Kostov) the representation π1(P1
�Σ, o)→ GLd(C) associated

to (M ,∇) is irreducible,
(3) the meromorphic bundle (M ,∇) is irreducible,

there exists, for any lattice E of M , a lattice E ′ of M such that

(a) E ′
|P1�{m0} = E|P1�{m0},

(b) E ′ is logarithmic at m0,
(c) E ′ is trivial.

Proof. Let E be a lattice of M . As (M ,∇) has a regular singularity at m0,
there exists a logarithmic lattice E0 on some neighbourhood Δ of m0. When
restricted to Δ � {m0}, it coincides with E|Δ�{m0} = M|Δ�{m0}. We can
therefore construct a lattice E ′′ which fulfills Properties (a) and (b), by gluing
E|P1�{m0} with E0 on Δ� {m0}, due to the previous identification.

We can moreover, after Exercise II.2.6 or Corollary II.2.21, suppose that,
in a suitable local basis of E0, the matrix of ∇ takes the form Adt/t with A
constant.

If the monodromy T is semisimple, we can choose for A the semisimple
matrix log T (with respect to any choice of logarithms of eigenvalues of T )
and we conclude by means of Plemelj’s Theorem and of Proposition 1.11-(3).

If the representation associated to the holomorphic bundle with connection
(M ,∇)|P1�Σ is irreducible, so is that associated to the meromorphic bundle
(M ,∇) (the reader will verify this, but with some care, as the converse may
not be true); therefore, Condition (2) is stronger than Condition (3). We
conclude, in cases (2) and (3), by means of the Bolibrukh-Kostov Theorem
2.2-(2) and of Proposition 1.11-(3). �

3 Application to the Riemann-Hilbert problem

Let (M ,∇) be a meromorphic bundle on P
1 having poles at the points of Σ.

Let us moreover suppose that M has a regular singularity at each point of Σ.

3.1 Corollary. If one of the two following conditions is fulfilled

• the monodromy of (M ,∇) at m0 is semisimple,
• the monodromy representation attached to (M ,∇)|P1�Σ is irreducible,

there exists a solution to Problem 1.3-(c).

Proof. Indeed, we construct a logarithmic lattice E of M by gluing local
lattices. We apply Corollary 2.6 to this lattice. �

3.2 Remark. According to the equivalence of categories given by Corollary
II.3.3, both following conditions are equivalent when (M ,∇) has only regular
singularities:

• the monodromy representation attached to (M ,∇)|P1�Σ is irreducible,



156 IV The Riemann-Hilbert problem and Birkhoff’s problem

• the meromorphic bundle with connection (M ,∇) is irreducible.

The Riemann-Hilbert Problem 1.1 can now be translated as follows. Given
a locally constant sheaf F of rank d on P

1
�Σ, does there exist on the trivial

bundle E of rank d a connection ∇ with at most logarithmic poles at the
points of Σ, such that, on P

1
�Σ, we have E∇ � F?

We say that F is irreducible if there exist no locally constant subsheaf
F ′ ⊂ F of rank d′ ∈ ]0, d[. It amounts to asking for the representation
attached to F to be irreducible.

3.3 Theorem. If one of the following conditions is fulfilled

• one of the monodromy matrices T0, . . . , Tp is semisimple,
• the representation π1(C � {m1, . . . ,mp}, o)→ GLd(C) is irreducible,

the Riemann-Hilbert Problem 1.1 has a solution.

Proof. Let us start with an irreducible locally constant sheaf F . Let us as-
sociate to it, by the Riemann-Hilbert correspondence II.3.3, a meromorphic
bundle with connection (M ,∇) having regular singularity at the points of Σ.
Under the second hypothesis, it is irreducible in the sense of §2.1, as the
Riemann-Hilbert correspondence is an equivalence of categories. We then ap-
ply Corollary 3.1 to it in order to conclude. �
3.4 Remark (The position of singularities has influence on the ex-
istence). Without any irreducibility or a semisimplicity hypothesis, one can
also show (cf. [Dek79]) that the answer to Problem 1.3-(c) is positive when
the rank of the bundle is 2 (the answer in the case of rank one is trivially pos-
itive). We give below (as an exercise) the solution suggested by A.Bolibrukh,
more elegant than the original solution of Dekkers.

Nevertheless, starting from rank d = 3, there exist nonirreducible exam-
ples for which the problem has no solution. One can refer to [AB94] for a
description of some of them.

One should note that the existence or nonexistence of a solution to Problem
1.1 may depend on the position of the points m0, . . . ,mp in P

1. Recall that we
can, by an automorphism of P

1, put m0,m1,m2 at ∞, 0, 1 respectively. The
position of the other points is then the analytic invariant of the configuration
of points; for instance, the cross-ratio is the analytic invariant of the position
of four points in P

1.
However, if there exists a solution to Problem 1.1 for some position of

the points m0, . . . ,mp, there exists also one for any nearby enough posi-
tion. Indeed, let ρo : π1(P1

� Σo, o) → GLd(C) be a representation. Let Uo

be a union of discs centered at the points of Σo, pairwise disjoint and not
containing the point o. If Σ′o is a configuration of points of P

1 having ex-
actly one point in each component of Uo, there exists a natural isomorphism
π1(P1

� Σ′o, o) � π1(P1
� Σo, o) obtained by composing the isomorphisms

induced by the inclusion morphisms

π1(P1
�Σ′o, o) ∼−−−→ π1(P1

� Uo, o) ∼←− π1(P1
�Σo, o).
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We deduce a representation ρ : π1(P1
�Σ′o, o)→ GLd(C).

◦

◦

◦

◦

◦

◦
◦ ◦

Σo

Σ′o

Fig. IV.1. The open set Uo.

Then, if there exists a solution to Riemann’s Problem 1.1 for the repre-
sentation ρo, there exists also one for the representation ρ, as soon as Uo is
sufficiently small.

Indeed, let X be the product of p + 1 copies of P
1 minus the diagonals

mi = mj . In P
1 ×X, let us consider the hypersurfaces (see Fig. III.2)

Σi = {(m,m0, . . . ,mp) | m = mi}.

They are smooth and pairwise disjoint. Let Σ be their union. The points of Σo

define a point xo = (mo
0, . . . ,m

o
p) of X. There exists by assumption a trivial

bundle (Eo,∇o) on P
1×{xo} equipped with a logarithmic connection having

poles at the points of Σo, which associated representation is ρo. We can then
apply Remarks III.1.22 and III.1.21 to construct a bundle (E,∇) on U × P

1

with logarithmic connection along Σ which restricts to (Eo,∇o) if U =
∏
Uo

i

is a contractible open neighbourhood of xo in X. The rigidity theorem for
trivial bundles I.5.4 shows that, up to deleting from U some hypersurface Θ
not containing xo, the bundle Ex is trivial for any x ∈ U �Θ.

3.5 Exercise (Other examples of solutions to the Riemann-Hilbert
Problem 1.1, [Bol95, Dek79]).

(1) Prove that, if the monodromy representation ρ is abelian, i.e., if the ma-
trices Ti = ρ(γi) pairwise commute, there exists a solution to Problem 1.1
(show first that the logarithms of the matrices Ti pairwise commute).

(2) One now assumes that the representation ρ has rank 2 (i.e., takes values
in GL2(C)).
(a) Prove that, if the representation ρ is reducible, the matrices Ti have a

common eigenvector. Deduce that there exists a basis in which each
matrix is upper triangular.
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(b) Moreover show that if none of the Ti is semisimple, the Ti pairwise
commute.

(c) Conclude that there exists a solution to Problem 1.1.

4 Complements on irreducibility

We will give a matrix interpretation to the irreducibility condition.
We will say that a p-uple of matrices M1, . . . ,Mp ∈ Md(C) is irreducible if

there exists no proper vector subspace of C
d, which is stable by the Mi. The

classic Schur Lemma shows that this condition is equivalent to the fact that
the only matrices which commute to M1, . . . ,Mp are scalar matrices.

4.1 Theorem. Let (M ,∇) be a meromorphic bundle of rank d with connec-
tion on P

1, having poles at Σ and having regular singularity at any mi ∈ Σ.
Let us consider the following properties:

(1) (M ,∇) is irreducible;
(2) for any choice of generators of π1(P1

�Σ, o), the p+ 1-uple consisting of
the monodromy matrices T0, . . . , Tp is irreducible;

(3) if we choose some coordinate t on P
1
�{m0}, there exists a basis e1, . . . , ed

of the space Γ (P1,M ) in which the connection matrix Ω takes the form
(1.4), where (A1, . . . , Ap) is an irreducible p-uple,

(4) there exists a logarithmic lattice E of (M ,∇), trivial as a OP1-module,
such that the endomorphisms Resmi

∇ (i = 1, . . . , p) acting on Γ (P1,E )
(cf. Remark 1.7) form an irreducible p-uple.

Then we have (1)⇔ (2), (3)⇔ (4) and, lastly, (1) or (2)⇒ (3) or (4).

Proof. The equivalence between (1) and (2) has been indicated in Remark
3.2. On the other hand, Remark 1.7 shows that (3) and (4) are equivalent.

(1) ⇒ (4): if (M ,∇) is irreducible, Corollary 3.1 furnishes a trivial loga-
rithmic lattice. If the residues of the connection on this lattice at m1, . . . ,mp

do not form an irreducible p-uple, any subspace of Γ (P1,E ) invariant by
these residues is also invariant by the residue at m0, as we have Resm0 ∇ =
−

∑p
i=1 Resmi

∇, and we can then construct an eigenbundle of E stable by the
connection, which then has logarithmic poles at each mi on this bundle, as it
does so on E. By tensoring this subbundle by O(∗Σ), we get a meromorphic
subbundle with connection of (M ,∇) of rank < d. This is in contradiction
with the irreducibility assumption. �

4.2 Remark. The converse implication (4)⇒ (1) is false. The reason is that
Condition (4) means that E has no logarithmic trivial subbundle stable by
the connection, while Condition (1) for E means that there is no logarithmic
not necessarily trivial subbundle stable (in the meromorphic sense) by the
connection (use a Deligne lattice). The exercise below gives a counterexample;
I learned it from A.Bolibrukh. One can also refer to [Bol95, Prop. 5.1.1].
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4.3 Exercise (According to A.Bolibrukh). We consider three matrices

A1 =
(

1/2 0
0 0

)
, A2 =

(
−1/2 1

0 0

)
, A3 =

(
0 −1
0 0

)

and, on the trivial bundle of rank 2 over C, the 1-form

Ω =
(A1

t
+

A2

t− 1
+

A3

t+ 1

)
dt.

(1) Prove that the meromorphic bundle with connection (M ,∇) that it de-
fines has a pole at m0 = 0, m1 = 1, m2 = −1 only (and not at infinity)
and that it is reducible (i.e., nonirreducible).

(2) Set

P (t) =
(

1 0
3/4t 1

)
∈ GL2(C[t−1]).

Compute the connection matrix after the base change of matrix P .
(3) Show that the new basis of M generates a trivial logarithmic lattice and

compute the residue matrices at the poles mi.
(4) Prove, by computing the eigenspaces of these matrices, that the latter

form an irreducible triple and conclude.

5 Birkhoff’s problem

5.a Local analytic and algebraic Birkhoff’s problems

Let us begin with the local problem and let us consider a disc centered at the
origin of C, equipped with the coordinate2 τ . Let us be given, on this disc, a
meromorphic connection of order r � 0 on the trivial bundle. In some basis
of this bundle, the connection matrix takes the form A(τ)dτ , where A(τ) is
a square matrix of size d such that τ r+1A(τ) has holomorphic entries, one of
which at least does not vanish τ = 0.

5.1 Local analytic Birkhoff’s problem. Does there exist a matrix P (τ) in
GLd(O), where O is the ring of converging series at 0 (i.e., P has holomorphic
entries and its determinant does not vanish at 0) such that the matrix B(τ) =
P−1AP + P−1P ′ can be written as

(5.2) B(τ) = τ−(r+1)B−(r+1) + · · ·+ τ−1B−1

where B−1, . . . , B−(r+1) are constant matrices?

We then say that the matrix B takes Birkhoff’s normal form: its Laurent
expansion at 0 has no coefficient with positive index.
2 Changing the name of the coordinate will enable us, in the following, to better

distinguish the objects and their Fourier transforms.
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Remarks.

(1) If one only asks for the matrix B(τ) to be a rational fraction with pole
at 0 at most, that is, if one also accepts a finite number of coefficients Bk

with k � 0, the problem has a solution (see Corollary II.3.8). This is the
result proved by Birkhoff in [Bir09] (see the proof of Birkhoff in [Sib90,
§3.3]).

(2) In the statement of Birkhoff’s problem, there is no hypothesis on the germ
of the underlying meromorphic bundle: it may or may not have a regular
singularity (if it has a regular singularity, the matrix B−(r+1) is nilpotent).
It is quite easy (cf. [Gan59, vol. 2], see also [Mas59]) to give examples
where the problem has no solution (unlike what Birkhoff thought having
proved): when r = 0, the problem reduces to asking whether any germ of
logarithmic lattice admits a basis in which the connection matrix takes
the form B−1/τ ; if the monodromy is not semisimple, there exists Levelt
normal forms which are not of this kind (choose a nontrivial decreasing
filtration of H which is stable by monodromy, cf. §III.1.a).

(3) On the other hand, Turrittin ([Tur63], see also [Sib90, §3.10]) proved that,
when the eigenvalues of A−(r+1) are pairwise distinct, there exists a matrix
P ∈ GLd(O[τ−1]) such that B takes the form (5.2) (with the same index r,
which is not evident, as P may have a pole at 0).

We will also consider the problem in its algebraic form. In this case, we
assume that A(τ) has entries in the ring C[τ, τ−1] of Laurent polynomials.

5.3 Algebraic Birkhoff’s problem. Let us suppose moreover that the
connection with matrix Ω = A(τ)dτ has a regular singularity at infinity. Does
there exist a matrix P ∈ GLd(C[τ ]) such that B(τ) := P−1AP +P−1P ′ takes
the form (5.2)?

Let us begin by noticing that the algebraic problem is nothing but a par-
ticular case of the local problem analytic: as a matter of fact, in the algebraic
situation, assume that we have found a matrix P ∈ GLd(C{τ}) giving to the
connection matrix the form (5.2). Then P is a germ at 0 of solution of the
system P ′ = PB − AP , which is algebraic and has a regular singularity at
infinity. This implies that P has polynomial entries (cf. Exercise II.3.10). One
can show similarly that P−1 has polynomial entries.

Let us also notice that, in the local analytic problem 5.1, we can suppose
that the matrix A(τ)dτ is as in Corollary 5.3: it is indeed enough to apply the
base change given by Corollary II.3.8.

Let us formulate the algebraic problem in an equivalent way:

5.4 Algebraic Birkhoff’s problem (bis). Let (M ,∇) be a meromorphic
bundle of rank d on P

1, with pole at 0 and ∞ only, equipped with a connection
having a regular singularity at ∞ and admitting, in the neighbourhood of 0,
a lattice of order r � 1. Does there exist a lattice of (M ,∇) which coincides
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with the given lattice in the neighbourhood of 0, which is logarithmic at infinity
and which is isomorphic to the trivial bundle of rank d?

Using Zariski topology and Proposition I.4.15, we obtain the following
formulation:

5.5 Algebraic Birkhoff’s problem (ter). Let (M,∇) be a free C[τ, τ−1]-
module of rank d equipped with a connection having a pole at 0 and ∞ only,
with a regular singularity at ∞. Let E0 ⊂ M be a free C[τ ]-module which is
a lattice of order r � 1. Does there exist on U∞ a lattice E∞ ⊂ M, which is
logarithmic at ∞, such that we have E0 = (E0 ∩ E∞)⊕ τE0?

Lastly, we can formulate the equivalence between the local Birkhoff’s Prob-
lem 5.1 and the algebraic Birkhoff’s Problem 5.3 or 5.5 in the proposition
below, the (easy) proof of which is left to the reader.

Let (M,∇) be a (k,∇)-vector space of rank d and let (M ,∇) be a mero-
morphic bundle on P

1, having a pole at 0 and ∞, with a regular singularity
at ∞, whose germ (M ,∇)0 is isomorphic to (M,∇); we know (cf. Corollary
II.3.7) that such a bundle is unique up to isomorphism. Let E be a lattice
of M.

5.6 Proposition (The various Birkhoff’s problems are equivalent).

(1) If e is a basis of E in which the matrix of ∇ takes the form (5.2)
• the C[τ, τ−1]-module M := C[τ, τ−1] ·e ⊂M is stable by the connection
∇ and it has singularity at 0 and ∞ only, the latter being regular;

• the C[τ ]-module E0 := C[τ ] · e ⊂ E is a lattice on U0, with analytic
germ E at the origin;

• the C[τ−1]-module E∞ := C[τ−1] · e is a logarithmic lattice at infinity,
which gives a solution to Problem 5.5 for E0.

(2) Conversely, if E0 is a lattice of M on U0, with analytic germ E at 0 and
if E∞ is a solution to Problem 5.5 for E0, a basis of the trivial bundle
defined by (E0,E∞) induces a basis of E in which the connection matrix
takes the form (5.2). �
If d = 1, there exists a solution to Problem 5.1 (cf. Remark III.2.13-(2)).

On the other hand, Corollary 2.6 implies immediately:

5.7 Corollary (Solution to Birkhoff’s problem in the irreducible
case). If (M ,∇) is irreducible, or if the monodromy of (M ,∇)|C∗ is semisim-
ple, the Problem 5.3 has a solution. �
5.8 Remark (Birkhoff’s problem with a sesquilinear form). Let (E ,∇)
be a lattice which is a solution to Problem 5.4. There exists a nondegenerate
bilinear (resp. sesquilinear) form of weight w ∈ Z on (E ,∇) if and only if, after
conjugating by the same constant matrix C ∈ GLd(C), the matrices B−k are
skewsymmetric (resp. (−1)k-symmetric) for k � 2 and B−1 + tB−1 = w Id. In
order that such a form exists, it is necessary that we have (M ∗,∇∗) � (M ,∇)
(resp. � (M ,∇)).
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5.b M.Saito’s criterion

We will now give an existence criterion for Birkhoff’s problem as stated in
Problem 5.5, a criterion which is due to M.Saito (in a slightly different way
however; cf. [Sai89] and also [Sab06]). Let us take up the situation and the
notation of §III.2.b.

Let V′ be a Deligne lattice of the germ M′ of M at ∞, for instance that
used in Chapter III, such that the eigenvalues of the residue of ∇ have their
real part in ] − 1, 0]. Let V

′ be the C[τ ′]-submodule of M, the analytic germ
of which at ∞ is equal to V′. We have in an evident way V′/τ ′V′ = V

′/τ ′V′,
a space that we will denote by H ′, equipped with its monodromy T ′.

Let us consider the increasing filtration of M by the τ−k
E0 = τ ′kE0, for

k ∈ Z. It induces an increasing filtration on H ′ by the formula

G′
k = V

′ ∩ τ ′kE0/(τ ′V′) ∩ τ ′kE0.

This filtration is still exhaustive (cf. Lemma III.2.2).

5.9 Theorem. Let G′
• be the filtration of H ′ associated to E0. Then, any

decomposition H ′ =
⊕

p∈Z
H ′

p with respect to which T ′ is lower triangular
(i.e., T ′(H ′

p) ⊂ H ′
p ⊕H ′

p+1 ⊕ · · · for any p) and compatible with the filtration
G′

• (i.e., G′
k =

⊕
p�k H

′
p for any k) defines a canonical solution to Birkhoff’s

Problem 5.5.

It will be useful to formulate the condition in the theorem in terms of a
pair of filtrations:

5.10 Lemma. There exists a decomposition as in Theorem 5.9 if and only if
there exists an exhaustive decreasing filtration H ′• of H ′ which is stable by the
monodromy T ′ and which is opposite to the increasing filtration G′

•, that is,
such that

H ′� ∩G′
k

(H ′�+1 ∩G′
k) + (H ′� ∩G′

k−1)
= 0 for k �= �.

Proof. It is clear that the condition in the theorem implies the condition in
the lemma, by setting H ′� =

⊕
p�� H

′
p.

Conversely, if the condition in the lemma is fulfilled, we first show by
decreasing induction on � − k that H ′� ∩ G′

k = 0 if � > k: this is clearly
true for � − k  0 and we then use that, for � > k, we have H ′� ∩ G′

k =
(H ′�+1 ∩G′

k) + (H ′� ∩G′
k−1). We deduce that, if we put H ′

p = H ′p ∩G′
p, we

have H ′
p ∩H ′

q = 0 for p �= q. Lastly, we show by increasing induction on j � 0
that the intersection H ′k−j∩G′

k can be decomposed as a sum (which is direct,
after what precedes) H ′

k + · · ·+H ′
k−j . �

5.11 Example. Let us assume that dimH ′ = 2 and that T ′ is not semisimple.
There exists thus a single eigen line L for T ′. If a nontrivial decomposition
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H ′ = H ′
p ⊕H ′

q exists, with p < q, we must have H ′
q = L and, consequently,

G′
p �= L. In other words, the filtration G′

• defined by

G′
−1 = 0, G′

0 = L, G′
1 = H ′

does not fulfill the condition in the theorem. On the other hand, if G′
0 �= L,

the condition of the theorem is satisfied, as in the case where T ′ is semisimple.

5.12 Exercise. Give an explicit form to the condition of the theorem for
dimH ′ = 3.

Proof (of Theorem 5.9). Let us begin with a result concerning opposite filtra-
tions. Let V be a finite dimensional C-vector space equipped with an exhaus-
tive decreasing filtration V • (all filtrations are indexed by Z). We denote by
grV =

⊕
�(V

�/V �+1) the graded vector space. We moreover assume that V is
equipped with two filtrations F•V (exhaustive increasing) and F ′•V (exhaus-
tive decreasing). They induce on grV the following filtrations

F•grV =
⊕
�

[
(F• ∩ V�)

/
(F• ∩ V�+1)

]

F ′•grV =
⊕
�

[
(F ′• ∩ V�)

/
(F ′• ∩ V�+1)

]
.

Lemma. Let us suppose that F•grV and F ′•grV are opposite. Then F•V and
F ′•V are so and, for any k, we have gr(FkV ∩ F ′kV ) = FkgrV ∩ F ′kgrV .

Proof. We will give a “geometric” proof of this result. In order to do so, let us
introduce a new variable u. The C-vector space F =

⊕
k u

kFkV is naturally
equipped with the structure of a C[u]-module, as F• is increasing. Similarly,
F
′ =

⊕
k u

kF ′kV is naturally equipped with the structure of a C[u−1]-module.
Both are contained in the free C[u, u−1]-module C[u, u−1] ⊗C V . One checks
(by taking a basis adapted to the corresponding filtration) that F is C[u]-free
of rank dimV , and F

′ is C[u−1]-free, of the same rank. Moreover,

C[u, u−1] ⊗
C[u]

F = C[u, u−1]⊗
C

V = C[u, u−1] ⊗
C[u−1]

F
′.

These data enable us to define, by a gluing procedure, a vector bundle
F (F•V , F

′•V ) on P
1.

Exercise. The filtrations F•V and F ′•V are opposite if and only if the vector
bundle F (F•V , F

′•V ) is isomorphic to the trivial bundle (of rank dimV ).

The lemma can be shown by induction on the length of the filtration V •.
One is reduced to the case of a filtration of length two, that is, to an exact
sequence

0 −→ V 1 = gr1V −→ V = V 0 −→ V/V 1 = gr0V −→ 0.
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By definition of the induced filtration on the graded pieces, one has an exact
sequence of vector bundles on P

1:

0→ F (F•gr1V , F ′•gr1V ) −→ F (F•V , F
′•V ) −→ F (F•gr0V , F ′•gr0V )→ 0.

The assumption means that both extreme terms are isomorphic to trivial
bundles. Using an argument analogous to that of Theorem I.2.8, the previous
extension is split, hence the filtrations F•V and F ′•V are opposite.

For any � and any k, the map

(∗) gr�(FkV ∩ F ′kV ) := (V � ∩ FkV ∩ F ′kV )
/
(V �+1 ∩ FkV ∩ F ′kV )

−→ Fkgr�V ∩ F ′kgr�V ⊂ gr�V

is injective. Therefore,

(∗∗) dim gr�(FkV ∩ F ′kV ) � dim(Fkgr�V ∩ F ′kgr�V ).

On the other hand, dim(FkV ∩ F ′kV ) = dim gr(FkV ∩ F ′kV ). Therefore

dimV =
∑

k

dim(FkV ∩ F ′kV ) (opposite filtrations)

=
∑

k

dim gr(FkV ∩ F ′kV )

=
∑

k

∑
�

dim gr�(FkV ∩ F ′kV )

�
∑

k

∑
�

dim(Fkgr�V ∩ F ′kgr�V ) after (∗∗)

=
∑

k

dim(FkgrV ∩ F ′kgrV ) = dim grV (opposite filtrations)

= dimV ,

whence the equality in (∗∗). Consequently, (∗) is also surjective. �

Let us come back to the proof of Theorem 5.9. We will construct a C[τ ′]-
module E∞, which is a solution to Problem 5.5 for E0. Let us consider the
C[τ ′, τ ′−1]-module

M
reg :=

⊕
k∈Z

(
τ ′kV

′/τ ′k+1
V

′) � C[τ ′, τ ′−1]⊗
C

H ′.

It is equipped with a natural connection induced by that of M and, if e is a
basis of H ′, hence a C[τ ′, τ ′−1]-basis of M

reg, the connection matrix in this
basis is nothing but ResV′ ∇ · dτ ′/τ ′. Let us note that M

reg has a regular sin-
gularity at ∞ and at 0. This module can be identified, as mentioned above,
to the C[τ, τ−1]-module with connection grV′M that we have yet considered
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in II.2.22. When M does not have a regular singularity at 0, one cannot iden-
tify M with M

reg, as the latter module is regular at 0. On the other hand,
if M has a regular singularity, both modules are isomorphic.

The filtration H ′• enables us to construct a logarithmic lattice E
reg
∞ of

M
reg: we set

E
reg
∞ =

⊕
k∈Z

τ ′kH ′−k.

On the other hand, the lattice E0 of M enables us to construct a lattice E
reg
0

of M
reg: we set

E
reg
0 =

⊕
k∈Z

(E0 ∩ τ ′kV)/(E0 ∩ τ ′k+1
V).

The condition of the theorem (or, more precisely, that of the lemma) exactly
means that E

reg
∞ is a solution to Problem 5.5 for the lattice E

reg
0 of M

reg.
As M has a regular singularity at infinity, we can regard M

reg as a
C[τ, τ−1] submodule of M′ (cf. Remark II.2.22). The lattice E

reg
∞ defines a

lattice E∞ ⊂M′ if we put E∞ = C{τ ′}⊗C[τ ′] E
reg
∞ . There exists then a unique

lattice E∞ of M on the chart U∞, the germ of which at ∞ is equal to E∞. By
construction, we have

grV′E∞ = grV′E∞ = E
reg
∞ .

Let us consider the filtrations Ek = τ ′kE0 and E
k
∞ = τ ′kE∞. The assump-

tion is then that the filtrations induced on V
′0/V′1 are opposite. Multiplying

by τ ′j , this implies that they induce opposite filtrations on V
′j/V′j+1 for any j.

It follows from the previous lemma that, for any � � 1, the filtrations they
induce on V

′0/V′� are opposite and that, using the notation of Lemma 5.10,

dim
[
(Ek ∩ V

′0 + V
′�) ∩ (Ek

∞ ∩ V
′0 + V

′�) mod V
′�] =

�−1∑
j=0

dim(G′
k−j ∩H ′k−j).

But, as k is fixed, we have Ek ∩ V
′� = 0 and V

′� ⊂ E
k
∞ for �  0, hence the

left-hand term above is nothing but Ek ∩ E
k
∞ ∩V

′0 and, multiplying by τ ′−k,
we get

dim(E0 ∩ E∞ ∩ V
′−k) = dim(Ek ∩ E

k
∞ ∩ V

′0) =
∑
j�0

dim(G′
k−j ∩H ′k−j).

For k  0, this gives

dim(E0 ∩ E∞) = dim(V′0/V′1) = rk E0.

In order to conclude, it is enough to show (cf. Proposition I.4.15) that the
natural map E0∩E∞ → E0/τE0 is injective, as it will then be bijective. Using
oppositeness once more, we get, for any k,

V
′k ∩ τE0 ∩ E∞ ⊂ V

′k+1,
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hence
V

′k ∩ τE0 ∩ E∞ ⊂ V
′k+1 ∩ τE0 ∩ E∞.

Iterating the assertion, we deduce that, for any k, V
′k ∩ τE0 ∩ E∞ is zero,

hence (taking k ! 0) τE0 ∩ E∞ is zero, whence the desired injectivity. �

5.13 Remarks.

(1) One can show (see for instance [Sai89, Sab06]) that, if one fixes an order
as in §III.1.c and if for any λ one can find a decomposition of H ′

λ as in
Theorem 5.9 compatible with the filtration naturally induced by G• onH ′

λ,
then the characteristic polynomial of B−1 for the canonical solution to
Birkhoff’s problem given by Theorem 5.9 is nothing but the characteristic
polynomial χ∞

E0
(s) associated to the lattice E0 as in §III.2.b.

(2) Proposition III.1.6 applied to the lattice E
reg
∞ shows that, for the canoni-

cal solution to Birkhoff’s problem given by Theorem 5.9, the matrix B−1

is semisimple if and only if the unipotent part T ′
u of T ′ is lower trian-

gular with respect to the decomposition ⊕H ′
p, that is, (T ′

u − Id)(H ′
p) ⊂

H ′
p+1 ⊕ · · · .

(3) Assume that we are given a nondegenerate bilinear or sesquilinear form
of weight w on E0. It amounts to giving a basis of E0 in which the matrix
of ∇ takes the form

(1
τ

(
A−r−1τ

−r + · · ·+A−1

)
+

∑
k�0

Alτ
k
)
dτ

where, for k �= −1, Ak is skewsymmetric (resp. (−1)k-symmetric) and
A−1 satisfies A−1 + tA−1 = w Id.
We wish to give a condition in order to find a Birkhoff normal form with
the same property. It is a matter of extending to E the nondegenerate
bilinear (or sesquilinear) form defined on E0. Let us note that this form
can be extended in an evident way as a form of the same kind on the
meromorphic bundle (M,∇) and defines thus, by the Riemann-Hilbert
correspondence (cf. Corollary III.1.12 and Exercise III.1.13), a nondegen-
erate bilinear form on H ′.
It immediately follows from this Corollary that the form can be extended
as a form of weight w on E if and only if, with respect to the bilinear form
〈 , 〉 on H ′, the filtration H ′• of Lemma 5.10 satisfies

(H ′k
�=1)

⊥ = H ′−k−w
�=1 and (H ′k

1 )⊥ = H ′−k−w+1
1 .

Indeed, these conditions are equivalent to the fact that the form on (M,∇)
induces on E∞ a nondegenerate form of weight w, whence the existence,
by gluing, of the desired form on E.



V

Fourier-Laplace duality

Introduction

The Fourier transform exchanges functions of two real variables x, y with rapid
decay at infinity as well as all their derivatives and functions of the same kind
in the variables η, ξ. If we put t = x + iy and θ = ξ + iη (variable denoted
by τ ′ from §2 on), it is expressed by the formula

ϕ̂(η, ξ) =
∫

R2
ϕ(x, y)etθ−tθ dt ∧ dt.

The inverse transform is expressed by an analogous formula by using the
kernel etθ−tθ. One extends these transforms, by the usual duality procedure,
to temperate distributions.

If the temperate distribution ϕ is a solution to a linear holomorphic dif-
ferential equation with polynomial coefficients

ad(t)
(
∂

∂t

)d

ϕ+ · · ·+ a1(t)
∂ϕ

∂t
+ a0(t)ϕ = 0

then the distribution ϕ̂ is itself a solution to the differential equation

ad(−∂/∂θ)
(
θdϕ̂

)
+ · · ·+ a1(−∂/∂θ)(θϕ̂) + a0(−∂/∂θ)ϕ̂ = 0.

In this chapter, we will extend the algebraic aspect of this transform, as
it appears in the differential equations above, to lattices of (C(t),∇)-vector
spaces. We will thus make a correspondence, under some conditions, between
the solutions of Birkhoff’s problem and the solutions of the partial Riemann-
Hilbert problem.

The Fourier transform also exhibits a local variant, the microlocalization,
which will be useful to analyze duality on lattices and its behaviour by Fourier
transform.
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The Fourier transform does not induce a correspondence between
(C(t),∇)-vector spaces and (C(θ),∇)-vector spaces: as a matter of fact,
torsion phenomena may occur because, in the case of temperate distributions
for instance, the Fourier transform of a constant function is a distribution
with punctual support.

The Fourier transform naturally acts on modules over the one-variable
Weyl algebra. One will find a detailed study of this transform in [Mal91]. We
will only consider the properties which are useful for the study of the Fourier
transform of lattices.

1 Modules over the Weyl algebra

We will not give complete proofs for the following results. The reader can
refer for instance to [Bjö79, Bd83, Cou95, Ehl87, Kas95, Sab93, GM93, Mal91,
Sch94].

1.a The one-variable Weyl algebra

This is the quotient algebra of the free algebra generated by the polynomial
algebras C[t] and C[∂t] by the relation [∂t, t] = 1. We will denote it by C[t]〈∂t〉.
It is a noncommutative algebra. Its elements are the holomorphic differential
operators with polynomial coefficients. Such an operator can be written in a
unique way as

P (t, ∂t) = ad(t)∂d
t + · · ·+ a1(t)∂t + a0(t)

where the ai are polynomials in t, and ad �= 0. We call d the degree of the
operator. The product of two such operators can be reduced to this form by
using the commutation relation

(1.1) ∂ta(t) = a(t)∂t + a′(t).

Its degree is equal to the sum of the degrees of its factors. The symbol of
an operator is the class of the operator modulo the operators of strictly lower
degree. The set of symbols of differential operators, equipped with the induced
operations, is identified to the algebra of polynomials of two variables with
coefficients in C; it is thus a Noetherian ring. This enables one to prove that
the Weyl algebra is itself left and right Noetherian.

The Weyl algebra contains as subalgebras the algebras C[t] (operators of
degree 0) and C[∂t] (operators with constant coefficients).

The transposition is the involution P �→ tP of C[t]〈∂t〉 defined by the
following properties:

(1) t(P ·Q) = tQ · tP for all P,Q ∈ C[t]〈∂t〉,
(2) tP = P for any P ∈ C[t],
(3) t∂t = −∂t.
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1.b Holonomic modules over the Weyl algebra

There is an equivalence between C[t]〈∂t〉-modules and C[t]-modules equipped
with a connection: the Leibniz rule for connections is translated to Relation
(1.1) in the Weyl algebra, when acting on the left on the C[t]-module M, ex-
tending thus the natural action of C[t]. In the following, when saying “mod-
ule” over the Weyl algebra, we will usually mean left module of finite type
over C[t]〈∂t〉.
Left to right, right to left. If M

d is a right module over C[t]〈∂t〉, equip it
canonically with a structure of left module M

l by setting, for any m ∈M
d,

P ·m := mtP.

Conversely, to any left module is canonically associated a right module.
Any module has thus a presentation

(1.2) C[t]〈∂t〉p ·A−−−→ C[t]〈∂t〉q −→M −→ 0,

where A is a p×q matrix with entries in C[t]〈∂t〉. The vectors are here written
as line vectors, multiplication by A is done on the right and commutes thus
with the left action of C[t]〈∂t〉.

We will say that a module M over C[t]〈∂t〉 is holonomic if any element
of M is killed by some nonzero operator of C[t]〈∂t〉, i.e., satisfies a nontrivial
differential equation. This equation can have degree 0: we will then say that the
element is torsion. A holonomic module contains by definition no submodule
isomorphic to C[t]〈∂t〉. In an exact sequence of C[t]〈∂t〉-modules

0 −→M
′ −→M −→M

′′ −→ 0

the middle term is holonomic if and only if the extreme ones are so.

1.3 Exercise (Products of operators and exact sequences of mod-
ules).

(1) Prove that, in the Weyl algebra C[t]〈∂t〉, we have

PQ = 0 =⇒ P = 0 or Q = 0

(consider the highest degree terms in ∂t).
(2) Show that, if Q �= 0, right multiplication by Q induces an isomorphism

C[t]〈∂t〉/(P )
·Q−→
∼

(Q)/(PQ),

if (R) denotes the left ideal C[t]〈∂t〉 ·R.
(3) Prove that the sequence of left C[t]〈∂t〉-modules is exact:

0 −→ C[t]〈∂t〉/(P )
·Q−−−→ C[t]〈∂t〉/(PQ) −→ C[t]〈∂t〉/(Q) −→ 0.
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Given δ = (δ1, . . . , δq) ∈ Z
q, let us call δ-degree of an element (P1, . . . , Pq)

of C[t]〈∂t〉q the integer maxk=1,...,q(degPk−δk). Let us call good filtration any
filtration of M obtained as the image, in some presentation like (1.2), of the
filtration of C[t]〈∂t〉q by the δ-degree, for some δ ∈ Z

q.
The graded module of M with respect to some good filtration is a module

of finite type over the ring of polynomials of two variables.

1.4 Proposition.

(1) A module is holonomic if and only if its graded module with respect to
some (or any) good filtration has a nontrivial annihilator.

(2) Any holonomic module can be generated by one element. �

We deduce that a holonomic module has a presentation (1.2) with q = 1.

1.5 Examples.

(1) If P �∈ C is an operator in C[t]〈∂t〉, the quotient module M of C[t]〈∂t〉 by
the left ideal over C[t]〈∂t〉 ·P is a holonomic module: it has finite type, as
it admits the presentation

0 −→ C[t]〈∂t〉 ·P−−−→ C[t]〈∂t〉 −→M −→ 0.

The graded module with respect to the filtration induced by the degree
is equal to the quotient of the ring of polynomials by the ideal generated
by the symbol of P ; its annihilator is nontrivial, hence the module is
holonomic.

(2) If δ0 denotes the Dirac distribution at 0 on C, the submodule of temperate
distributions generated by δ0 is holonomic: it has finite type by definition;
moreover we have tδ0 = 0, whence an isomorphism of C-vector spaces

C[∂t]
∼−→ C[t]〈∂t〉 · δ0;

lastly, it is easy to check that t�∂k
t δ0 = 0 as soon as � > k. This module is

thus a torsion module. It takes the form given in Example (1) by taking
for P the degree 0 operator equal to t.

(3) More generally, any torsion module is a direct sum of modules isomorphic
to modules of the kind C[t]〈∂t〉/(t− to) (the reader should check this).

(4) Any holonomic module M can be included in a short exact sequence

0 −→ K −→ C[t]〈∂t〉/(P ) −→M −→ 0

where K is torsion: in order to do so, we choose a generator e of M (Propo-
sition 1.4-(2)) and we take for P an operator of minimal degree (say d)
which kills e; it is a matter of seeing that the kernel of the surjective
morphism C[t]〈∂t〉/(P ) → M which sends the class of 1 to e is torsion;
if we work in the ring of fractions C[t, a−1

d ], in which we can invert the
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dominant coefficient ad of P , we can use the Euclidean division algorithm1

of any operator by P , and the minimality of the degree of P shows that
C[t, a−1

d ]〈∂t〉/(P )→M[a−1
d ] is bijective; we deduce that K has support in

the finite set of zeroes of ad. �

1.6 Proposition (Localization preserves holonomy). Let M be a holo-
nomic module. There exists a minimal finite set Σ = {p(t) = 0} such that the
localized module2

M(∗Σ) := C[t, 1/p(t)] ⊗
C[t]

M

is a free module over the ring of rational fractions in t with poles contained
in Σ, i.e., M(∗Σ) defines a meromorphic bundle on P

1, with poles at Σ ∪∞,
equipped with a connection. Moreover, for any finite set Σ′, the localized mod-
ule M(∗Σ′) is still holonomic. Conversely, any meromorphic bundle on P

1,
equipped with a connection, is a holonomic module. �

The set Σ is the set of singular points of M. We will call rank of M that
of the associated meromorphic bundle. Thus

rk M = dimC(t) C(t) ⊗
C[t]

M.

Lattices. A lattice of the module M is a C[t] submodule which generates it
over C[t]〈∂t〉, that is, such that

M =
∞∑

k=0

∂k
t E.

1.7 Proposition. A lattice E of a meromorphic bundle M is also a lattice of
the corresponding C[t]〈∂t〉-module.

Proof (Sketch). Let m1, . . . ,mr be generators of E as a C[t]-module. By as-
sumption, there exists a polynomial p(t) such that M =

⋃
k∈−N

p(t)k
E. It

is then enough to show that, for any m ∈ M (for instance, one of the mi),
there exists an integer j � 0 such that, for all k < j, p(t)km belongs to the
C[t]〈∂t〉-module generated by the p(t)im, with i ∈ [j, 0].

This result can be shown by using Bernstein’s relation: there exists a
nonzero polynomial b(s) such that b(s)p(t)sm = Q(t, ∂t, s)p(t)s+1m 3. One
chooses for j an integer less than the real part of any root of b. Then, for k < j,
Bernstein’s relation for s = k shows that p(t)km belongs to C[t]〈∂t〉·p(t)k+1m,
hence, by induction, to C[t]〈∂t〉 · p(t)jm. �
1 Although the noncommutativity of the Weyl algebra! What is important for the

Euclid algorithm is that the degree of the commutator [Q1, Q2] of two operators
is strictly smaller than the sum of the degrees of Q1 and Q2.

2 By “localized”, we mean “localized away from Σ”.
3 This relation has to be understood as an algebraic relation, obtained by formally

differentiating p(t)s+1, and then dividing both sides by p(t)s, where s is a new
variable.
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1.c Duality

If M is a left C[t]〈∂t〉-module, then HomC[t]〈∂t〉(M,C[t]〈∂t〉) is equipped with a
structure of right C[t]〈∂t〉-module (by (ϕ · P )(m) = ϕ(m)P ). More generally,
the spaces Exti

C[t]〈∂t〉(M,C[t]〈∂t〉) are right C[t]〈∂t〉-modules4.

1.8 Proposition (Duality preserves holonomy). If M is holonomic,

(1) the right modules Exti
C[t]〈∂t〉(M,C[t]〈∂t〉) are zero for i �= 1;

(2) the left module DM associated to the right module Ext1C[t]〈∂t〉(M,C[t]〈∂t〉)
is holonomic;

(3) we have D(DM) �M.

Proof. By using the long Ext exact sequence associated to the short ex-
act sequence 1.5-(4), we are reduced to showing the proposition for M =
C[t]〈∂t〉/(P ). This module has the resolution

0 −→ C[t]〈∂t〉 ·P−−−→ C[t]〈∂t〉 −→M −→ 0

and, applying the functor HomC[t]〈∂t〉(•,C[t]〈∂t〉) to this resolution, we get the
exact sequence

0 −→ HomC[t]〈∂t〉(M,C[t]〈∂t〉) −→ C[t]〈∂t〉 P ·−−−→ C[t]〈∂t〉
−→ Ext1C[t]〈∂t〉(M,C[t]〈∂t〉) −→ 0

in which we see that Ext1C[t]〈∂t〉(M,C[t]〈∂t〉) = C[t]〈∂t〉/(P ) (here, (P ) denotes
the right ideal generated by P ) and that all other Ext vanish. We thus have
here

DM = C[t]〈∂t〉/(tP ). �

Let M be a meromorphic bundle with poles at Σ, equipped with a con-
nection. If p(t) is a polynomial whose roots are the σ ∈ Σ, the bundle M is
a free C[t, 1/p]-module of finite rank. It is also a C[t]〈∂t〉-holonomic module
(cf. Proposition 1.6). Its dual DM as a C[t]〈∂t〉-module is holonomic, but is
not necessarily a meromorphic bundle. We will see that the module (DM)(∗Σ)
is a meromorphic bundle with connection, i.e., Σ contains the set singular of
DM.

On the other hand, the dual M
∗ = HomC[t,1/p](M,C[t, 1/p]) of the mero-

morphic bundle M is naturally equipped with a connection (cf. 0.11.b).
We will compare the meromorphic bundles with connection M

∗ and
(DM)(∗Σ).

1.9 Proposition (Localization is compatible with duality). We have
a canonical isomorphism M

∗ � (DM)(∗Σ).
4 The reader can refer to [God64] for the elementary homological algebra used

below.
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Proof. Let us introduce the algebra C[t, 1/p]〈∂t〉 of differential operators with
coefficients in C[t, 1/p]. Then M is also a C[t, 1/p]〈∂t〉-module. By considering
a resolution of M by free C[t]〈∂t〉-modules, we see that

DM(∗Σ) = C[t, 1/p] ⊗
C[t]

DM = Ext1C[t,1/p]〈∂t〉(M,C[t, 1/p]〈∂t〉)l.

We will now construct a free resolution of M as a C[t, 1/p]〈∂t〉-module. In order
to do that, let us forget for a while the connection on the module M and let
us consider it only as a free C[t, 1/p]-module. Then C[t, 1/p]〈∂t〉 ⊗C[t,1/p] M is
a free C[t, 1/p]〈∂t〉-module. It can be identified with C[∂t]⊗C M. Any element
can be written in a unique way as

∑
k�0 ∂

k
t ⊗ mk, and the (left) action of

C[t, 1/p]〈∂t〉 is given by the formulas

∂t

(∑
k�0

∂k
t ⊗mk

)
=

∑
k�0

∂k+1
t ⊗mk(1.10)

f(t)(∂k
t ⊗mk) = ∂k

t ⊗ f(t)mk +
k−1∑
�=0

∂�
t ⊗ g�(t)mk,(1.11)

where we have set [f(t), ∂k
t ] =

∑k−1
�=0 ∂

�
tg�(t) in the Weyl algebra C[t]〈∂t〉.

Let us consider the homomorphism

C[t, 1/p]〈∂t〉 ⊗
C[t,1/p]

M
∂t ⊗ 1− 1⊗ ∂t−−−−−−−−−−−−−→ C[t, 1/p]〈∂t〉 ⊗

C[t,1/p]
M

∑
k�0

∂k
t ⊗mk �−−−−−−−−−−−−−→

∑
k�0

∂k
t ⊗ (mk−1 − (∂tmk)),

(1.12)

where we now use the action of ∂t on M. Let us show that the morphism
(1.12) is C[t, 1/p]〈∂t〉-linear; we will for instance check that

f(t) · (∂t ⊗ 1− 1⊗ ∂t)(1⊗m) = (∂t ⊗ 1− 1⊗ ∂t)(1⊗ f(t)m),

letting the reader check the other properties as an exercise; we have

f(t) · (∂t ⊗ 1− 1⊗ ∂t)(1⊗m) = ∂t ⊗ f(t)m− 1⊗ f ′(t)m− 1⊗ f(t)∂tm

= ∂t ⊗ f(t)m− 1⊗ ∂t(f(t)m).

Let us show the injectivity of (1.12): let
∑

k�0 ∂
k
t ⊗mk be such that mk−1−

(∂tmk) = 0 for any k � 0 (by setting m−1 = 0); as mk = 0 for k  0, we
deduce that mk = 0 for any k.

We then identify the cokernel of (1.12) to M (as a C[t, 1/p]〈∂t〉-module)
by the mapping ∑

k�0

∂k
t ⊗mk �−→

∑
k�0

∂k
t mk.
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Let us now come back to the computation of Ext1 with this resolution.
A left C[t, 1/p]〈∂t〉-linear morphism C[t, 1/p]〈∂t〉⊗M→ C[t, 1/p]〈∂t〉 is deter-
mined by its restriction to 1⊗M, which must be C[t, 1/p]-linear. We deduce
an identification

HomC[t,1/p]〈∂t〉

(
C[∂t]⊗C M,C[t, 1/p]〈∂t〉

)
= M

∗⊗
C

C[∂t],

where the structure of right C[t, 1/p]〈∂t〉-module on the right-hand term is
given formulas analogous to (1.10) and (1.11). Therefore, applying the functor

HomC[t,1/p]〈∂t〉(•,C[t, 1/p]〈∂t〉)l

to the complex (1.12), we get a complex of the same kind, where we have
replaced M with M

∗. Taking up the argument used for (1.12), we deduce an
identification

Ext1C[t,1/p]〈∂t〉(M,C[t, 1/p]〈∂t〉)l �M
∗.

In doing so, we also have proved that Ext1C[t,1/p]〈∂t〉(M,C[t, 1/p]〈∂t〉)l is a
meromorphic bundle. �

1.13 Exercise (An explicit form of the isomorphism of Proposition
1.9). We assume that M has the presentation C[t, 1/p]〈∂t〉/(P ), where P =
∂d

t +
∑d−1

i=0 ai∂
i
t is a differential operator with coefficients ai in C[t, 1/p] and (P )

denotes the left ideal that it generates. We denote by ek the class of ∂k
t in M.

Hence e0 is a C[t, 1/p]〈∂t〉-generator of M and (e0, . . . , ed−1) is a C[t, 1/p]-basis
of M. The matrix of the connection in this basis takes the form⎛

⎜⎜⎜⎝
0 0 . . . 0 −a0

1 0 . . . 0 −a1

...
...

...
...

0 0 . . . 1 −ad−1

⎞
⎟⎟⎟⎠

The dual module M
′ := DM(∗Σ) is therefore isomorphic to C[t, 1/p]〈∂t〉/(tP ).

The isomorphism of Proposition 1.9 amounts to the existence of a nondegener-
ate C[t, 1/p]-bilinear pairing S : M⊗C[t,1/p]M

′ → C[t, 1/p] which is compatible
with the connection (cf. Definition III.1.10).

(1) Prove that the matrix of the connection on M
∗ in the dual basis

(e∗0, . . . , e
∗
d−1) takes the form

⎛
⎜⎜⎜⎜⎜⎝

0 −1 0 . . . 0
0 0 −1 0 0
...

...
. . . . . .

...
0 . . . . . . 0 −1
a0 . . . . . . ad−2 ad−1

⎞
⎟⎟⎟⎟⎟⎠
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(2) Prove that ε0 := e∗d−1 satisfies tPε0 = 0. Conclude that the morphism
M

′ → M
∗ sending the class of 1 to ε0 is an isomorphism of C[t, 1/p]〈∂t〉-

modules.
(3) Equip M

∗ with the basis (ε0, . . . , εd−1) with εk = (−∂t)kε0. Prove that
the natural pairing S : M⊗C[t,1/p]M

∗ → C[t, 1/p] is given by the following
formulas:

S(ei, εj) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 if i+ j < d− 1,
1 if i+ j = d− 1,

−
[
(−∂t)kad−1 + · · ·+ ad−k−1

]
if

{
i+ j = d+ k,

1 � k � d− 1.

1.d Regularity

A differential operator with coefficients in C[t]

P (t, ∂t) = ad(t)∂d
t + · · ·+ a1(t)∂t + a0(t)

is said to have a regular singularity at one of its singularities to (i.e., some
root of ad) if it fulfills Fuchs condition at to (cf. Theorem II.4.3)

(1.14) ∀ i ∈ {1, . . . , d− 1}, i− vto(ai) � d− vto(ad),

where vto denotes the valuation at to (i.e., the vanishing order at to).
Let us set t = 1/t′ and ∂t = −t′2∂t′ and let P∞(t′, ∂t′) = P (t, ∂t) be the

operator with coefficients in C[t, t−1] = C[t′, t′−1] obtained from P by this
change of variables. We will say that P has regular singularity at infinity if
P∞ does so at t′ = 0.

1.15 Exercise (Regular singularity at infinity).

(1) Prove that the operator P has a regular singularity at infinity if and only
if its coefficients satisfy the inequalities deg ai − i � deg ad − d for any
i � d (we define deg ai = −∞ if ai ≡ 0).

(2) Show that the regularity condition at to (for to ∈ C or to = ∞) is stable
by transposition.

1.16 Proposition. Let us fix to ∈ C ∪ {∞}, and let us set

k =

{
C{t− to}[(t− to)−1] if to ∈ C,

C{t′}[t′−1] if to =∞.

Let M be a holonomic module and M = k ⊗C[t] M be the associated (k,∇)-
vector space with connection. The following properties are equivalent:

(1) any element of M is killed by some operator P ∈ C[t]〈∂t〉 with regular
singularity at to,
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(2) the (k,∇)-vector space (M,∇) has a regular singularity (in the sense of
§II.2.a). �

When the conditions of the proposition are fulfilled, we say that M has a
regular singularity at to. Exercise 1.15-(2) shows that this property is stable
by duality.

2 Fourier transform

2.a Fourier transform of a module over the Weyl algebra

The relation [∂t, t] = 1 defining the Weyl algebra can also be written as
[(−t), ∂t] = 1, so that we have an isomorphism of algebras

C[t]〈∂t〉 −→ C[τ ′]〈∂τ ′〉
t �−→ −∂τ ′

∂t �−→ τ ′

denoted by P �→ P̂ .
Any module M over C[t]〈∂t〉 becomes ipso facto a module over C[τ ′]〈∂τ ′〉;

we denote it then5 by M̂: this is the Fourier transform of M. It is immediate
that M is holonomic if and only if its Fourier transform is so. Similarly, if M

is holonomic, the module

M[∂−1
t ] := C[∂t, ∂

−1
t ]⊗C[∂t] M

is still holonomic: we have indeed ̂
M[∂−1

t ] = M̂[τ ′−1], a module which is holo-
nomic after Proposition 1.6. Moreover, the kernel and the cokernel of the
natural morphism M → M[∂−1

t ] are isomorphic to modules of the kind C[t]p

(with the usual action of ∂t): as a matter of fact, the kernel and the cokernel of
the localization morphism M̂→ M̂[τ ′−1] are holonomic modules with support
in τ ′ = 0, hence take the form (C[τ ′]〈∂τ ′〉/(τ ′))p; we deduce the assertion by
the inverse Fourier transform. In particular, the singular points of M are also
that of M[∂−1

t ].

2.1 Example. The Fourier transform of M = C[t]〈∂t〉/(P ) is C[τ ′]〈∂τ ′〉/(P̂ ).
If P = t − to (we then identify M with C[∂t] · δto), we have P̂ = −(∂τ ′ + to)
and M̂ is identified to the space of entire functions C[τ ′] · e−toτ ′

.

2.2 Proposition (Relations between M and M̂, cf. [Mal91, Chap.V,
§1]). Let us assume that the C[t]〈∂t〉-holonomic module M has a regular sin-
gularity at infinity. Then,
5 This notation is traditional and one should not confuse it with the—also

traditional—notation that we have used for formalization.
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(1) its Fourier transform M̂ has a singularity only at τ ′ = 0 and τ ′ =∞. The
former is regular and the latter has Poincaré rank (cf. §0.14) less than or
equal to 1;

(2) the kernel and the cokernel of the left action of ∂t : M → M have finite
dimension and we have

dim Coker ∂t − dim Ker ∂t = rk M̂− rk M.

In particular, if moreover M = M[∂−1
t ], we have rk M̂ = rk M.

Proof.

(1) We reduce, according to Proposition 1.16, to the case where M =
C[t]〈∂t〉/(P ), where P has a regular singularity at infinity. It will be con-
venient to write P =

∑
i ∂

i
tai(t) with ai ∈ C[t] and ad �≡ 0. The regular

singularity condition says that deg ai � deg ad − (d − i) (Exercise 1.15).
Let us set ai(t) =

∑
j ai,jt

j and d̂ = deg ad. We thus have

P = ad,d̂ ∂
d
t t

d̂ +
∑
j<d̂
i�d

ai,j∂
i
tt

j

with ai,j �= 0 only if j−i � d̂−d. The degree of P̂ in ∂τ ′ = −t is equal to d̂
and the coefficient of ∂d̂

τ ′ is (−1)d̂ad,d̂ τ
′d, which shows the nonexistence

of a singularity away from {0,∞}. Moreover, the Fuchs condition (1.14)
at τ ′ = 0 is clearly satisfied. Lastly, in the coordinate τ = 1/τ ′, one can
write

(∗) τdP̂ = ad,d̂

(
τ2∂τ

)d̂ +
∑
j<d̂
i�d

ai,jτ
d−i(τ2∂τ )j .

This shows that M̂[τ ′−1] = C[τ, τ−1]〈∂τ 〉/(P̂ ) is a free C[τ, τ−1]-module
having as a basis the classes of (τ2∂τ )j (0 � j < d̂). In this basis, the
matrix of τ2∂τ has polynomial coefficients in τ , which shows that the
Poincaré rank is � 1.

(2) Let us first notice that, if M
′ is a submodule of M and M

′′ is the quotient
module M/M′, then M

′ and M
′′ also have a regular singularity at infinity.

Moreover, if the assertion is true for M
′ and M

′′, it is also true for M (use
the snake lemma). It is thus enough to show it for modules of the kind
C[t]〈∂t〉/(P ). After the computation above, we have in this case rk M = d

and rk M̂ = d̂. We can write

τ ′d̂−dP̂ = b(τ ′∂τ ′) + τ ′Q(τ ′, τ ′∂τ ′) if d̂ � d,

P̂ = τ ′d−d̂ · [b(τ ′∂τ ′) + τ ′Q(τ ′, τ ′∂τ ′)] if d � d̂,
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where b is a non identically zero polynomial of degree min(d, d̂) and Q

is an operator of degree � d with respect to τ ′ and of degree < d̂ with
respect to ∂τ ′ . When P̂ = τ ′k or P̂ = ∂k

τ ′ (k ∈ N), the assertion of the
proposition is easy to check directly. After Exercise 1.3, it is enough to
show this assertion when P̂ = b(τ ′∂τ ′) + τ ′Q(τ ′, τ ′∂τ ′), where degτ ′ P̂ =
deg∂τ′ P̂ = deg b. It is matter here of proving that the C-vector spaces
Ker τ ′ and Coker τ ′ have the same finite dimension.
In order to avoid any computation, we will use a notion similar to that of
a “Deligne lattice”. To this end, let us set, for k ∈ Z,

VkC[τ ′]〈∂τ ′〉 =

⎧⎨
⎩
τ ′|k|C[τ ′]〈τ ′∂τ ′〉 if k � 0,∑k

j=0 ∂
j
τ ′C[τ ′]〈τ ′∂τ ′〉 if k � 0.

We have τ ′Vk ⊂ Vk−1 with equality if k � 0, and ∂τ ′Vk ⊂ Vk+1. Moreover,
V0/V−1 = C[τ ′∂τ ′ ]. Let us also set

UkM̂ = VkC[τ ′]〈∂τ ′〉
/

(P̂ ) ∩ VkC[τ ′]〈∂τ ′〉.

According to the form of P̂ ,

UkM̂/Uk−1M̂ � C〈τ ′∂τ ′〉/(b(τ ′∂τ ′ + k))

for any k ∈ Z. In particular, all the spaces Uk/Uk−1 have the same finite
dimension. Lastly, the mapping

(2.3) Uk/Uk−1
τ ′−−−→ Uk−1/Uk−2

is bijective as soon as 0 is not a root of the polynomial b(s + k + 1), as
the composition (on the right and on the left) with ∂τ ′ : Uk−1/Uk−2 →
Uk/Uk−1 is then bijective. There exists thus k0 � 0 such that (2.3) is an
isomorphism for any k � k0 and k � −k0.
One can show (cf. for instance [Sab93, §4.2.4]) that τ ′ : M̂/Uk0 →
M̂/Uk0−1 and τ ′ : U−k0 → U−k0−1 are bijective (the only delicate point is
the injectivity of the latter mapping).
We deduce that the kernel (resp. the cokernel) of τ ′ : M̂→ M̂ is also that
of τ ′ : Uk0/U−k0 → Uk0−1/U−k0−1. As the source and the target of the
latter linear mapping are spaces having the same finite dimension, so are
the kernel and the cokernel. �

2.4 Remark. The Fourier transform depends on the choice of an origin on the
affine line with coordinate t. Translating the coordinate amounts to tensoring
the Fourier transform with an exponential factor, as in Example 2.1.
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2.b Fourier transform and duality

The coordinate t being fixed, let us consider the involution

C[t]〈∂t〉 −→ C[t]〈∂t〉
P (t, ∂t) �−→ P (t, ∂t) := P (−t,−∂t).

The Fourier transform and the transposition are related by the formula

t(P̂ ) = t̂P

By reading §1.c “with a hat”, we get an isomorphism

(2.5) D(M̂) � D̂M.

2.6 Corollary. Let M be a holonomic module with a regular singularity at
infinity. We suppose that there exists a morphism DM → M, the kernel and
the cokernel of which are isomorphic to some power of the module C[t] equipped
with its usual derivation. The meromorphic bundle M̂[τ ′−1] is then equipped
with a nondegenerate sesquilinear form.

Proof. Let us apply Fourier transform: we get a morphism

DM̂ −→ M̂,

the kernel and the cokernel of which are supported on τ ′ = 0. After localizing,
the morphism becomes an isomorphism

D(M̂)[τ ′−1] ∼−→ M̂[τ ′−1].

According to Proposition 1.9, we get an isomorphism

(M̂[τ ′−1])∗ ∼−→ M̂[τ ′−1]. �

2.c Fourier transform of a lattice

The Fourier transform does not induce a correspondence between lattices of M

and lattices of M̂ for the very reason that τ ′ = ∂t does not act on a lattice
of M. We will see however that, under some conditions, it transforms a lattice
of M to a lattice of M̂[τ ′−1] in the variable τ = τ ′−1. In other words, at the
level lattices, the natural kernel to consider is not e−tτ ′

, but e−t/τ .
Let M be a C[t]〈∂t〉-holonomic module and let M̂ be its Fourier transform

(cf. §2.a), which is a C[τ ′]〈∂τ ′〉-holonomic module. We will assume in the fol-
lowing that M has a regular singularity at infinity. We then know that M̂ has
a singularity at τ ′ = 0 (regular singularity) and at τ ′ =∞ (possibly irregular
singularity) only. The localized module M̂[τ ′−1] is still holonomic and it is a
free C[τ ′, τ ′−1]-module of finite rank. We can consider it as a meromorphic
bundle on the Riemann sphere P̂

1, covered by the charts with respective co-
ordinates τ ′ and τ , related by τ = τ ′−1 on their intersection. It is therefore
also a free C[τ, τ−1]-module.
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2.7 Theorem. With these conditions, let E be a C[t] submodule of finite type
of M. Let Ẽ be the image of E by the natural localization morphism M →
M[∂−1

t ]. Let Ê be the C[τ ]-module generated by Ẽ in ̂
M[∂−1

t ] = M̂[τ ′−1], in
other words,

Ê =
∑
k�0

∂−k
t Ẽ = C[τ ] · Ẽ.

Then

(1) Ê is a free C[τ ]-module of finite type;
(2) if E generates M over C[t]〈∂t〉, Ê is a lattice of the C[τ, τ−1]-module

M̂[τ ′−1];
(3) the meromorphic connection ∇̂ on Ê has a pole of order at most 1 at

τ = 0.

Proof.

(1) If we know that Ê has finite type, we deduces that it is free, as it has no
C[τ ]-torsion (see for instance [Lan65, Chap.XV, §2]), being contained in
M̂[τ ′−1]. The finiteness is the essential point. Let us begin by showing it in
a simple case: we suppose that M = C[t]〈∂t〉/(P ), where P is an operator,
that we write as in the proof of Proposition 2.2

P =
d∑

i=1

∂i
tai(t),

with ai ∈ C[t] and ad �≡ 0. Let us first consider the lattice E generated by
the class e of 1, which satisfies

∂−d
t P · e = 0,

an equality which shows (cf. (∗) in the proof of Proposition 2.2) that
e, . . . , td̂−1e is a system of generators of the C[τ ]-module Ê, whence finite-
ness in this case.
Let us notice now that, for any k � 1, we have

(2.8) C[τ ] ·
(
Ẽ + · · ·+ ∂k

t Ẽ

)
= Ê + · · ·+ τ ′kÊ = τ ′kÊ,

as τ ′�Ê ⊂ τ ′kÊ for � � k. Therefore, finiteness is satisfied for lattices
Ek = E + · · ·+ ∂k

t E.
Lastly, any lattice of M is contained in some lattice Ek, for a sufficiently
large integer k. We deduce that its Fourier transform also has finite type
over C[τ ] (as C[τ ] is Noetherian).
After Proposition 1.4, any holonomic module M is the quotient of a module
of the kind M

′ = C[t]〈∂t〉/(P ) by a torsion module. It follows in particular
that P has a regular singularity at infinity if M does so. Any lattice E of M

is contained in the image of a lattice E
′
k of M

′. Therefore, Ê is the quotient
of Ê′

k, hence also has finite type.
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(2) We apply (2.8), true for any lattice E.
(3) It is a matter of proving that Ê is stable under the action of τ2∂τ alias t.

This follows from the fact that E is stable by t. �

We will have to use Theorem 2.7 in the following form:

2.9 Corollary. Let E be a free C[t]-module of rank d, equipped with a mero-
morphic connection ∇ having poles in some finite set Σ. Let us suppose that

(1) the connection ∇ has a regular singularity at infinity;
(2) any element of E admits a unique primitive, i.e., ∂−1

t acts in a natural
way on E .

Then, if we denote by Ê the C-vector space E equipped with its structure of
C[∂−1

t ]-module and if we set τ = ∂−1
t ,

(1) the C[τ ]-module Ê is free of rank d̂ = d,
(2) the operator ∇̂∂τ

:= (∇∂t
)2t is a meromorphic connection on Ê having a

pole at τ = 0 only, this one being of type 1, and having a regular singularity
at infinity.

Proof. We consider the C[t]〈∂t〉-module M
′ = E(∗Σ). As E is free over C[t],

the natural morphism E → M
′ is injective, and E is a lattice of the mero-

morphic bundle M
′. On the other hand, we know (cf. Proposition 1.6) that

the connection ∇ on E makes M
′ a C[t]〈∂t〉-holonomic module, with a regular

singularity at infinity and, by Proposition 1.7, E is a lattice as such. Let us set
M = M

′[∂−1
t ]. This is also a C[t]〈∂t〉-holonomic module, with a regular singu-

larity at infinity. Then the second hypothesis of the corollary implies that the
natural mapping E→M induced by the localization mapping is injective and
thus E = Ẽ = Ê. We now deduce Properties (1) and (2) of the corollary from
Theorem 2.7.

The equality d̂ = d is a consequence of Proposition 2.2. �

We will now consider a converse statement of this corollary. In other words,
let Ê be a free C[τ ]-module of rank d̂, equipped with a meromorphic connec-
tion ∇̂. Let us assume that the connection ∇̂ has a pole at τ = 0, this being
of type 1, a regular singularity at infinity, and no other pole. Let us define the
action of t on Ê as that of τ2∇∂τ

. Therefore, Ê becomes a C[t]-module, that
we then denote by E.

Let us set M̂ = Ê[τ−1] and τ ′ = τ−1. Then M̂ is a C[τ ′]〈∂τ ′〉-holonomic
module, having a regular singularity at τ ′ = 0 and possibly an irregular one at
τ ′ =∞. As Ê is free over C[τ ], the natural morphism Ê→ M̂ is injective. Let
us denote by M the inverse Fourier transform of M̂. We have then M = M[∂−1

t ],
and E is a C[t]-submodule, stable by ∂−1

t , which generates M̂ over C[t]〈∂t〉.
It is not clear, in general, whether it has finite type over C[t]. We will give a
criterion in order that such is indeed the case.
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2.10 Proposition. Let us assume that Ê has a basis ε in which the matrix

of ∇̂ takes the form
(B0

τ
+ B∞

)dτ
τ

, where B∞ + k Id is invertible for any

k ∈ N (in particular (Ê, ∇̂) has type 1 at τ = 0, the only singularities are
τ = 0 and τ =∞ and the connection can be extended with a logarithmic pole
having residue −B∞ on the trivial bundle of rank d̂ on P̂

1). Then

(1) the inverse Fourier transform E is a free C[t]-module of rank d = d̂, the
action of τ−1 defines a meromorphic connection ∇ on this bundle, all the
singularities of which (even at t =∞) are regular;

(2) The poles of the connection are located at the eigenvalues of B0 and the
connection can be extended with a logarithmic pole at t =∞ on the trivial
bundle on P

1;
(3) the bundle with meromorphic connection (E,∇) is logarithmic if and only

if B0 is semisimple with distinct eigenvalues.

The inverse Fourier transform gives thus a one-to-one correspondence be-
tween (trivial) bundles of rank d̂ on the affine space, equipped with a connec-

tion, the matrix of which can take the form
(B0

τ
+ B∞

)dτ
τ

with B∞ + k Id
invertible for any k ∈ N, and that for which the matrix can take the form
(B∞ − Id) (t Id−B0)

−1
dt. Let us notice however that we do not obtain in

this way all the trivial bundles on P
1 with logarithmic connection. On the

other hand, if needed, we can add m
dτ

τ
to the connection, for a suitable m,

in order that B∞ + k Id is invertible for any k ∈ N.
Therefore, a solution to Birkhoff’s Problem IV.5.1 for r = 1 gives a solution

to a partial Riemann problem analogous to Problem IV.1.3 and, when the
eigenvalues of B0 are simple, to the Riemann-Hilbert Problem IV.1.3.

Proof. It will be convenient to write the basis ε in a column. By definition,

t · ε =
(
tB0 + τ · tB∞

)
· ε,

whence, for any k � 1, using the assumption on B0,

τk · ε =
k−1∏
�=0

[
(tB∞ + � Id)−1(t Id−tB0)

]
· ε.

This shows that E is generated by ε over C[t]. We will now show that M ⊂
C(t)⊗C[t] E. For that purpose, it is now enough to check that, for any k � 1,
τ−kε ⊂ C(t)⊗C[t] E. We can write the relation defining t as

τ−1t · ε =
(
τ−1tB0 + tB∞

)
· ε

(if the basis ε is written as a column); from the commutation relation τ−1t =
tτ−1 + 1, we deduce

(t Id−tB0)τ−1 · ε = (tB∞ − Id) · ε,
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and thus

(∗) τ−1 · ε = (t Id−tB0)−1(tB∞ − Id) · ε.

Iterating the process gives the assertion, and therefore

C(t)⊗C[t] M = C(t)⊗C[t] E.

As the rank of M is equal to d̂ (Proposition 2.2), the rank of E (i.e., the
dimension of C(t) ⊗C[t] E over C(t)) is equal to d̂. It follows that Ê is free of
rank d̂: as a matter of fact, the generating set ε gives a surjective morphism
C[t]d̂ → E, which induces an isomorphism after tensoring with C(t), as the
C(t)-vector spaces have the same rank; its kernel is then torsion; the latter
must be zero, as C[t]d̂ has no torsion submodule. This proves the first point.

The matrix of ∇ in the basis ε is (B∞ − Id)(t Id−B0)−1 dt: indeed, this
is exactly what gives the relation (∗). The poles of this matrix are located at
the eigenvalues of B0. If these ones are simple, the poles are simple.

Lastly, if we extend E as a trivial bundle on P
1, the connection matrix

of ∇ in the coordinate t′ = 1/t is equal to −(B∞ − Id)(Id−t′B0)−1dt′/t′. It
has thus a simple pole at t′ = 0. �

3 Fourier transform and microlocalization

In this section, we assume that M is a C[t]〈∂t〉-holonomic module with regular
singularities including at infinity, and that F is a lattice of it6. Let G be the
localized Fourier transform of M and let F̂ be that of F, as in Theorem 2.7.
The connection ∇ on G has a pole of order at most 1 at τ = 0. We will analyze
the formal structure of (G, F̂) at τ = 0. First, it is easy (by considering the
example of C[t]〈∂t〉/(P )) to check that the eigenvalues of the most polar part
of the connection matrix are exactly the singular points of M. We will give
a more precise statement by considering the formal decomposition of G—
a decomposition that can be obtained with the method of Turrittin (Exercise
II.5.9)—to the germs of M at each of its singularities. This is nothing but an
algebraic version of the classic stationary phase method.

3.a Formal microlocalization

Let D be the sheaf of holomorphic differential operators on C (coordinate t): a
section of D on an open set U of C is a polynomial

∑
i�0 ai(t)∂i

t , where the ai

are holomorphic on U . It is a sheaf of noncommutative rings, the commutation
relation (1.1) determining the product.

Let us also introduce the sheaf of formal microdifferential operators E :
by definition, this is the sheaf on C (coordinate t), the sections of which on
6 The need of a change of notation will soon be clear.
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an open set U ⊂ C are the formal Laurent series
∑

i�i0
ai(t)τ i, where the

coefficients ai are holomorphic on U . This is a sheaf of noncommutative rings.
If we write the factors τ i on the right, the product is determined by the
relation7

(3.1) τ · f(t) =
∞∑

k=0

(−1)kf (k)(t)τk+1.

We deduce in particular that [τ, f(t)] = −τ · f ′(t) · τ , that is,

(3.2) [τ−1, f(t)] = f ′(t).

The sheaf E is a sheaf of left and right D-modules: the right action of ∂t

is right multiplication by τ−1 and the left action of f(t) is the multiplication
in E ; the left action of ∂t is left multiplication by τ−1, that one computes
using Relation (3.2); lastly, the right action of f(t) is right multiplication by
f(t) in E , that one computes using (3.1).

Any element of E (U) can also be written in a unique way as
∑

i�i0
τ iai(t)

with ai ∈ O(U).
The subsheaf of rings consisting of operators without pole at τ = 0 is

denoted by E (0). This is a sheaf of left and right O-modules, if O denotes the
sheaf of holomorphic functions on C.

Let M be as above and let M = O⊗C[t]M be the associated left D-module.
The microlocalized module of M is the left E -module

M μ := E ⊗D M .

3.3 Lemma. The microlocalized module M μ has support in the set of singular
points of M .

Proof. It is enough to check that the microlocalized module of O is zero, as,
in the neighbourhood of any nonsingular point, M is isomorphic to Od. We
have O = D/D · ∂t, and therefore Oμ = E /E · τ−1 = 0. �

Let Fμ = image [E (0)⊗O F →M μ] be the microlocalized module of
the lattice F = O ⊗C[t] F of M . This is a lattice of M μ (a coherent E (0)-
module which generates M μ as a left E -module). We will denote by k̂ the
field C[[τ ]][τ−1] and by ∇̂ the connection induced by ∂/∂τ on k̂ (here, the
“hat” has a double meaning: it indicates that we work with the coordinate τ
of the “Fourier” line, and with formal series in τ). For any c ∈ C, the ring Ec

is a left module over k̂〈∂τ 〉 if τ2∂τ acts by left multiplication by t. Similarly,
M μ

c is a (k̂, ∇̂)-vector space with connection. We will denote (according to
the notation of §II.5.b) by Ec/τ ⊗M μ the k̂-vector space M μ equipped with
the connection for which τ2∂τ acts as left multiplication by t − c (we thus
have “translated c to the origin”).
7 This relation is best understood if one regards τ as the “primitivation” operator

∂−1
t .
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3.4 Proposition. At any singular point c of M , the germ Ec/τ ⊗M μ
c is a

(k̂, ∇̂)-vector space with a regular singularity and Ec/τ ⊗Fμ
c is a lattice of it,

stable by τ2∇∂τ
.

Before beginning the proof, let us establish a result which will also be
useful later on:

3.5 Lemma. For any c ∈ C,

(1) Ec (resp. Ec(0)) is flat as a left and right module over Dc (resp. over Oc);
(2) Ec is flat as a left and right module over k̂〈∂τ 〉.

The first assertion of this statement, for instance, means that, for any short
exact sequence

0 −→M ′ −→M −→M ′′ −→ 0

of Dc-modules of finite type, the corresponding sequence

0 −→ Ec ⊗
Dc

M ′ −→ Ec ⊗
Dc

M −→ Ec ⊗
Dc

M ′′ −→ 0

is also exact.

Proof. Let us notice first that, for any open set U , the O(U)-module E (0)(U)
is flat, as it is flat over O(U)[τ ] and as the latter ring is flat (being free) over
O(U).

Let us show that Ec(0) is flat over Oc: it is a matter of checking (cf. [AM69])
that, if f1, . . . , fp ∈ Oc satisfy a relation

∑p
i=1 Pifi = 0 with Pi ∈ Ec(0), then

the vector (P1, . . . , Pp) is a combination with coefficients in Ec(0) of vectors of
relations in Oc between f1, . . . , fp; but the fi and the Pi are defined on some
open neighbourhood U of c, on which the desired assertion is true, as E (0)(U)
is flat over O(U); by taking the germs at c, we get the desired assertion for
Ec(0).

Once this result is proved, the flatness of Ec over Dc is a consequence
of general (and easy) results concerning flatness over filtered rings (see for
instance [Sch85, Prop. II.1.2.4]): we consider the τ -adic filtration on Ec; this
is a Zariskian filtration, that is, if P−1 ∈ τE (0), then 1− P−1 is invertible in
Ec(0) (checking this is easy here, as we do not ask any convergence condition
for the series in powers of τ); similarly, we equip Dc with the filtration by the
degree in ∂t; let us work as above on some open set U , so that the graded
rings are respectively the commutative rings O(U)[[τ ]][τ−1] and O(U)[τ−1];
the former is flat over the latter (cf. for instance [AM69]); we can apply the
statement of [Sch85] and then come back to germs at c.

The ring k̂〈∂τ 〉 can be identified with the subring of Ec consisting of series∑
i�i0

ai(t)τ i, where the ai are polynomials of bounded degree. In order to
show flatness, we apply the same technique as above: we equip the ring Ec with
the (t− c)-adic filtration; one similarly checks that it is a Zariskian filtration,
whose associated graded ring can be identified with k̂〈∂τ 〉; we conclude by
using once more [Sch85]. �
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Proof (of Proposition 3.4). This is the microlocal analogue of Theorem 2.7.
The question is local at the singular point c, that we assume to be 0 in order
to simplify notation. Let us begin with the regularity of M μ

0 . The kernel
and the cokernel of the localization homomorphism M = M0 → M[t−1] are
D0-holonomic modules having support at the origin and M0[t−1] is a (k,∇)-
connection with regular singularity. By an extension argument and according
to the flatness lemma above, it is enough to consider the case where the
germ M has support at the origin or the case where M is a (k,∇)-connection
with regular singularity.

In the first case, it is also enough to consider M = D0/D0 · t (cf. Example
1.5-(3)) and the lattice F generated by the class of 1. Then Mμ = E0/E0 · t =
C[[τ ]][τ−1] = k̂ and Fμ = E0(0)/E0(0) · t = C[[τ ]], the connection being the
connection ∇̂ on k̂.

In the second case, one can assume, according to Theorem II.2.25 and by
the same extension argument as above, that M has rank one, hence is isomor-
phic to D0/D0 · (∂tt− α) with Reα ∈ [0, 1[. We have M μ = E0/E0 · (t− ατ)
and we conclude as in the first case.

For what concerns Fμ
0 , the only point to check is the finiteness as a C[[τ ]]-

module, because the stability under the action of τ2∇∂τ
is true by definition of

the connection. Moreover, if the finiteness is true for some lattice F0, it is also
true for any other lattice of M0. We can then use once more the extension
argument and reduce to checking the assertion for the lattice generated by
the class of 1 in each of the previous examples, which is easy and left to the
reader. �

3.b Formal decomposition of the Fourier transform

3.6 Proposition. The composed C[[τ ]]-linear mapping

G
̂ := k̂ ⊗C[τ−1] M̂ −→ Γ

(
C, k̂ ⊗C[∂t] M

)
−→ Γ (C,M μ)

is an isomorphism compatible with the action of t, which identifies the for-
malized module F̂

̂ of the lattice F̂ of G to Γ (C,Fμ).

We thus get the formal decomposition8 of the meromorphic bundle with
connection (G,∇) at 0: as a matter of fact, as M μ has support at the singular
points c of M , we can write Γ (C,M μ) =

⊕
c M μ

c . On any summand, the left
multiplication by t is identified with the action of τ2∇∂τ

; moreover, Ec/τ⊗M μ
c

is a (k̂, ∇̂)-connection with regular singularity (Proposition 3.4).

8 A more precise statement relating the Stokes structure of G at τ = 0 with proper-
ties of M also exists. One can write both Stokes matrices introduced in Example
II.6.11 in terms of the variation operators acting on the solutions of M . We will
not use this result and refer the interested reader to [Mal91, Chap.XII] and to
the references given therein.
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Proof (of Proposition 3.6). Let us first notice that

G
̂ := k̂ ⊗

C[τ−1]
M̂ = k̂ ⊗

C[τ,τ−1]

(
C[τ, τ−1] ⊗

C[τ−1]
M̂

)

= k̂ ⊗
C[τ,τ−1]

G = C[[τ ]] ⊗
C[τ ]

G,

so that G
̂ is indeed the formalized module of G at τ = 0.

Assertion. The k̂-vector spaces G
̂ and

⊕
c M μ

c have the same dimension.

Let us take this statement for granted and end the proof. First, it is clear
that the mapping is compatible with the action of t and that it sends F̂ in⊕

c Fμ
c .

Let us now show that the mapping F̂ → Fμ
c , composition with the pro-

jection to the summand of index c, is surjective. After Nakayama’s lemma,
it is enough to show that the composed mapping F̂ → Fμ

c /τF
μ
c is so. As

Fc = Oc ⊗C[t] F, there exists m1, . . . ,mp ∈ F such that any germ m ∈ Fc has
a decomposition m =

∑
i ϕimi with ϕi ∈ Oc. On the other hand, there exists

an operator P ∈ C[t]〈∂t〉 annihilating all the mi; in other words, there exists
d ∈ N and ad(t) ∈ C[t] such that

∂d
t ad(t) ·mi ∈

d∑
k=1

∂d−k
t F (i = 1, . . . , p).

If n denotes the order of vanishing of ad at c, we deduce that the element
(t− c)n(1⊗mi) belongs to τFμ

c for any i. Taking the Taylor expansion of
the ϕi up to order n, we can write m = m′ + (t − c)n

∑
i ψimi with m′ ∈ F

and ψi ∈ Oc. We deduce that 1⊗m ≡ 1⊗m′ mod τFμ
c in Fμ

c , whence the
desired surjectivity.

We also deduce that G
̂ → M μ

c is surjective for any c. Therefore, so is
Ec/τ ⊗ G

̂ → Ec/τ ⊗M μ
c , which shows (according to Exercise II.5.9) that,

for any c, Ec/τ ⊗G
̂ can be decomposed as the direct sum of a (k̂, ∇̂)-vector

space with a purely irregular singularity and of a (k̂, ∇̂)-vector space with
regular singularity, the latter being mapped onto Ec/τ ⊗M μ

c : indeed, any
homomorphism from a (k̂, ∇̂)-vector space with purely irregular singularity
to a (k̂, ∇̂)-vector space with regular singularity is zero (cf. Exercise II.5.5).
Coming back to G

̂, we thus see that the map in the proposition can be
decomposed as the direct sum of its projections on each of the summands
M μ

c . It is thus surjective and, after the assertion, it is bijective. We also
deduce that it induces an isomorphism F̂

̂ →⊕
c Fμ

c . �
Proof (of the assertion). According to an argument that has yet been used,
it is enough to show it for modules M of the kind C[t]〈∂t〉/(P ), where P =
ad(t)∂d

t + · · · has regular singularities even at infinity. In this case, we have
seen that the rank of G is equal to the degree of ad, while that of M μ

c is
equal to the valuation of ad at c, that is, the multiplicity of c as a root of ad.
Therefore, the assertion is clear. �
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3.c A microdifferential criterion for the symmetry of the
characteristic polynomial

The lattice F̂ of G admits a characteristic polynomial at infinity, constructed
in §III.2.b and denoted by χ∞

F̂
(s). This is a polynomial of degree d̂ = rk F̂.

We will give a condition on the microlocalized module Fμ in order to get a
symmetry relation

χ∞
F̂

(s) = (−1)d̂χ∞
F̂

(w − s)
for some suitable w ∈ Z.

Let us first notice that, after Corollary III.2.8, it is enough that G comes
equipped with a nondegenerate sesquilinear form of weight w with respect
to F̂.

In order to obtain a sesquilinear form on G, it is enough to be given a
homomorphism DM→ M the kernel and the cokernel of which are free C[t]-
modules of finite rank: as a matter of fact, such a homomorphism induces,
by Fourier transform and according to (2.5), a homomorphism DM̂→ M̂ the
kernel and the cokernel of which have support at τ ′ = 0, so that, by localizing
with respect to τ , we get an isomorphism (DM̂)[τ ′−1] ∼−→ G; lastly, according
to Proposition 1.9, we can identify the left-hand term to G

∗.

Controlling the weight with respect to F̂ can be done in a microdifferential
way. Let us first note that, according to the flatness of E over D , we have

ExtiE (M μ,E ) = E ⊗
D

ExtD(M ,D)

(analytic and sheaf-theoretic versions of duality in §1.c), in other words,
D(M μ) = (DM )μ. In a way analogous to Proposition 1.9, we have:

3.7 Proposition. For any c ∈ C, we have an isomorphism

D(M μ
c ) � Homk̂(M μ

c , k̂) := (M μ
c )∗.

Proof (Sketch). We proceed in a way analogous to that of Proposition 1.9.
We first show that the sequence

0 −→ k̂〈∂τ 〉⊗
k̂

M μ
c

t⊗ 1− 1⊗ t−−−−−−−−−−−→ k̂〈∂τ 〉⊗
k̂

M μ
c −→M μ

c

is exact, and we deduce, by flatness 3.5-(2), that the sequence

0 −→ Ec⊗
k̂

M μ
c

t⊗ 1− 1⊗ t−−−−−−−−−−−→ Ec⊗
k̂

M μ
c −→M μ

c

is so, then we end as in the proof of Proposition 1.9. �
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3.8 Proposition. Let DM → M be a homomorphism of C[t]〈∂t〉-modules,
whose kernel and cokernel are C[t]-free of finite rank. If there exists w ∈ Z

such that, for any singular point c of M , the induced microlocal isomorphism
D(M μ

c ) � (M μ
c )∗ → M μ

c sends (Fμ
c )∗ in τ−wFμ

c , then the induced homo-
morphism G

∗ → G defines a nondegenerate sesquilinear form on G of weight w
with respect to F̂.

Proof. We have yet indicated that the sesquilinear form is nondegenerate.

According to Proposition 3.6, the formalized module at τ = 0 of F̂

∗
is sent

bijectively to the formalized module at 0 of τ−w
F̂. This shows that the kernel

and the cokernel of F̂

∗
→ τ−w

F̂ have support in τ �= 0. But as, on the other
hand, the morphism that we deduce after localization with respect to τ is an
isomorphism (it is nothing but G

∗ → G), this kernel and this cokernel are
zero. �



VI

Integrable deformations of bundles with
connection on the Riemann sphere

Introduction

When considering deformations of one-variable meromorphic differential sys-
tems, one is lead to ask questions that we treat in this chapter:

(1) Given a meromorphic differential system analytically depending on pa-
rameters, let us assume that we have solved, for some particular value of
the parameter, the Riemann-Hilbert Problem IV.1.1 or one of its variants.
Can we find a solution to this problem for nearby values of the parameter,
a solution which would depend analytically on the parameter?
We can moreover ask whether, the initial solution being fixed, the family
of solutions thus found is unique, as in the Cauchy Theorem for instance.
In order to get existence and uniqueness results, it is essential to im-
pose the integrability condition: it must be possible to complete the given
differential system to an integrable system of linear partial differential
equations.

(2) When the Riemann-Hilbert problem or Birkhoff’s problem is solved in
a family, the integrability condition takes the form of a nonlinear matrix
differential system which is often remarkable. The resolution of this system
is thus equivalent to that of the Riemann-Hilbert problem or of Birkhoff’s
problem, whence a “geometric” method of resolution of such a system.

(3) Lastly, some integrable deformations of a one-variable meromorphic dif-
ferential system are universal. The properties of the system are hidden in
the parameter space of the deformation, which underlies then a rich struc-
ture. We will exploit this structure in the study of Frobenius manifolds
done in Chapter VII.

We will illustrate these questions for the Riemann-Hilbert problem, as well
as for Birkhoff’s problem for a meromorphic differential system with pole of
order one.

It is impossible not to mention here the Painlevé equations, which are
one of the main sources of examples of isomonodromic deformations, since
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R.Fuchs’ discovery relating the sixth Painlevé equation to a universal isomon-
odromic deformation of a system of rank two with four regular singular points
on the Riemann sphere (cf. §1.b). The reader can refer to the books [IKSY91],
[IN86] and [Con99] for more details, as well as to the article [JMU81].

The contents of this chapter are inspired by the articles [JMU81, JM81,
Mal83c, Mal83a, Mal86].

We take up the notation of §I.5. In particular, if X is a manifold and xo is
a base point of X, we denote by Ao the restriction to P

1×{xo} of the object A
defined on P

1 ×X.

1 The Riemann-Hilbert problem in a family

1.a Integrable deformations of solutions to the Riemann-Hilbert
problem

We take up in this section the situation described in Remark III.1.22. In other
words, let X be a connected complex analytic manifold of dimension n and,
for any i ∈ {0, . . . , p}, let ψi : X → P

1 be a holomorphic mapping. We assume
that, for any x ∈ X, the values ψi(x) (i = 0, . . . , p) are pairwise distinct.
Therefore, the graphs Σi ⊂ P

1 ×X of the mappings ψi do not intersect each
other.

There exists a family of automorphisms of P
1 parametrized by X sending

{∞} ×X to Σ0. We have even a better result:

1.1 Lemma. There exists an automorphism ϕ of P
1 × X such that the fol-

lowing diagram commutes:

P
1 ×X

ϕ
P

1 ×X

X

satisfying ϕ({∞} ×X) = Σ0, ϕ({0} ×X) = Σ1 and ϕ({1} ×X) = Σ2.

Proof. Let t be a coordinate on P
1

� {∞}. Then ϕ is given by

ϕ(t, x) =
ψ0(x)t− ψ1(x)

(
ψ0(x)− ψ2(x)
ψ1(x)− ψ2(x)

)

t−
(
ψ0(x)− ψ2(x)
ψ1(x)− ψ2(x)

) . �

We will then suppose in the following that ψ0 ≡ ∞ and we will fix a
coordinate t on U0 = P

1
� {∞}.
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1.2 Theorem ([Miw81, Mal83c]). Let us suppose that the manifold X is
2-connected (i.e., 1-connected and having its second homotopy group equal to
zero) and let us fix some point xo of X. Let us pick Ao

1, . . . , A
o
p ∈ Md(C). There

exist then matrices A1, . . . , Ap, which are holomorphic in the neighbourhood
of xo and meromorphic on X, such that the matrix 1-form

Ω =
p∑

i=1

Ai(x)
d(t− ψi(x))
t− ψi(x)

fulfills the integrability condition dΩ + Ω ∧ Ω = 0. Moreover, the matri-
ces Ai are determined in a unique way by the initial condition Ai(xo) = Ao

i

(i = 1, . . . , p).

Let us first be more explicit on the integrability condition.

1.3 Proposition (Schlesinger equations [Sch12]). Let A1, . . . , Ap be ma-
trices of holomorphic functions on some connected open set X ′ of X. Then
the matrix 1-form

Ω =
p∑

i=1

Ai(x)
d(t− ψi(x))
t− ψi(x)

is integrable if and only if the matrices Ai satisfy on X ′ the differential system

(1.4) dAi −
∑
j �=i

[Ai, Aj ]
d(ψi − ψj)
ψi − ψj

= 0.

1.5 Remarks.

(1) We will see below that the local existence in Theorem 1.2 is an easy
result, being a straightforward consequence of integrability, in the sense
of Frobenius, of Schlesinger equations (Proposition 1.8). The geometric
method that we will use in the proof gives the global existence (in the
meromorphic sense) of the solutions to these equations. We say that the
system of Schlesinger equations fulfills Painlevé’s property .

(2) If the matrices Ai are solutions to Schlesinger equations on the connected
open set X ′, their diagonal parts Δi satisfy dΔi = 0, hence the Δi are
constant matrices. The proposition also enables one to show that the sum∑p

i=1Ai of the matrices Ai is independent of x ∈ X ′.
(3) Moreover, the characteristic polynomial of each Ai does not depend on x:

indeed, it is a matter of verifying that it is locally constant on the con-
nected open set X ′; in order to do that, it is enough, as the determinations
of the logarithm are indexed by the discrete set Z and according to Exer-
cise II.4.5, to show that the characteristic polynomial of each monodromy
matrix Ti does not depend on x; this is a consequence of the isomon-
odromy of the family of connections on the trivial bundle Od

P1 of matrix∑
i

Ai(x)
t− ψi(x)

dt, which is a consequence of the fact that Ω satisfies the

integrability condition (cf. Proposition 0.16.6).
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(4) If we have for any i the equality Ao
i + tAo

i = wi Id, then we also have
Ai+tAi ≡ wi Id. Indeed, one verifies that Ai−wi Id and −tAi are solutions
to Schlesinger equations with the same initial conditions. According to the
uniqueness assertion in Theorem 1.2, these solutions coincide everywhere.

Proof (of Proposition 1.3). We have

dΩ =
p∑

i=1

dAi

t− ψi
∧ dt−

p∑
i=1

dAi ∧ dψi

t− ψi

and

Ω ∧Ω =
∑
i,j

AiAj
d(t− ψi) ∧ d(t− ψj)

(t− ψi)(t− ψj)

=
∑
i,j

AiAj
[dt ∧ d(ψi − ψj)] + [dψi ∧ dψj ]

(t− ψi)(t− ψj)

=
∑
i,j

[Ai, Aj ]
(t− ψi)

· [dt ∧ d(ψi − ψj)] + [dψi ∧ dψj ]
(ψi − ψj)

.

The integrability condition dΩ +Ω ∧Ω = 0 is then equivalent to

(1.6)
∑

i

dAi

t− ψi
=

∑
i,j

[Ai, Aj ]
(t− ψi)

d(ψi − ψj)
(ψi − ψj)

and

(1.7)
∑

i

dAi ∧ dψi

t− ψi
=

∑
i,j

[Ai, Aj ]
(t− ψi)

dψi ∧ dψj

(ψi − ψj)
.

By taking the residue of (1.6) along the hypersurfaces Σk = {t−ψk(x) = 0},
we find the Schlesinger equations (1.4). Conversely, Equations (1.4) imply
(1.6). They also imply

∑
i

dAi ∧ dψi

t− ψi
=

∑
i,j

[Ai, Aj ]
(t− ψi)

d(ψi − ψj) ∧ dψi

(ψi − ψj)
,

whence (1.7). �

Proof (of Theorem 1.2: existence). Let (Eo,∇o) be the trivial bundle Od
P1

equipped with the connection∇o having matrix
∑p

i=1

Ao
i

t− ψi(xo)
in the canon-

ical basis εo. It also has a logarithmic pole at infinity. As X is 2-connected
we can construct on P

1 ×X, according to Remark III.1.22, a bundle (E,∇)
with connection having logarithmic poles along the Σi (i = 0, . . . , p) such that
(E,∇)|P1×{xo} = (Eo,∇o).
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Let � be the connection induced by ∇ on Σ0 = {∞}×X, in the sense of
§0.14.b. This is a flat connection on E∞ := i∗∞E = E|{∞}×X . Therefore, as X
is 1-connected, the bundle E∞ is trivializable; more precisely, there exists a
unique basis ε′ of E∞ which extends the canonical basis of Eo

∞ = C
d and

which is �-horizontal.
As Eo is trivial, there exists, after Corollary I.5.8, a hypersurface Θ

of X, not containing xo, such that the restriction morphism E (∗π−1Θ) →
π∗i∗∞E (∗π−1Θ) is an isomorphism. It follows that the meromorphic bundle
E (∗π−1Θ) is trivializable and that it is equipped with a basis ε, obtained by
lifting the basis ε′, which restricts to the canonical basis εo at xo.

Let Ω be the matrix of ∇ in the basis ε. It is a matrix of meromorphic dif-
ferential 1-forms on P

1×X, with logarithmic poles along the Σi (i = 0, . . . , p)
and also with poles along P

1 ×Θ.
LetAi be the residue ofΩ alongΣi. It is a matrix of meromorphic functions

on Σi � X with poles along Θ. Let us consider then the matrix

Ω′ = Ω −
p∑

i=1

Ai(x)
d(t− ψi(x))
t− ψi(x)

.

For x fixed in X � Θ, its entries are meromorphic differential forms on P
1,

with at most logarithmic poles at infinity. As H0(P1, Ω1
P1(∞)) = 0 (because

Ω1
P1(∞) � OP1(−1)), we conclude that the coefficient of dt in Ω′ is zero. We

can thus write, in local coordinates, Ω′ =
∑n

j=1Bk(t, x) dxk, where the Bk

are holomorphic on C× (X � Θ). As the matrix of � in the basis ε′ is zero,
we have

lim
|t|→∞

Bk(t, x) = 0

and thus Bk ≡ 0. We deduce that Ω =
∑p

i=1Ai(x)
d(t− ψi(x))
t− ψi(x)

. Therefore,

the matrices A1, . . . , Ap are a solution to the problem. �

Proof (of Theorem 1.2: uniqueness). The question of uniqueness in Theorem
1.2 is a local problem, as the open set where two systems A1, . . . , An and
A′

1, . . . , A
′
n of solutions are holomorphic is connected, being the complement of

an analytic hypersurface in X (cf. Lemma 0.2.1). We can consider the system
(1.4) of Schlesinger equations as a Pfaff system on the manifold X ×Md(C)p

in the neighbourhood of the point (xo, Ao
1, . . . , A

o
p). According to §0.13.b, in

order to obtain the local uniqueness, it is enough to show:

1.8 Proposition (The Schlesinger equations are integrable). The
Pfaff system of Schlesinger equations is integrable and defines a foliation of
dimension n = dimX in the neighbourhood of (xo, Ao

1, . . . , A
o
p).

The tangent space to the leaf passing through (xo, Ao
1, . . . , A

o
p) is transversal

to the subspace {0} ×Md(C)p of T(xo,Ao
1,...,Ao

p)(X ×Md(C)p).
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Indeed, once this result is obtained, the inverse function theorem gives a
local parametrization of the leaf going through (xo, Ao

1, . . . , A
o
p) by a neigh-

bourhood of xo in X, whence the uniqueness. �

Proof (of Proposition 1.8). Let us begin by showing that when n = p, X = Xp

is the open set of C
p consisting of the (x1, . . . , xp) such that xi �= xj if i �= j

and ψi(x) = xi. Let J be the subsheaf of Ω1
Xp×Md(C)p generated by the

entries of the matrices

Ωi = dAi −
∑
j �=i

[Ai, Aj ]
d(xi − xj)
xi − xj

.

It is a matter of verifying (cf. Lemma 0.13.2) that J is a subbundle of rank p
of Ω1

Xp×Md(C)p and that the entries of dΩi vanish modulo J ∧ Ω1
Xp×Md(C)p .

But one can write, modulo J ∧Ω1
Xp×Md(C)p ,

−dΩi =
∑
j �=i

([dAi, Aj ] + [Ai, dAj ])
d(xi − xj)
xi − xj

≡
∑
j �=i

∑
k �=i

[[Ai, Ak], Aj ]
d(xi − xk)
xi − xk

∧ d(xi − xj)
xi − xj

+
∑
j �=i

∑
k �=j

[Ai, [Aj , Ak]]
d(xj − xk)
xj − xk

∧ d(xi − xj)
xi − xj

.

For j, k �= i and j < k, the coefficient of dxj ∧ dxk in the right-hand term is
equal to

[[Ai, Aj ], Ak]− [[Ai, Ak], Aj ]
(xi − xj)(xi − xk)

− 1
(xj − xk)

(
[Ai, [Ak, Aj ]]

(xi − xk)
+

[Ai, [Aj , Ak]]
(xi − xj)

)

and, according to Jacobi’s identity, it is zero. The coefficients of dxi ∧ dxj are
treated similarly.

Let us denote by ξ1, . . . , ξp the coordinates on T ∗
xoXp and by b

(i)
k� that on

the ith factor Md(C), k, � = 1, . . . , d. Therefore, an element of the cotangent
bundle T ∗(Xp ×Md(C)p) to Xp ×Md(C)p has coordinates

(
x1, . . . , xp, (a

(i)
k� )k,�=1,...,d

i=1,...,p
, ξ1, . . . , ξp, (b

(i)
k� )k,�=1,...,d

i=1,...,p

)
.

Equations (1.4) define a subbundle F of T ∗(Xp ×Md(C)p) isomorphic to the
bundle T ∗(Xp)×Md(C)p by

(
x1, . . . , xp, (a

(i)
k� )k,�=1,...,d

i=1,...,p
, ξ1, . . . , ξp

)

�−→
(
x1, . . . , xp, (a

(i)
k� )k,�=1,...,d

i=1,...,p
, ξ1, . . . , ξp, (b

(i)
k� )k,�=1,...,d

i=1,...,p

)
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with
b
(i)
k� =

∑
j

c
(i,j)
k�

ξi − ξj
xi − xj

,

where the coefficients c(i,j)k� are computed from the entries of Ai and Aj .
For any (x,A1, . . . , Ap) ∈ Xp × Md(C)p the fibre Fx ⊂ C

p × Md(C)p is
thus a subspace of dimension p, transversal to the subspace having equations
ξ1 = · · · = ξp = 0. The proposition is thus proved in this particular case.

For X arbitrary, the Pfaff system (1.4) is the pullback by the mapping

(ψ1, . . . , ψp, Id) : X ×Md(C)p −→ Xp ×Md(C)p

of the Pfaff system considered above. It is then integrable (cf. Remark 0.13.3).
One can see as above that it defines a subbundle of rank n of T ∗(X×Md(C)p)
isomorphic to T ∗(X) × Md(C)p and the fibres of which are transversal to
X × T ∗(Md(C)p). �

1.b An example : the sixth Painlevé equation as an isomonodromy
equation

We will give details for the particular case of Schlesinger’s system (1.4) with
four singular points in P

1 (we fix the three first ones at 0, 1,∞, according to
Lemma 1.1, and only the last one is variable, but distinct from 0, 1,∞), and
where the size d of the matrices is equal to 2.

We thus assume that X = P
1
�{0, 1,∞}, and that the three first functions

ψi(x) are constant, equal respectively to 0, 1,∞. Lastly, the fourth one is the
identity x �→ x. With a slight change of notation, the differential form Ω can
be written as

Ω = A0(x)
dt

t
+A1(x)

dt

t− 1
+Ax(x)

d(t− x)
(t− x)

,

and Schlesinger equations take the form

dA0 = [A0, Ax]
dx

x
, dA1 = [A1, Ax]

dx

x− 1
, dAx = [Ax, A0]

dx

x
+[Ax, A1]

dx

x− 1
.

If we define A∞ by the relation A0 + A1 + Ax + A∞ = 0, we conclude that
A∞ is constant, and that the system reduces to the system

A′
0(x) = − 1

x
[A0, A1 +A∞], A′

1(x) = − 1
x− 1

[A1, A0 +A∞],

if we denote by A′(x) the derivative of A with respect to x.

Remark. The differential equation for A0 (resp. A1) as given above is said
to have the Lax form.
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Recall (cf. Remark 1.5) that the trace and the determinant of these matri-
ces are constant. By adding to each Ai the matrix − 1

2 trAi Id, we can assume
that the Ai have trace zero. Let us assume for instance that both (opposite)
eigenvalues of A∞, denoted by ±λ∞/2, are nonzero. We can choose a basis in
which A∞ is diagonal.

The diagonal parts and the determinant of A0 and A1 being constant, it
remains for one entry to be determined in each matrix. One can show (see
for instance [IN86] or [Con99, p. 48]) that each one can be obtained from a
solution y(x) of the sixth Painlevé equation

(P VI) y′′ =
1
2

(1
y

+
1

y − 1
+

1
y − x

)
(y′)2 −

( 1
x

+
1

x− 1
+

1
y − x

)
y′

+
y(y − 1)(y − x)
x2(x− 1)2

(
α+ β

x

y2
+ γ

x− 1
(y − 1)2

+ δ
x(x− 1)
(y − x)2

)

where the parameters α, β, γ, δ are determined by the eigenvalues (indepen-
dent of x) of the matrices Ai:

α =
(1− λ∞)2

2
, β = −λ

2
0

2
, γ =

λ2
1

2
, δ =

1− λ2
x

2
.

1.9 Remark. We have followed here in an opposite way the path which led
to the discovery of Painlevé equations. The problem that Painlevé wanted to
solve concerned differential equations of the kind

y′′(x) = R(x, y, y′),

where R is a rational fraction. The solutions y(x) of such a nonlinear equation
may have poles (behaviour in 1/(x − c)k), ramification points (behaviour in
(x− c)α or in log(x− c), etc.) as singularities, and also essential singularities
(for instance y(x) = exp(1/(x− c))). The parameter c may depend on initial
conditions (this possible dependence on the integration constant is due to the
nonlinearity of the equation). The solutions are said to have no moving singu-
larity if the ramification points or the essential singularities of the solutions
do not depend on these integration constants.

Therefore, the goal of Painlevé was the determination of a minimal class of
such differential equations, in such a way that the resolution of any differential
equation of this kind, all the solutions of which have no “moving singularity”,
can be reduced to the resolution of some equation of the class. In particular,
it was a matter of finding “new transcendental functions”.

This nonexistence of moving singularities is called “Painlevé’s property”.
It is easy to give examples of differential equations with moving singularities:
take for instance the differential equation satisfied by y(x) = exp(1/(x− c)).

The solutions of Schlesinger equations fulfill this property as they only
have poles (along a divisor Θ which a priori depends on initial conditions).
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1.c Universality

1.10 Definition (of universal integrable deformation). An integrable
deformation (E,∇) of (Eo,∇o) is a bundle with a flat meromorphic con-
nection on P

1 × X, having logarithmic poles along a smooth hypersurface
Σ ∪ ({∞}×X) of P

1 ×X which is a covering of degree p + 1 of X, inducing
(Eo,∇o) when restricted to xo ∈ X.

We say that the integrable deformation (E,∇) of (Eo,∇o) is complete at xo

if, for any other integrable deformation (E′,∇′, x′o) of (Eo,∇o) parametrized
by (X ′, x′o), there exist neighbourhoods V, V ′ of xo, x′o in X,X ′ and an ana-
lytic mapping

f : (V ′, x′o) −→ (V, xo)

such that (E′,∇′) is isomorphic (by an isomorphism inducing the identity
when restricted to (Eo,∇o)) to the pullback of (E,∇) by the mapping

Id×f : P
1 × V ′ −→ P

1 × V.

We say that the deformation is universal at xo if, moreover, the germ of f
at x′o is unique.

Let Xd be the complementary set of the diagonal xi = xj in C
d, equipped

with coordinates x1, . . . , xd, having xo = (xo
1, . . . , x

o
d) as a base point. This

space is not simply connected: its fundamental group is the colored braid group
with n strands (see [Bri73] or also [AGZV88, vol. 2, p. 72]). One can show1 that
its higher homotopy groups are zero. As Xd is an open set of C

d, its tangent
bundle is trivial and equipped with the basis ∂x1 , . . . , ∂xd

associated to the
coordinate system x1, . . . , xd.

Let us denote by " : (X̃d, x̃
o)→ (Xd, x

o) the universal covering with base
point x̃o of the space Xd equipped with its base point xo. Its second homotopy
group is zero, as the same property holds for Xd, and X̃d is thus 2-connected.
As X̃d is a covering space of Xd, its tangent bundle TX̃d is the pullback
bundle of that of Xd by the covering map ". It is therefore also trivialized
and equipped with the basis ∂x1 , . . . , ∂xd

. We will say that this trivialization
is canonical.

Lastly, let us notice that the symmetric group Sd acts freely and transi-
tively on Xd. The quotient space Yd is the space of monic polynomials without
multiple root and the quotient mapping associates to (x1, . . . , xd) ∈ Xd the
polynomial

∏d
i=1(s−xi). Let us identify the spaceX ′

d = Xd∩{x1+· · ·+xd = 0}
to (C∗)d−1 with the coordinates xi − xi+1 (i = 1, . . . , d − 1). This space is
stable by Sd and the quotient space is the subspace Y ′

d of Yd consisting of
polynomials for which the sum of roots is zero.
1 By using the homotopy exact sequence [Ste51, p. 90] of the fibration πd : Xd →

Xd−1 (forgetting the last component) and arguing by induction on d � 3; the
vanishing of the higher homotopy groups follows then from the fact that the
universal covering space of the complex line minus d − 1 points is contractible.
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Fig. VI.1. The space Y ′
4 is the complement of the swallow tail.

We can now apply Theorem 1.2 by taking d = p, X = X̃p. Let (E,∇) be
the bundle on P

1 × X̃p that we have constructed in the proof of this theorem
and let Θ be the associated hypersurface.

1.11 Corollary. The bundle with meromorphic connection (E,∇) induces a
universal deformation of its restriction (E,∇)|P1×{x̃o}.

Proof. Let (E′,∇′) be an integrable deformation of (Eo,∇o) parametrized
by a germ of manifold (X ′, x′o). The manifold Σ ⊂ C × X ′ is equal, in the
neighbourhood of x′o, to the union of the graphs of p functions ψ1, . . . , ψp.
The mappings ψ1, . . . , ψp define a unique mapping f : X ′ → Xp. According
to the uniqueness property in Theorem 1.2, the bundle (E′,∇′) is isomorphic
to the pullback of (E,∇) by this mapping. �

2 Birkhoff’s problem in a family

2.a Integrable deformations of solutions to Birkhoff’s problem

Let D be a disc in the complex line U0 centered at the origin and let X be a
connected complex analytic manifold of dimension n, that we also assume to
be simply connected (up to changing X with a simply connected open set or,
better, with its universal covering). Let us now denote by τ the coordinate on
P

1 in the chart U0 centered at 0.
Let (Ẽ, ∇̃) be a holomorphic bundle on U := D × X, equipped with an

integrable meromorphic connection having a pole of order one along {0} ×X
(cf. §0.14.c)2.

Let us pick xo ∈ X. We regard (Ẽ, ∇̃) as an integrable deformation of the
bundle with connection (Ẽo, ∇̃o), restriction of (Ẽ, ∇̃) to Uo = D × {xo}, in
the sense of §0.14.a.

As we have fixed a coordinate τ on D, we can associate to (Ẽ, ∇̃) a
“residue” endomorphism R0 of the bundle Ẽ|{0}×X as well as a Higgs field Φ
on this bundle (cf. §0.14.c).
2 As the connection is assumed to be integrable, the size of the disc is not significant

and one could also start from a germ, along {0} × X, of a holomorphic bundle
with meromorphic connection.
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Let us assume that we can solve Birkhoff’s Problem IV.5.1 for (Ẽo, ∇̃o),
for the value xo of the parameter. Let thus εo be a basis of Ẽo in which the

connection matrix ∇̃o can be written as Ωo =
(Bo

0

τ
+ B∞

)dτ
τ

, where Bo
0

and B∞ are two matrices in Md(C).

2.1 Theorem. With these conditions, there exist a hypersurface Θ of X not
containing xo and a unique basis ε of Ẽ (∗(D × Θ)) which coincides with εo

at xo and in which the connection matrix ∇̃ takes the form

(2.2) Ω =
(B0(x)

τ
+B∞

)dτ
τ

+
C(x)
τ

,

with B0(xo) = Bo
0 , where B0(x) (resp. C(x)) is a matrix of holomorphic func-

tions (resp. of 1-forms) on X �Θ and meromorphic along Θ.

Therefore, there exists a canonical solution to Birkhoff’s problem for al-
most all the values of the parameter, if we are given a solution for a particular
value. Let us notice that the theorem implies in particular that the bundle
Ẽ (∗(D ×Θ)) is trivializable.

Proof (of the existence).

(1) Let D′ be an open disc of P
1 centered at ∞ such that the annulus A =

D ∩ D′ is nonempty. Let us denote by τ ′ the coordinate on D′, so that
τ ′ = 1/τ in A. On A × X, the bundle (Ẽ, ∇̃)|A×X is determined by its
monodromy. As X is 1-connected, we have π1(A × X) = π1(A) = Z,
so that (Ẽ, ∇̃)|A×X is isomorphic to the pullback p+(Ẽo, ∇̃o)|A by the
projection p : A×X → A.
When restricted to A ×X, the trivial bundle Od

D′×X , equipped with the
connection having matrix −(τ ′Bo

0 + B∞)dτ ′/τ ′, is thus isomorphic to
(Ẽ, ∇̃)|A×X . Let us note that this connection has logarithmic poles along
{∞} ×X.
We can thus glue both bundles to get a bundle (E,∇) on P

1×X, equipped
with a flat meromorphic connection having poles along {0,∞}×X, loga-
rithmic at ∞ and of order one at 0. By assumption, the restriction Eo of
E to P

1 × {xo} is trivializable.
(2) The bundle i∗∞E is equipped with a holomorphic flat connection �

(cf. §0.14.b). Giving such a connection is equivalent to giving the locally
constant sheaf of its horizontal sections. As X is 1-connected, this locally
constant sheaf is trivializable; so is thus the bundle i∗∞E and, more pre-
cisely, any basis of the fibre at xo of this bundle can be extended in a
unique way as a horizontal basis of the bundle (cf. Theorem 0.12.8).

(3) Corollary I.5.8 gives an isomorphism

E (∗π−1Θ) � π∗i∗∞E (∗π−1Θ),

where Θ is the hypersurface associated, by Theorem I.5.3, to the bundle E
constructed in (1).
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(4) Let us apply this to the basis εo, to obtain a basis ε. It defines thus, after
(3), a basis of the bundle E (∗π−1Θ) as a OP1×X(∗π−1Θ)-module; in other
words, the elements of the basis can be extended as global sections of E ,
at least on the complementary set of π−1Θ.

2.3 Lemma. In such a basis ε and in the chart of P
1 centered at 0, the

connection matrix of ∇ takes the form (2.2).

Proof. The matrix Ω in the basis ε has order one. It can be thus written as
(B0(x)

τ
+B∞(x, τ)

)dτ
τ

+ C0(x, τ) +
C(x)
τ

,

where B∞ and C0 are holomorphic. The logarithmic behaviour at infinity
shows that B∞ and C0 are independent of τ . The horizontality of the basis ε
with respect to the restriction to infinity of the connection shows that C0 = 0.
The horizontality of the residue with respect to the connection� (cf. Exercise
0.14.6-(2)) shows that the matrix B∞ is constant. �

Proof of the uniqueness. Let ε′ and ε′′ be two such bases, meromorphic along
Θ′ and Θ′′ respectively. Let us set Θ = Θ′ ∪Θ′′. There exists thus an isomor-
phism

(Od
D×X(∗(D ×Θ)),∇′) P−−→

∼
(Od

D×X(∗(D ×Θ)),∇′′),

where ∇′ and ∇′′ take the form (2.2), whose restriction to D × {xo} is the
identity. Let us consider then its restriction to D×Xo, with Xo = X�Θ. We
will show that it is equal to the identity, which will give the desired result.

Let us note that the connections ∇′ and ∇′′, by their very definition,
exist on the bundle Od

P1×Xo and have a logarithmic pole along {∞} × Xo.
As P preserves connections, it can be extended as an isomorphism of bundles
with connection on C ×Xo (as the inclusion D ×Xo ↪→ C ×Xo induces an
isomorphism of fundamental groups).

Therefore, P is a solution of a differential system with regular singularity
along the hypersurface {∞} ×Xo, namely that associated to

Hom((Od
P1×Xo ,∇′), (Od

P1×Xo ,∇′′)).

Theorem II.2.25 and an argument analogous to that of Exercise II.2.6 show
that the entries of the matrix P are meromorphic along {∞} ×Xo.

Let us also notice that the system satisfied by P is still in the Birkhoff
normal form. If we write P as a vector, the system can thus be written, in the
coordinate τ ′ at infinity, as

dP =
[
(A∞ + τ ′A(x))

dτ ′

τ ′
+D(x)τ ′

]
· P.

If we set P =
∑

���0
τ ′�P�(x), we deduce in particular

(∗) dP� = D(x)P�−1.
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We have P� ≡ 0 for � < �0. If �0 < 0 we also have P�0(x
o) = 0. According

to (∗) we have dP�0 = 0, hence, as X � Θ is connected (cf. 0.2.1), we have
P�0 ≡ P�0(x

o) = 0. We deduce that the entries of P are holomorphic on
P

1 × Xo: they are thus independent of τ ′. Therefore, P (τ ′, x) = P0(x). We
also have, after (∗), the identity dP0 = 0, hence P (τ ′, x) ≡ P0(xo) = Id. �

2.4 Exercise. Use Remark III.1.20 to show that P , defined on D ×Xo, can
be extended holomorphically to P

1 ×Xo.

Remark. The matrix −B∞ is the matrix of the residue at infinity of the
connection in the horizontal basis ε. The integrability condition for ∇ can
then be written, in this basis, as

(2.5)

⎧⎪⎪⎨
⎪⎪⎩

dC = 0
C ∧ C = 0
[B0, C] = 0

dB0 + C = [B∞, C].

In local coordinates x1, . . . , xn on X, we can write C =
∑n

i=1 C
(i)(x) dxi,

where the C(i) are matrices of meromorphic functions on X with poles
along Θ. The system (2.5) takes the form

(2.6)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

∂C(i)

∂xj
=
∂C(j)

∂xi
i, j = 1, . . . , n

[C(i), C(j)] = 0 i, j = 1, . . . , n
[B0, C

(i)] = 0 i = 1, . . . , n
∂B0

∂xi
+ C(i) = [B∞, C

(i)] i = 1, . . . , n.

If for instance the matrix B0(x) is regular3 for any x, that is, if its min-
imal polynomial is equal to its characteristic polynomial, any matrix which
commutes with B0(x) is a polynomial in B0(x). If the equations of the third
line are satisfied, the C(i)(x) are polynomials in B0(x) and, in this case, the
equations of the second line are also satisfied.

2.b Constructions with a “metric”

We keep the previous situation and we analyze the consequences of the exis-
tence of a duality on the bundle (Ẽ, ∇̃). Let us consider the case of a sesquilin-
ear duality, the coordinate τ being fixed on the disc D. The reader will check
as an exercise that analogous arguments can be applied in the case of a bilinear
duality.
3 Recall that a regular matrix B is a matrix which has only one Jordan block for

each eigenvalue. The matrices which commute to B are then polynomials in B
and form a vector space of dimension d. The set of regular matrices is an open
dense set of Md(C).
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Let us thus assume that there exists a sesquilinear form G̃ on (Ẽ, ∇̃), of

weight w ∈ Z: if, as in §III.1.13, we denote by (Ẽ, ∇̃) the conjugate of (Ẽ, ∇̃)
by the involution τ �→ −τ , we regard the form G̃ as an isomorphism

(Ẽ, ∇̃) ∼−→ (Ẽ∗, ∇̃∗ + w
dτ

τ
).

We will say that G̃ is Hermitian of weight w if moreover its transpose conju-
gate tG̃ is equal to (−1)wG̃.

If we regard G̃ as a sesquilinear pairing

(Ẽ , ∇̃)⊗ (Ẽ , ∇̃) −→ (τwOD×X , d),

we have, for any two local sections e and e′ of Ẽ , the identity

tG̃(e, e′) = G̃(e′, e).

Moreover, the coefficient of τw in G̃(e, e′) only depends on the classes of e
and e′ in Ẽ /τ Ẽ = i∗0Ẽ . Therefore, given G̃, we can define a bilinear form g0
on the restriction i∗0Ẽ of Ẽ to {0} ×X. We have

G̃(e, e′) = τwg0([e], [e′]) + τw+1g
(1)
0 ([e], [e′]) + · · ·

As a consequence, if G̃ is Hermitian of weight w, the form g0 is symmetric
bilinear on i∗0Ẽ. Similarly, we see that the “residue” R0 of ∇̃ along {0} ×X,
which is an endomorphism of the bundle i∗0Ẽ, is self-adjoint for g0. The Higgs
field Φ also satisfies Φ∗ = Φ, that is, for any germ of vector field ξ on X, the
endomorphism Φξ of the bundle i∗0Ẽ is self-adjoint with respect to g0.

We can now extend the statement of Theorem 2.1 in the presence of G̃.

2.7 Proposition. With the conditions of Theorem 2.1, assume moreover that

(1) there exists a sesquilinear (resp. Hermitian) form G̃ of weight w on (Ẽ, ∇̃);
(2) when restricted to P

1×{xo}, the form G̃o can be extended as a sesquilinear
(resp. Hermitian) form Go of weight w on (Eo,∇o).

There exists then a unique sesquilinear (resp. Hermitian) form G of weight w
on the meromorphic bundle (E (∗π−1Θ),∇) which extends G̃ and Go.

Proof. It is a matter of seeing that the construction used in Theorem 2.1,
taking [(Ẽ, ∇̃), (Eo,∇o)] to (E,∇), is functorial. If

(ϕ̃, ϕo) : [(Ẽ, ∇̃), (Eo,∇o)] −→ [(Ẽ′, ∇̃′), (E′o,∇′o)]

is a homomorphism, one shows as in the “uniqueness” part in the proof of
Theorem 2.1, that ϕ̃ can be extended to C × (X � Θ), then that the homo-
morphism so defined is meromorphic along {∞} × (X � Θ) and, lastly, that
its matrix in the bases ε and ε′ is constant. This implies the existence and
uniqueness of an extension ϕ : (E,∇) → (E′,∇′) of (ϕ̃, ϕo). Functoriality
immediately follows. �



2 Birkhoff’s problem in a family 205

2.8 Remark. If G̃ and Go are nondegenerate, so is G: in the proof above, it is
a matter of seeing that, if (ϕ̃, ϕo) is an isomorphism, then so is its extension ϕ;
this follows from uniqueness.

Let us now give an interpretation of the presence of a sesquilinear or Her-
mitian form on the bundle (E ,∇) on P

1×X, equipped with the meromorphic
basis ε given by Theorem 2.1. Let us denote by E0 the free OX [τ ]-module of
sections (polynomial in τ) of E on the open set U0 ×X centered at {0} ×X.
Then E0 is the OX -module E0 on which C[τ ] acts by h(τ) · e = h(−τ)e and,
if A(τ, x) is the matrix of ∇∂τ

in some OX [τ ]-base, that of ∇∂τ
in the same

basis is −A(−τ, x).
On U0 ×X, the form G defines a sesquilinear mapping

G0 : E0 ⊗ E0 −→ τwOX [τ ]

which is compatible with connections, that is, such that

h(τ)G0(e, e′) = G0(h(τ)e, e′) = G0(e, h(−τ)e′)
LξG0(e, e′) = G0(∇ξe, e

′) + G0(e,∇ξe
′),

where LξG0(e, e′) denotes the derivation of the function G0(e, e′) along the
vector field ξ (Lie derivative). The coefficient of τw in G0(e, e′) only depends
on the classes of e and e′ in E0/τE0: this is g0([e], [e′]). If we write as above

G0(e, e′) = τwg0([e], [e′]) + τw+1g
(1)
0 ([e], [e′]) + · · ·

we see that, if e, e′ ∈ E0 are sections which can be extended as sections of E
on P

1 ×X, we have G0(e, e′) = τwg0([e], [e′]).

2.9 Exercise. Working in the chart U∞, define the form g∞ on i∗∞E. Prove
similarly that g∞ is symmetric when G is Hermitian of weight w.

2.10 Proposition. The form g∞ is �-horizontal. If moreover G is Hermi-
tian and nondegenerate of weight w, the forms g0 and g∞ are symmetric and
nondegenerate. In such a case, if ε is a horizontal basis for � (assuming X
simply connected), so that, in this basis, the matrix of ∇ takes the form (2.2),
we have on X �Θ

B∗
0 = B0, B∗

∞ +B∞ = w Id, C∗ = C,

if B∗ denotes the adjoint of B with respect to g.

Proof. The form G is a horizontal section of the bundle with connection
HomO(E ⊗ E,O[w]); the natural connection on this bundle has a logarith-
mic pole at infinity. When restricted to τ =∞, the component on Ω1

X of the
equation ∇G = 0 is the equation �G(∞, x) = 0. This gives the first point.
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On the other hand, we have an isomorphism of locally free OX -modules
i∗∞(E∗) � (i∗∞E)∗, so that, if G is nondegenerate, so is g∞. The case of g0 is
similar and the symmetry has been seen above.

The matrix of ∇∗ in the basis dual to ε is minus the transpose of that
of ∇. That of ∇∗

[w] can thus be written as
( tB0(x)

τ
− tB∞ + w Id

)dτ
τ

+
tC(x)
τ

,

which gives the last point. �

2.11 Remarks.

(1) Let E be the d-dimensional C-vector space consisting of horizontal mul-
tivalued sections of ∇ on C

∗ ×X. It is equipped with a monodromy en-
domorphism T . The form G induces a bilinear (resp. nondegenerate and
symmetric) form G on this space and the monodromy is an automorphism
of this bilinear form.

(2) In the following, we will commit the (usual) abuse to call “metric” the
Hermitian form G, or the forms g0 and g∞. The latter are only com-
plex symmetric nondegenerate bilinear forms and no positivity property
is required.

2.c Summary of §§2.a and 2.b

Let E be a bundle of rank d on P
1 × X equipped with a flat meromorphic

connection ∇, having poles along {0,∞} × X, logarithmic along {∞} × X
and of order one along {0} ×X. Let us assume that the restriction Eo of E
to P

1 × {xo} is trivial.

2.12 The hypersurface Θ. The closed set Θ of points x ∈ X at which the
restriction Ex to P

1×{x} is not the trivial bundle is empty or a hypersurface
of X (hence if it has codimension � 2 in X, it is empty).

2.13 Meromorphic identification. Both bundles E0 := i∗0E and E∞ :=
i∗∞E of rank d on X are identified in a meromorphic way along Θ through the
isomorphisms of OX(∗Θ)-modules induced by the restrictions

E0(∗Θ) ∼←− π∗E (∗Θ) ∼−→ E∞(∗Θ).

We will denote by M the meromorphic bundle π∗E (∗Θ) on X. It thus contains
two locally free lattices, namely E0 and E∞, and an intermediate “lattice” E1,
namely π∗E (note that π∗E is a torsion free OX -coherent sheaf, hence is
naturally contained in M , but is not necessarily locally free).

2.14 Data at infinity. The lattice E∞ is equipped with a flat connection �
and with a�-horizontal endomorphism R∞ (residue of the connection∇, with
matrix −B∞ in a horizontal basis). We deduce a flat meromorphic connection
and a horizontal meromorphic endomorphism on M and on the other lattices.
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2.15 Data at 0. The lattice E0 is equipped with an endomorphism R0

(“residue” of ∇) depending on the choice of the coordinate on the chart U0

of P
1 up to a multiplicative constant. It induces a meromorphic endomorphism

on M and on the other lattices.
The lattice E0 is moreover equipped with a 1-form Φ with values in the

endomorphisms of E0, which satisfies Φ ∧ Φ = 0; in other words (E0, Φ) is a
Higgs bundle.

2.16 Behaviour with respect to parameters. The formation of Θ, M ,
E0, E∞, Φ, R0, � and R∞ is compatible with base change: if f : X ′ → X is
an analytic mapping and if E′ denotes the pullback of E by Id×f on P

1×X ′,
equipped with the pullback connection ∇′, the previous objects relative to E′

are obtained from that relative to E by the pullback f∗.

2.17 Relations. In any �-horizontal basis, the matrix of ∇ takes the form
(2.2) and the matrix of R0 is B0, that of R∞ is −B∞, that of Φ is C. The
integrability conditions (2.5) are then equivalent to the relations

�2 = 0, �(R∞) = 0, Φ ∧ Φ = 0, [R0, Φ] = 0
�(Φ) = 0, �(R0) + Φ = [Φ,R∞].

Let us be more precise on the meaning of these relations:

• The connection � on E induces in a natural way a connection on the
bundle HomOX

(E ,E ) (cf. §0.11.b), which is also denoted by ∇. We hence
get sections �(R∞) and �(R0) of Ω1

X ⊗OX
HomOX

(E ,E ).
• We have seen in §0.12.a the definition of the curvature �2 and, in §0.12.b,

the definition of the expression Φ ∧ Φ as sections of the sheaf Ω2
X ⊗OX

HomOX
(E ,E ).

• We denote by [R0, Φ] : E → Ω1
X ⊗OX

E the homomorphism defined, for
any vector field ξ, by

[R0, Φ]ξ = [R0, Φξ] : E −→ E .

The definition of [Φ,R∞] is similar.
• According to §§0.12.a-11.b we have an operator

� : Ω1
X ⊗OX

HomOX
(E ,E ) −→ Ω2

X ⊗OX
HomOX

(E ,E ).

The expression �(Φ) ∈ Ω2
X ⊗OX

HomOX
(E ,E ) is thus meaningful, as Φ

can be regarded as a section of Ω1
X ⊗OX

HomOX
(E ,E ).

2.18 Behaviour with respect to a “metric”. Moreover, let us be given
a nondegenerate Hermitian form G on E, compatible with the connection ∇
and which has weight w ∈ Z. We deduce symmetric nondegenerate bilinear
forms g0 and g∞ on E0 and E∞, which coincide on M . They satisfy, on X�Θ,

�(g) = 0, R∗
∞ +R∞ = −w Id

Φ∗ = Φ, R∗
0 = R0.
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The first (resp. the second) line can be extended to X by using E∞ and g∞
(resp. E0 and g0).

Let us indicate that the equality Φ∗ = Φ means that, for any vector field ξ,
we have (Φξ)∗ = Φξ. Lastly, �(g) = 0 means that, for any vector field ξ and
all local sections e, e′ of E , we have

Lξg(e, e′) = g(�ξ(e), e′) + g(e,�ξ(e′)).

2.19 Converse statement. Let us be given a locally free OX(∗Θ)-
module M , equipped with a flat connection �, with an endomorphism Φ
taking values in Ω1

X(∗Θ), with endomorphisms R0 and R∞, all being mero-
morphic along Θ and satisfying Relations 2.17. Then we can equip the bundle
π∗M , which is a bundle on P

1 × (X �Θ), meromorphic along Θ, with a flat
connection ∇ having logarithmic poles along {∞}×X and of order one along
{0} ×X: we set

∇ = �+
(R0

τ
−R∞

)dτ
τ

+
Φ

τ
.

One could also choose

∇ = �−
[(R0

τ
+R∞

)dτ
τ

+
Φ

τ

]
.

We do not give here any precision concerning a possible holomorphic ex-
tension along P

1 × Θ. If the relations 2.18 are also satisfied, we can lift the
bilinear form g as a nondegenerate Hermitian form on π∗M .

3 Universal integrable deformation for Birkhoff’s
problem

We adapt to Birkhoff’s problem the notion of universal deformation intro-
duced in §1.c.

3.1 Definition (of a universal integrable deformation). An integrable
deformation (E,∇) of (Eo,∇o) is a bundle with a flat meromorphic connection
on P

1 × X, having poles of order one along {0} × X and logarithmic along
{∞} ×X, inducing (Eo,∇o) when restricted to xo ∈ X.

We say that the integrable deformation (E,∇) of (Eo,∇o) is complete at xo

if, for any other integrable deformation (E′,∇′, x′o) of (Eo,∇o) parametrized
by (X ′, x′o), there exist neighbourhoods V, V ′ of xo, x′o in X,X ′ and an ana-
lytic mapping

f : (V ′, x′o) −→ (V, xo)

such that (E′,∇′) is isomorphic (by an isomorphism inducing the identity
when restricted to (Eo,∇o)) to the pullback de (E,∇) by the mapping

Id×f : P
1 × V ′ −→ P

1 × V.
We say that the deformation is universal at xo if, moreover, the germ of f

at x′o is unique.
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3.a Existence of a local universal deformation

Given two matrices Bo
0 and B∞ in Md(C), let (Eo,∇o) be the trivial bun-

dle of rank d on P
1 equipped with the connection having matrix Ωo =

(Bo
0/τ +B∞)dτ/τ .

3.2 Theorem ([Mal83a, Mal86]). If the matrix Bo
0 is regular, there exists

a germ of universal deformation of (Eo,∇o). It has dimension d.

One should notice that, here and in §3.b, unlike the general case of The-
orem 2.1, we do not need to know (Ẽ, ∇̃) to construct the matrix B0(x) and
the matrix of 1-forms C(x).

Proof (of Theorem 3.2). Let us consider the system (2.5) on a manifold X in
the neighbourhood of a point xo. Locally, the first equation can be solved in
a unique way in the form C(x) = dΓ (x), where Γ is a matrix of holomorphic
functions satisfying the initial condition Γ (xo) = 0. Moreover, as Bo

0 is regular,
so is B0(x), for x nearby xo, for any holomorphic matrix B0(x) satisfying
B0(xo) = Bo

0 .
The system is therefore equivalent to the system for pairs (B0(x), Γ (x))

[B0, dΓ ] = 0
d(B0 + Γ ) = [B∞, dΓ ]

and thus equivalent to a system for Γ only, as the second line is equivalent to
B0 = Bo

0 − Γ + [B∞, Γ ], because Γ o = 0.
In conclusion, solving (2.5) amounts to solving the system

(3.3) [(Bo
0 − Γ + [B∞, Γ ]), dΓ ] = 0

with initial condition Γ o = 0. We can consider the system (3.3) as a Pfaff
system on the space Md(C) of matrices Γ .

3.4 Lemma. If Bo
0 is regular, the system (3.3) is integrable on Md(C) and

defines a foliation, the leaves of which have dimension d in the neighbourhood
of the origin.

Proof. Let us first compute the 2-form d[(Bo
0 −Γ +[B∞, Γ ]), dΓ ] with matrix

values. We will use that

d[A, dΓ ] = [dA, dΓ ]+ := dA ∧ dΓ + dΓ ∧ dA.

Then we have

d[(Bo
0 − Γ + [B∞, Γ ]), dΓ ] = −2dΓ ∧ dΓ + 2[B∞, dΓ ∧ dΓ ].

Let (γij) be the canonical coordinates on Md(C). Therefore, dΓ = (dγij). Let

ξ(1) =
∑
i,j

ξ
(1)
ij

∂

∂γij
and ξ(2) =

∑
i,j

ξ
(2)
ij

∂

∂γij
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be two vector fields on Md(C) in the neighbourhood of the origin. In or-
der to show integrability, it is enough to verify (cf. Lemma 0.13.2) that, if ξ(1)

and ξ(2) are annihilated by all the entries (1-forms ) of [(Bo
0−Γ+[B∞, Γ ]), dΓ ],

then ξ(1) ∧ ξ(2) is annihilated by all the entries (2-forms) of the matrix
d[(Bo

0 − Γ + [B∞, Γ ]), dΓ ].
By assumption, the matrix B0 = Bo

0 − Γ + [B∞, Γ ] = (bij) is regular for
any Γ near 0. We have

[B0, dΓ ]mn =
∑

k

(bmkdγkn − bkndγmk),

so that, if we denote by Ξ the matrix (ξij), the vector field ξ belongs to the
kernel of all 1-forms [B0, dΓ ]mn if and only if

(3.5) [B0, Ξ] = 0.

One verifies in the same way that ξ(1)∧ξ(2) belongs to the kernel of all 2-forms
(d[B0, dΓ ])mn if and only if

(3.6) − 2[Ξ(1), Ξ(2)] + 2[B∞, [Ξ(1), Ξ(2)]] = 0.

As B0 is regular, (3.5) for Ξ(1) and Ξ(2) implies that Ξ(1) and Ξ(2) are
polynomials in B0, hence pairwise commute and, as a consequence, (3.6) is
also satisfied.

Let us now compute the dimension of the leaves of the foliation we have
obtained, in the neighbourhood of the origin. For any Γ o ∈ Md(C) near 0,
the matrix Ao = Bo

0 − Γ o + [B∞, Γ
o] is regular. The vectors ξo =

∑
ij ξ

o
ij∂γij

tangent to this leaf at Ao are the vectors such that [Ao, Ξo] = 0. As Ao is
regular, this space has dimension d. �

Let us now come back to Theorem 3.2. Let Y ⊂ Md(C) be the integral
manifold of the system (3.3) going through 0, in the neighbourhood of the
origin (we only consider its germ at 0). Let F = Od

Y be the trivial bundle of
rank d equipped with the connection ∇ whose matrix in the canonical basis is

(B0

τ
+B∞

)dτ
τ

+
dΓ

τ
,

where we have set B0 = Bo
0 − Γ + [B∞, Γ ], and where we restrict functions

and 1-forms to the submanifold Y of Md(C). We will check that (F,∇) is a
germ of universal deformation of (Eo,∇o).

Let (E,∇) be an integrable deformation of (Eo,∇o) parametrized by a
manifold (X,xo) of dimension n. As the problem is local, we may assume
that X is a small open ball in C

n and, in particular, that X is 1-connected
and, according to Corollary I.5.4, that the bundle E is trivial. Using the same
argument as in Theorem 2.1, we see that there exists a unique basis ε of E in
which the matrix of ∇ takes the form(B0(x)

τ
+B∞

)dτ
τ

+
C(x)
τ

,
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with B0(xo) = Bo
0 . According to (2.5), dC(x) = 0. There exists thus a holo-

morphic mapping Γ : X → Md(C) such that dΓ (x) = C(x) and Γ (xo) = 0.
As the system (2.5) is satisfied by (B(x), C(x)), we deduce that Γ takes val-
ues in Y and, by construction, we have (E,∇) = Γ+(F,∇). This shows that
(F,∇) is a complete integrable deformation of (Eo, Γ o).

Let f be a holomorphic mapping (X,xo)→ (Y, 0) and let us set (E,∇) =
f+(F,∇). The unique basis ε of (E,∇) considered above is then the pullback
of the canonical basis of F and the mapping f is nothing but the mapping Γ
considered above.

If f, f ′ : (X,xo) → (Md(C), 0) are such that the meromorphic bundles
f+(F,∇) and f ′+(F,∇) are isomorphic by an isomorphism inducing the iden-
tity on (Eo,∇o), the “uniqueness” part in the proof of Theorem 2.1 shows
that this isomorphism is the identity. The computation above proves then
that f = f ′, as this mapping is nothing but Γ . We deduce the universality
property of the deformation. �

3.b Existence and construction of a global universal deformation

Given two matrices Bo
0 , B∞ ∈ Md(C), let us assume now that Bo

0 is diagonal
regular (i.e., with distinct eigenvalues); we set Bo

0 = diag(xo
1, . . . , x

o
d). In such a

situation, we will construct an integrable deformation of the differential system
with matrix (Bo

0/τ +B∞)dτ/τ . We will see that this deformation is universal.
This deformation takes two distinct forms (associated to two particular bases
of the deformed bundle). We will analyze with details both forms and their
relations. The semisimplicity of Bo

0 will enable us to use Theorem III.2.10 and
to give a more global version of Theorem 3.2.

We regard here the space Xd of §1.c as that of diagonal matrices
⎛
⎜⎝
x1

. . .
xd

⎞
⎟⎠

having pairwise distinct eigenvalues.

3.7 Theorem ([JMU81, Mal83c]). There exists a hypersurface Θ of X̃d

and a unique pair (B0, C), meromorphic on X̃d with poles along Θ, solution
of Equations (2.5), such that B0(x̃o) = Bo

0 = diag(xo
1, . . . , x

o
d) and that, for

any x̃ ∈ X �Θ, the matrix B0(x̃) is conjugate to diag(x1, . . . , xd).

Let us begin with a statement in terms of bundles.

3.8 Proposition. There exists on P
1 × X̃d a bundle (E,∇) such that

(1) the connection ∇ is flat, with pole of order one along {0} × X̃d and loga-
rithmic along {∞} × X̃d,
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(2) the restriction (Eo,∇o) of the bundle (E,∇) at x̃o has a basis in which
the matrix of ∇o is (Bo

0/τ +B∞) dτ/τ ,
(3) for any x̃ ∈ X̃d, the d-uple of eigenvalues of the “residue” R0 (cf. §0.14.c)

is equal to "(x̃) up to a permutation.

Moreover, such a (E,∇) is unique up to isomorphism.

Proof. Let D be a disc centered at the origin of P
1. According to Theorem

III.2.10, we can construct on U = D × X̃d a bundle (Ẽ, ∇̃) with a flat con-
nection having pole of order one along {0} × X̃d whose “residue” R0(x̃) has
"(x̃) = x = (x1, . . . , xd) as its set of eigenvalues at any x̃ ∈ X̃d, unique up to
isomorphism. We get (E,∇) as in the first point of the proof of Theorem 2.1.

The uniqueness is obtained as in Theorem 2.1. �

As in Theorem 2.1, we thus get a hypersurface Θ(x̃o) of X̃d and a flat
connection � on i∗∞E , hence a flat connection, that we also denote by �, on
π∗E (∗Θ), having poles along Θ.

Proof (of Theorem 3.7). The existence is obtained by using the same argu-
ments as in Theorem 2.1, according to Corollary I.5.8 and Lemma 2.3. Let us
consider the “uniqueness” part, which is local on X̃d.

Let (B0(x̃), C(x̃)) be a meromorphic solution of the system (2.5) (for B∞
fixed) which satisfies the initial condition B0(x̃o) = Bo

0 and such that, for any
x̃ ∈ X̃d away from some hypersurface Θ, the matrix B0(x̃) is conjugate to
diag(x1, . . . , xd). Let V be a sufficiently small open neighbourhood of x̃o on
which exists a solution of C(x̃) = dΓ (x̃) with Γ (x̃o) = 0. Then Γ defines a
mapping f : (V, x̃o)→ (Md(C), 0) with image contained in the local universal
deformation (Y, 0) of (Eo,∇o) given by Theorem 3.2. Let (F,∇) be the uni-
versal bundle on Y . Then the spectrum of B0 = Bo

0 − Γ + [B∞, Γ ] defines a
holomorphic mapping g : (Y, 0) → (Xd, x

o), that we can lift in a unique way
(in the neighbourhood of 0 in Y ) as a mapping (Y, 0)→ (X̃d, x̃

o).
By assumption, we have g ◦ f = Id. We deduce that T0g ◦ Tx̃of = Id. As

the tangent spaces T0Y and Tx̃oX̃d have the same dimension, the mappings f
and g are inverse one to the other in the neighbourhood of x̃o. This shows that
Γ (x̃), hence C(x̃) and B0(x̃), are determined in a unique way by the spectral
mapping g in the neighbourhood of x̃o. �

3.9 Proposition. The bundle with meromorphic connection (E,∇) given by
Proposition 3.8 induces, for any x̃ ∈ X̃d � Θ, a universal deformation of its
restriction (Ex̃,∇) to the fibre P

1 × {x̃}.

Proof. Let us fix x̃ ∈ X̃d � Θ. Then the bundle (E,∇) constructed with the
initial condition (Eo,∇o) at x̃o is equal to the bundle constructed in the same
way with the initial condition (E,∇)|P1×{x̃} at x̃, due to uniqueness. It is thus
enough to showing universality at x̃o.
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Let (E′,∇′, x′o) be an integrable deformation of (Eo,∇o). The “residue”
R′

0 remains regular semisimple in some neighbourhood of x′o and its eigen-
values define in a unique way a mapping f : (V ′, x′o) → (X̃d, x̃

o). That the
bundle (E′,∇′) is isomorphic to f+(E,∇) comes from the uniqueness, up to
isomorphism, of (E′,∇′) with the initial condition (Eo,∇o), which can be
proved as in Proposition 3.8. �

3.c Universal deformation with metric

In the setting of §3.b, we moreover assume that the matrix B∞ satisfies
tB∞ + B∞ = w Id for some w ∈ Z, i.e., the matrix B∞ − w/2 Id is skewsym-
metric. In other words, the form Go on Eo for which Go(εo

i , ε
o
j) = δij defines

an isomorphism (Eo,∇o) ∼−→ (E
o∗
,∇o∗

)[w]. Then this isomorphism can be
extended in a unique way to an isomorphism which is meromorphic along the
hypersurface Θ(x̃o):

(E (∗π−1Θ),∇) ∼−→ (E
∗
(∗π−1Θ),∇∗

)[w].

Indeed, if Go can be extended, then the associated form g∞ is horizontal
for � and thus G(εi, εj) = δij . Conversely, if we define G in this way, it is
enough to check that the matrix B0 and the matrices C(i) are symmetric. The
skewsymmetry assumption for B∞ shows that the system (2.5) (or its local
expression (2.6)) is stable under transposition, that is, if (B0, C

(1), . . . , C(n)) is
a solution, then (tB0,

tC(1), . . . , tC(n)) also. As Bo
0 is diagonal, the uniqueness

property in Theorem 3.7 shows that B0 and the C(i) are symmetric. �

3.d The basis ε

According to Theorem 2.1, there exists a unique basis ε of E0 := E|{0}×X̃d
,

meromorphic along Θ, which coincides with εo at x̃o and such that the con-
nection matrix of ∇ in this basis lifted to E takes the form

Ω =
(B0(x̃)

τ
+B∞

)dτ
τ

+
d∑

i=1

C(i)(x̃)
τ

dxi,

where B0 and the C(i) are holomorphic on X̃d �Θ and meromorphic along Θ.
The integrability condition for ∇ is equivalent to Conditions (2.5). Moreover,
B0(x̃) is conjugate to diag(x1, . . . , xd) for any x̃.

3.e The basis e

As the “residue” R0 of ∇ is regular semisimple and as X̃d is 1-connected, the
restriction E0 of the bundle E to {0}×X̃d can be decomposed as a direct sum
of eigen bundles of rank one. According to Theorem III.2.15 and Proposition
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III.2.12, each of these bundles can be equipped with a flat connection and,
as X̃d is 1-connected, giving a nonzero section of each bundle at x̃o also gives
a global trivialization of it. As, by assumption, Bo

0 is diagonal in the basis εo,
this basis is adapted to the decomposition when restricted to x̃0. We thus have
a trivialization of E0, and more precisely a unique basis e which coincides with
εo at x̃o and which is compatible with the decomposition.

In the following, we will analyze the connection matrix of ∇ expressed in
the basis e.

3.f Comparison of the bases ε and e

Theorem III.2.15 implies that there exists a base change, formal in τ , with
holomorphic coefficients on X̃d � Θ and meromorphic along Θ, which trans-
forms the matrix Ω of ∇ in the basis ε to a matrix Ω̂′ which takes the form

Ω̂′ = −d
(Δ0(x̃)

τ

)
+Δ∞

dτ

τ
,

where Δ0(x̃) = diag(x1, . . . , xd) and Δ∞ is a constant diagonal matrix (which
gives the “formal monodromy”).

3.10 Exercise. Show, by adapting the proof of Theorem II.5.7, that Δ∞ is
nothing but the diagonal part of the matrix B∞.

Let P̂ (x̃, τ) =
∑∞

k=0 Pk(x̃)τk be the matrix of this base change. We then
have

Ω = P̂ Ω̂′P̂−1 − dP̂ P̂−1

and thus dP̂ = P̂ Ω̂′ − Ω′P̂ . We deduce, by considering the coefficient of τk

with k = −2,−1, 0, that we must have the relations

(3.11)

P0Δ0 = B0P0

P1Δ0 −B0P1 = B∞P0 − P0Δ∞
C(i)P0 = −P0Di

∂P0

∂xi
= −C(i)P1 − P1Di,

where Di = ∂Δ0/∂xi is the diagonal matrix whose only nonzero term is equal
to 1 and is located at (i, i). Therefore, we have Δ0 =

∑
i xiDi.

Once this formal base change is known, the basis e introduced in §3.e is
obtained by considering only the order 0 part of the base change, that is, the
matrix P0: as a matter of fact, we restrict the formal bundle associated to E
to τ = 0 to find the basis e. As a consequence, the matrix Ω′ of ∇ in the
basis e satisfies

Ω′ = P−1
0 ΩP0 + P−1

0 dP0
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with the normalization P0(x̃o) = Id, as eo and εo coincide. If we use the
relations above and if we set T (x̃) = −P0(x̃)−1P1(x̃), we obtain

(3.12) Ω′ = −d
(Δ0

τ

)
+ (Δ∞ + [Δ0, T ])

dτ

τ
+ [T, dΔ0].

One should notice that the perturbation Ω̂′ − Ω′ of the diagonal matrix Ω̂′

has no diagonal terms.
Lastly, the matrix of � in the basis e is the restriction to τ = ∞ of the

part of Ω′ which is independent of dτ , that is here, [T, dΔ0] that we can also
write as

∑d
i=1Ai(x̃) dxi with Ai = −[Di, T ]. We have

[T, dΔ0]ij = Tij(dxj − dxi).

Let us note that the last relation (3.11) can be replaced with the relation

∂P0

∂xi
= P0Ai.

Let us set M(x̃) = [Δ0, T ], so that Mij = (xi − xj)Tij . Giving M is
equivalent to giving T , as the functions xi − xj (i �= j) are invertible on X̃d.
We have Mo := M(x̃o) = B∞ −Δ∞. Then the integrability condition on ∇
expressed in the basis e shows that M satisfies the differential system

(3.13) dM = [[dΔ0, T ],M +Δ∞].

3.14 Remarks.

(1) We have
∑

i Ai = −[
∑

i Di, T ] = −[Id, T ] = 0. Consequently, the matrix
of �

Σi∂xi
in the basis e is zero. On the other hand, the matrix of Φ in the

basis e is given by
Φ∂xi

= −Di.

(2) The matrix T only shows up its nondiagonal entries in Equation (3.13).
We can then replace, in the expression of M and in (3.13), the matrix T

with the matrix T̃ obtained by killing all diagonal coefficients of T . Let
us also notice that T̃ is known as soon as M is so.

3.g Case where B∞ is skewsymmetric

The previous results become simpler if we suppose that B∞ is skewsymmetric
or, more generally, when B∞− (w/2) Id is so, with w ∈ Z (in this case Δ∞ =
(w/2) Id). Then:

3.15 Proposition. If B∞ − (w/2) Id is skewsymmetric, the matrix B0 and
the matrices C(i) are symmetric.

Proof. It is enough to use that the system (2.5) is invariant by transposition
(cf. also §3.c). �
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This property can also be read in the basis e:

3.16 Proposition. The matrix B∞ − (w/2) Id is skewsymmetric if and only
if the matrix M = [Δ0, T ] is so. If this property holds, the basis e is g-
orthonormal and the base change matrix P0 between the bases ε and e satisfies
P0

tP0 = Id.

Proof. By construction, we have Mo = B∞ − (w/2) Id, hence one of the
ways is clear. If B∞ − (w/2) Id is skewsymmetric, we deduce that the matrix
T̃ o = (adΔ0)−1(B∞) is symmetric. By considering the integrable system
satisfied by T̃ which is deduced from the system (3.13), we conclude that T̃
is symmetric and thus M is skewsymmetric.

For the second point, let us consider the restriction to P
1 × (X̃d � Θ)

of the nondegenerate Hermitian form G on (E,∇) constructed in §3.c. The
isomorphism

(3.17) (E,∇) ∼−→ (E
∗
,∇∗

)[w]

that we deduce from it induces an isomorphism of the formalized modules
along {0} × (X̃d � Θ). As the rank one factors in the formal decomposition
are pairwise nonequivalent, this isomorphism preserves the formal decompo-
sition. By restricting the isomorphism (3.17) to {0} × (X̃d � Θ), we thus get
a nondegenerate bilinear form g0 for which the basis e is orthogonal.

On the other hand, the form G induces a bilinear form g on π∗E|X̃d�Θ

(by taking global sections). In the basis ε, it coincides with g∞, and in the
basis e with g0. We deduce that P0

tP0 is equal to the diagonal matrix having
the g0(ei, ei) as diagonal entries.

Lastly, let us show that P0
tP0 = Id. It is enough to show that, for any

i = 1, . . . , d, we have
∂(P0

tP0)
∂xi

= 0, as the equality is satisfied at x̃o. Let us

first notice that, as T = P−1
0 P1 is symmetric, we have the identity

P0
tP1 = P1

tP0.

On the other hand, using the two previous relations (3.11), we get

∂P0

∂xi
· tP0 = −(C(i)P1 + P1Di) · tP0 = [P1

tP0, C
(i)]

P0 ·
∂ tP0

∂xi
= −P0 · (tP1C

(i) +Di
tP1) = [C(i), P0

tP1].

The identity above enables us to conclude. �

3.18 Exercise. We keep the skewsymmetry assumption for B∞ − (w/2) Id.
In particular, the matrix T is symmetric. Let v =

∑
i vi(x̃)ei be a section of E

on X̃d �Θ. Prove the following properties:
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(1) The section v is horizontal for � if and only if the vi satisfy the following
equations (i, j = 1, . . . , d):

∂vi(x̃)
∂xj

= −vj(x̃)Tij(x̃) if i �= j and
∂vi(x̃)
∂xi

=
∑
k �=i

vk(x̃)Tik(x̃).

(2) In such a case, the form
∑

i v
2
i (x̃) dxi is closed.

(3) Set Ev =
∑

i xivi(x̃)ei. If moreover v is an eigenvector of M with eigen-
value α ∈ C, we have

�Ev =
d∑

j=1

(α+ 1)ejvj dxj +
∑
i,j

Mijejvi dxi

and for any i the function v2
i is homogeneous of degree 2α (i.e.,∑

j xj∂xj
v2

i = 2αv2
i ).

3.19 Exercise (After A. Givental [Giv98]).

(1) Prove that the integrability condition on the matrix [T, dΔ0] of the con-
nection � can be expressed by the following relations, for any pair (i, j)
with i �= j:

∂Tij

∂x�
= −Ti�T�j (� �= i, j) and

∑
�

∂Tij

∂x�
= 0.

(2) We set Q = P−1
0 P = (1−τT+τ2S+· · · ), so that Q−1Ω′Q+Q−1dQ = Ω̂′.

By considering the coefficient of τ in this equality, prove that the diagonal
entries of T also satisfy

∂Tii

∂x�
= −Ti�T�i (� �= i) and

∑
�

∂Tii

∂x�
= 0,

that is, dTii =
∑

� Ti�T�i(dxi − dx�).
(3) Deduce that, if B∞−(w/2) Id is skewsymmetric (hence if T is symmetric),

the 1-form
∑

i Tii dxi is closed.

3.20 Examples.

(1) If d = 2, one can easily check that M and [dΔ0, T ] are proportional, hence
dM = 0 and M is constant. Let us set u = x1 − x2 and v = x1 + x2. Let
b = B∞,12. We thus have T12 = b/u. Exercise 3.19-(2) shows then that
T11 and T22 are independent of v and satisfy

∂T11

∂u
= −∂T22

∂u
= 2

b2

u2

hence T11 = T o
11e

−2b2/u and T22 = T o
22e

2b2/u.
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(2) If d = 3, we set u = x1 − x2, v = x2 − x3 and w = x1 + x2 + x3. We
also set T12 = a, T23 = b and T13 = c, so that M12 = au, M23 = bv and
M13 = c(u+ v). The system (3.13) can now be written as

d(au) = −bc(vdu− udv)
d(bv) = −ac(vdu− udv)

d(c(u+ v)) = ab(vdu− udv).

It is convenient to consider the coordinates ζ = u/v ∈ C � {0,−1} and
t = u + v ∈ C

∗. We then see that the entries α = M12, β = M23 and
γ = M13 of M only depend on ζ and satisfy the system

α′(ζ) = − 1
1 + ζ

β(ζ)γ(ζ)

β′(ζ) = − 1
ζ(1 + ζ)

α(ζ)γ(ζ)

γ′(ζ) =
1
ζ
α(ζ)β(ζ).

These equations clearly emphasize the invariance of the quantity −R2 =
α2 + β2 + γ2. Moreover, the eigenvector of M

⎛
⎝β
γ
α

⎞
⎠

with respect to the eigenvalue 0 is horizontal for �.
Theorems 3.7 and III.2.15 show that there exists a solution (α, β, γ) to
the previous system, which is a meromorphic function on the universal
covering space of C � {0,−1}. This solution is unique once the initial
condition Mo = B∞−Δ∞ fixed. The divisor Θ of poles a priori depends
on this initial condition.

3.21 Remark (A Hamiltonian system). The notion of integrability for
nonlinear differential systems, like those coming from physics, is not easy to
define4. A way to consider it consists in giving these systems a Hamiltonian
form and in looking for the maximal number of first integrals. For instance,
K.Okamoto found a Hamiltonian form for Painlevé equations (cf. [IKSY91]).
Let us see what happens to the system (2.5), written as (3.13).

4 The introduction of [GR97] begins as follows: “It would seem fit for a paper
entitled ‘Integrability’ to start with the definition of this notion. Alas, this is not
possible. There exists a profusion of integrability definitions and where you have
two scientists you have (at least) three definitions of integrability.” N.Hitchin
[Hit99] adopts the repartee of Louis Armstrong as his own: “If you gotta ask,
you’ll never know!”
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We still assume that B∞−w/2 Id is skewsymmetric. In the basis ε, the ma-
trix of the endomorphismR0 remains conjugate to the matrix diag(x1, . . . , xd),
although that of R∞ remains constant. On the other hand, in the basis e, the
matrix of R0 is equal to diag(x1, . . . , xd), but that of R∞ + w/2 Id, that is,
−M , varies in the space of skewsymmetric matrices, being governed by the
differential system (3.13).

In [JMMS80]5 the Hamiltonian structure of the system satisfied by M is
emphasized. This system can be interpreted as a Hamiltonian system on the
space Xd×OMo , where OMo is the adjoint orbit of the skewsymmetric matrix
Mo = B∞− (w/2) Id equipped with its usual symplectic structure. Indeed we
set, for any (x̃,M) ∈ (X̃d �Θ)× so(d,C)

Hi(x̃,M) = −
∑
j �=i

M2
ij

xi − xj

and we denote by Xi(x̃,M) (i = 1, . . . , d) the corresponding Hamiltonian field
tangent to OMo . We can then write Equation (3.13) as (cf. [Hit97, Th. 4.1])

∂M

∂xi
= Xi(x̃,M). �

3.h Relation with Schlesinger equations by Fourier transform

The universal deformation that we have constructed in §3.b by using, among
others Theorem III.2.10, can also be obtained from the universal deformation
constructed in §1.c for suitable initial conditions. We pass from one to the
other by a partial Fourier transform, as we have done (without parameters)
in §V.2.c. We will be more explicit concerning this correspondence.

We thus fix Bo
0 = diag(xo

1, . . . , x
o
d) with xo ∈ Xd and B∞ ∈ Md(C). We will

assume in the following (cf. Proposition V.2.10) that B∞ + k Id is invertible
for any k ∈ N, or, if one prefers, that B∞ has no negative integral eigenvalue.

The free C[τ ]-module Ê
o of rank d equipped with the connection ∇̂o having

matrix (Bo
0

τ
+B∞

)dτ
τ

and the free C[t]-module E
o of rank d equipped with the connection ∇o having

matrix

(B∞ − Id)(t Id−Bo
0)−1 dt =

d∑
i=1

(B∞ − Id)Di

t− xi
dt

are Fourier transforms one from the other. Let us note that the matrix Ai =
(B∞ − Id)Di has rank one: its unique nonzero column is the i-th column of
B∞ − Id.
5 Cf. also [Har94], [Dub96, Prop. 3.7], [Hit97, Th. 4.1] and generalizations in

[Boa99].
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Let (Ê, ∇̂) be the universal deformation of (Êo, ∇̂o) constructed in §3.b,
parametrized by the space X := X̃d �Θ. Therefore, Ê is a free OX [τ ]-module
of rank d, equipped with the basis ε in which the connection matrix ∇̂ is
written as (B0(x̃)

τ
+B∞

)dτ
τ

+
C(x̃)
τ

.

As in §V.2.c, let us denote by t the action of τ2∇∂τ
and by ∂t that of

τ−1, the action of xi and ∂xi
being unchanged. Then Ê becomes, for the

same reason as in Proposition V.2.10, a OX [t]-module generated by ε, that
we denote by E, equipped with a connection ∇.

3.22 Lemma. The OX [t]-module E is free of rank d, having ε as a basis.

Let us take this lemma for granted and let us continue to examine the
inverse partial Fourier transform. If we write the basis ε as a column, we have

∂xi
ε = tC(i)(x̃)τ−1ε

= tC(i)(x̃)(t Id−tB0(x̃))−1(tB∞ − Id)ε,

in other words, the connection matrix of ∇ in the basis ε is written as

Ω = (B∞ − Id)(t Id−B0(x̃))−1
(
dt+

∑
i

C(i)(x̃) dxi

)
.

It is not a priori evident that this matrix takes the form given in Theorem 1.2
(with ψi(x) = xi). We will see that such is the case by utilizing the basis e,
obtained from the base change of matrix P0 (cf. §§3.e and 3.f). One verifies in
the same way as above that the matrix Ω′ of ∇ in this basis is written as

Ω′ = ((Δ∞ − Id) + [Δ0, T ]) (t Id−Δ0)−1d(t Id−Δ0) + [T, dΔ0],

that is also

Ω′ =
d∑

i=1

((Δ∞ − Id) + [Δ0, T ])Di
d(t− xi)
t− xi

+ P−1
0 dP0

= P−1
0 ΩP0 + P−1

0 dP0

with

Ω =
d∑

i=1

P0 ((Δ∞ − Id) + [Δ0, T ])DiP
−1
0

d(t− xi)
t− xi

.

The matrix Ω thus takes the form given in Theorem 1.2. In this way, for
B∞ fixed, the solution (B0(x̃), C(x̃)) of Equations (2.5) with initial con-
dition Bo

0 = xo at x̃o given by Theorem 3.7 enables one to get a solu-
tion (A1(x̃), . . . , Ad(x̃)) of Schlesinger equations (1.4) with initial condition
(B∞ − Id)D1, . . . , (B∞ − Id)Dd at x̃o.



3 Universal integrable deformation for Birkhoff’s problem 221

Proof (of Lemma 3.22). As ε generates E over OX [t], we have a surjective
morphism OX [t]d → E. Let K be its kernel. As the module Ê is free over OX [τ ],
it is also free over OX , hence E is free over OX . Let mx̃ be the maximal ideal
of OX at x̃. We deduce that K/mx̃K is the kernel of the induced morphism
C[t]d → E/mx̃E. We have seen in Proposition V.2.10 that it is an isomorphism.
We deduce that K/mx̃K = 0 for any x̃ ∈ X, hence K = 0 (indeed, a section
of K consists of d polynomials in t, the coefficients of which are holomorphic
functions on X which vanish at each point of X). �



VII

Saito structures and Frobenius structures
on a complex analytic manifold

Introduction

At the end of the seventies, K. Saito (cf. [Sai83a, Sai83b]) brought into promi-
nence, in a conjectural way, a mixed structure on the space of parameters of
the universal unfolding of any holomorphic function with an isolated critical
point. This conjecture stated that there should exist a flat “metric” on the
tangent bundle (hence an affine structure, see Remark 0.13.5) and a prod-
uct compatible with the “metric”, both structures being linked by relations
analogous to that considered in §§VI.2.17-2.18. Therefore, the presence of an
integrable deformation is central in such a structure, which we will call in the
following a Saito structure. The main tool in order to exhibit such a structure
is the infinitesimal period mapping.

This conjecture has been proved with all generality by M.Saito ([Sai89]).
One should notice that the existence of an affine structure had yet ap-

peared in some articles, published one century earlier, on the periods of fam-
ilies of elliptic curves (cf. [FS82]).

More recently, B.Dubrovin (cf. [Dub96]) has shown that this structure pro-
vides solutions to some nonlinear differential equations introduced by physi-
cists, called “WDVV equations”1. Moreover, he also showed that this struc-
ture appears in other contexts (quantum cohomology for example, see also
[MM97]), thus revealing relations between mathematical domains apparently
of a very different nature. An essential fact in this approach is the local exis-
tence of a potential satisfying the WDVV equations, also called associativity
equations. This structure is also called by B.Dubrovin a Frobenius structure
if it is presented starting from the potential, which is then called the potential
of the Frobenius structure.

Since then, another way to produce such structures has been proposed by
S.Barannikov and M.Kontsevitch [BK98] (see also [Man99b, CZ99]), making

1 These are the initials of Witten, Dijkgraft, Verlinde and Verlinde.
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the Frobenius structures play ([Bar99]) a prominent role in mirror symmetry
(see for instance [Voi99, BP02]).

In this chapter we will expound the former aspect of the question. After
having introduced the notion of an infinitesimal period mapping in the general
framework of Saito structures, we will show the existence of universal examples
of such structures, with an hypothesis of semisimplicity. We will treat some
examples and we will indicate the general framework for the construction of
the Frobenius structure associated to singularities of holomorphic functions
by K.Saito. We will only give some indications as to the other approaches,
which go far beyond the techniques developed in this book.

This chapter is partly inspired from the articles [Dub96, Hit97, Aud98a,
Aud98b, Sab98] and of the book [Man99a].

1 Saito structure on a manifold

Let M be a complex analytic manifold of dimension d and let TM be its
tangent bundle. We will now work with the notions introduced in §0.13. In
order to emphasize the respective roles of the metric and of the associated
connection, we will begin with definitions which do not involve the metric.

1.a Saito structure without a metric

1.1 Definition. A Saito structure on M (without a metric) consists of the
following data:

(1) a flat torsion free connection � on the tangent bundle TM ,
(2) a symmetric Higgs field Φ on the tangent bundle TM ,
(3) two global sections (vector fields) e and E of ΘM , respectively called unit

field and Euler field of the structure.

These data are subject to the following conditions:

(a) the meromorphic connection2 ∇ on the bundle π∗TM on P
1×M defined

by the formula

∇ = π∗ �+
π∗Φ

τ
−

(Φ(E)
τ

+�E

)dτ
τ

is integrable (in other words, Relations VI.2.17 are satisfied by �, Φ,
R0 = −Φ(E) and R′

∞ = �E);

2 Recall that Φ(E) and �E are endomorphisms of the tangent bundle TM , i.e., OM -
linear endomorphisms of the sheaf ΘM . Here, we regard them in a natural way
as endomorphisms of the sheaf π∗ΘM . On the other hand, π∗� is a connection
on this sheaf (cf. Example 0.11.10) and, similarly, π∗Φ is a Higgs field.
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(b) the field e is �-horizontal (i.e., �(e) = 0) and satisfies Φe = − Id (i.e.,
the product � associated to Φ has e as a unit field).

We will now indicate some quite immediate consequences of this definition.
They will provide a better understanding of the simplest examples. We let the
reader give details.

1.2 Modification of the Euler field. We can obtain Saito structures
parametrized by λ ∈ C: the field E can be replaced with E + λe. The en-
domorphism R0 is the multiplication3 by E. It is changed into R0 + λ Id. The
endomorphism �E remains unchanged.

1.3 Relation between the Euler field and the unit field. It follows
from one of the relations VI.2.17 that the endomorphism R′

∞ = �E is �-
horizontal. Moreover, the unit field e satisfies �eE = e, which is equivalent,
as � is torsion free, to LE(e) = −e, if LE denotes the Lie derivative relative
to E: indeed, the relation �(R0) = [Φ,�E]−Φ, applied to the pair of vectors
(e, e), gives on the one hand

�e(R0)(e) := �e(R0(e))−R0(�ee) = �e(e � E) = �e(E)

and, on the other hand,

[Φe,�E](e)− Φe(e) = [− Id,�E](e) + e � e = e � e = e.

1.4 The Euler field in flat coordinates. Any covering (in particular
the universal covering) of a manifold having a Saito structure is naturally
equipped with such a structure.

Let us suppose then that M is 1-connected. Still because � is torsion free,
there exists on M (see Theorem 0.13.4) a flat coordinate system4 t1, . . . , td,
i.e., such that �(∂ti

) = 0 for any i. One can choose it in such a way that
∂t1 = e.

The matrix of the endomorphism �(E) in the basis (∂t1 , . . . , ∂td
) is con-

stant. Let us assume it semisimple. It is then possible (and often convenient for
computation) to choose these coordinates in such a way that the fields ∂ti

are
eigenvectors of�(E). We can thus write, in this basis,�E = diag(1, δ2, . . . , δd)
with δi ∈ C and δ1 = 1, as �eE = e. If we set E =

∑
i ai(t1, . . . , td)∂ti

, the
equalities �∂tj

E = δj∂tj
imply that aj = δjtj + rj with rj ∈ C. Let us trans-

late the flat coordinates so that rj = 0 if δj �= 0. The Euler field can thus be
written as

E =
∑

j|δj �=0

δjtj∂tj
+

∑
j|δj=0

rj∂tj
.

3 Although this is not important, we will take right multiplication, in order to follow
the analogy with the connection.

4 In the étale sense, cf. Remark 0.2.4.
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1.5 Covariant derivative and Lie derivative of the product. Due to
the symmetry of Φ (Definition 1.1-(2)), the relation �(Φ) = 0 in Ω2

M ⊗OM

EndOM
(ΘM ) amounts to the following relation, for any triple of vector fields:

�ξ(η � θ)−�η(ξ � θ) + ξ ��ηθ − η ��ξθ −Lξη � θ = 0.

Indeed, we notice first that the left-hand term is linear in ξ, η, θ, so that it
is enough to check this equality in a local basis. As � is torsion free, we can
consider a system of flat local coordinates t1, . . . , td. The relation then means
that the expression

�∂ti
(∂tj

� ∂tk
)

is symmetric in i, j, k. In order to check that this is equivalent to the equation
�(Φ) = 0, we write Φ =

∑
i dti ⊗ C(i). The relation �(Φ) = 0 is equivalent

to the relations ∂C(i)/∂tj = ∂C(j)/∂ti for all i, j (see the system VI.2.17). By
definition we have

∂tj
� ∂tk

= −Φ∂tj
(∂tk

) = −
∑

�

C
(j)
�,k∂t�

,

so that the symmetry of Φ is equivalent to the fact that, for any �, C(j)
�,k is

symmetric in j, k. This implies that so is ∂C(j)
�,k/∂ti. Due to the flatness of the

coordinates, we have

�∂ti
(∂tj

� ∂tk
) = −

∑
�

∂C
(j)
�,k

∂ti
∂t�

.

Therefore, taking into account the symmetry of Φ, the symmetry in i, j, k of
�∂ti

(∂tj
� ∂tk

) is equivalent to the symmetry in i, j of ∂C(j)
�,k/∂ti for all k, �,

in other words, to the relation �Φ = 0. �
The relation �(R0) − [Φ,�E] = −Φ applied to a pair (ξ, η) of vectors

amounts to

�ξ(η � E)−�ξη � E + ξ ��ηE−�ξ�ηE = ξ � η.

This can be checked by the same argument as above.
Modulo the relation �(Φ) = 0, this is equivalent to the relation

LE(ξ � η)−LEξ � η − ξ �LEη = ξ � η.

If we regard the product � as a section of the bundle of symmetric homo-
morphisms of ΘM ⊗ ΘM in ΘM , on which E acts by the Lie derivative, the
previous relation means that5

LE(�) = �. �
5 The first relation of §1.5 also implies (cf. [Her02])

Lξ�η(�) = ξ � Lη(�) + Lξ(�) � η.
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1.6 Example (Saito structures in dimension two). We will exhibit the
Saito structures on the complex plane C

2 equipped with the usual flat connec-
tion, for which the canonical coordinates (t1, t2) are flat. We assume that ∂t1

is the unit field. We also assume that �E is semisimple with eigenvalues 1
and δ2 and, according to §1.4, that the coordinates are translated in such a
way that the Euler field takes the form

E =

{
t1∂t1 + δ2t2∂t2 if δ2 �= 0,
t1∂t1 + r2∂t2 (r2 ∈ C) if δ2 = 0.

The product � will be determined by the value of ∂t2 � ∂t2 . Let us then set

∂t2 � ∂t2 = α1(t1, t2)∂t1 + α2(t1, t2)∂t2 .

The relations that we did not use yet are

�∂t1
(∂t2 � ∂t2) = �∂t2

(∂t1 � ∂t2) = �∂t2
∂t2 = 0

and
LE(∂t2 � ∂t2)− 2LE(∂t2) � ∂t2 = ∂t2 � ∂t2 .

The first one shows that α1 and α2 only depend on t2. The second one shows
that

• if δ2 �= 0 and if we set δ2 = 1/(1 +m), we have α1 = c1t
2m
2 and α2 = c2t

m
2

(c1, c2 ∈ C); therefore, such a structure exists on C
2 if and only if m ∈ N

when c2 �= 0 and 2m ∈ N when c2 = 0; we then have

∂t2 � ∂t2 = tm2 (c1tm2 ∂t1 + c2∂t2);

• if δ2 = 0, we have α1 = c1e
2t2/r2 and α2 = c2e

t2/r2 (c1, c2 ∈ C); we then
have

∂t2 � ∂t2 = et2/r2(c1et2/r2∂t1 + c2∂t2).

1.7 Embedding of the manifold LΦ as a hypersurface. The Euler field E

defines a linear form on each fibre of the cotangent bundle, that is, a linear
homomorphism of TM to the trivial bundle M × C. Let us denote by λ the
coordinate on the factor C. Let LΦ be the submanifold of the cotangent bundle
T ∗M associated to Φ, as in §0.13.d. If for any x ∈M the endomorphism R0,x

of TxM is regular (i.e., its minimal polynomial is equal to its characteristic
polynomial), the mapping LΦ → M × C, induced by the Euler field E, is a
closed immersion and its image is defined by the equation det(λ Id−R0) = 0.

Indeed, it is a matter of seeing that the corresponding morphism
OM [λ] → ΘM is onto. The multiplication endomorphism by E is equal
to R0. It is thus regular; for any section ξ of ΘM , the multiplication by ξ com-
mutes with the multiplication by E, hence can be expressed as a polynomial
in R0 with coefficients in OM . As a consequence, ξ = ξ�e is a polynomial in E.
Lastly, the kernel of OM [λ] → ΘM is generated by the minimal polynomial
of R0, which is its characteristic polynomial. �
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1.8 The manifold LΦ is Lagrangian [Aud98a]. Let us suppose that M
is simply connected and R0 is regular semisimple at any point. In such a
situation, the algebra structure on TxM is semisimple for any x ∈ M . The
eigenvalues of R0 define d functions x1, . . . , xd on M . These functions form a
system of canonical coordinates6 (cf. definition 0.13.10) on M and the mani-
fold LΦ is nothing but the disjoint union of the graphs of the dxi.

Indeed, it is enough to check this locally. As in §VI.3.e, we construct (by
fixing a base point xo ∈ M) a basis e of ΘM , according to Theorem III.2.10
and, in this basis, the matrix of R0 is diagonal at each point of M . The
expression VI.(3.12) shows that the matrix of Φ in this basis is then equal to
−dR0; in other words, we have, for any i = 1, . . . , d, the equality

Φ(ei) = −dxi ⊗ ei,

that is, for all i, j = 1, . . . , d,

ei � ej = Lej
(xi) · ei.

As the product � is commutative, we deduce that Lej
(xi) = 0 for i �= j. Ac-

cording to the existence of a unit field, we can see that, as in Remark 0.13.11,
the functions λi = Lei

(xi) do not vanish. As the Jacobian determinant
det

(
Lej

(xi)
)

vanishing nowhere on M , the mapping (x1, . . . , xd) : M → C
d

has everywhere maximal rank. Let us set e′i = ei/λi; we thus have e′i�e
′
j = δije

′
i

and Le′
j
(xi) = δij . We deduce that e′i = ∂/∂xi and that (x1, . . . , xd) defines

in the neighbourhood of any point of M a system of canonical coordinates.
The assertion on LΦ follows from Exercise 0.13.12. �

We deduce a holomorphic mapping, everywhere of maximal rank, from M
to an open set of the manifold X̃d of §VI.1.c.

Conversely, any holomorphic mapping everywhere of maximal rank
from M to an open set of X̃d, for which �, e and E are as above, is obtained
by canonical coordinates, hence is unique up to a permutation of these.

Theorem 4.2 will make precise these results.
Therefore, in this situation, the manifold M possesses two types of coor-

dinate systems, one adapted to the connection, the other one to the product.

1.9 Example 1.6, continuation. In Example 1.6, when δ2 �= 0 and c2 = 0,
c1 = 1, we must have 2m ∈ N, and the matrix of R0 is equal to(

t1 δ2t
2m+1
2

δ2t2 t1

)

so that R0 is regular semisimple away from {t2 = 0}. The canonical coordi-
nates are the eigenvalues of R0, that is,

x1 = t1 +
δ2t

1+m
2

1 +m
, x2 = t1 −

δ2t
1+m
2

1 +m

in any simply connected open set of {t2 �= 0}.
6 In the étale sense, cf. Remark 0.2.4.
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1.10 The discriminant. Let us assume that the endomorphism R0 (multi-
plication by E) is invertible for almost all points of M . As ΘM has no OM -
torsion, being locally free, the endomorphism R0 is everywhere injective and
induces an isomorphism onto its image. The discriminant Δ of the Saito man-
ifold M is the hypersurface of M defined by the equation detR0 = 0. This
hypersurface, when it is not empty, plays an important role in the geometry
of the manifold. It possesses itself a very rich geometry7.

One can easily deduce from the Saito structure a remarkable property
of this hypersurface: it is a free divisor . Recall the definition introduced by
K.Saito [Sai80]: let D be a hypersurface of M ; the subsheaf ΘM 〈logD〉 ⊂ ΘM

of logarithmic vector fields along D consists of the vector fields which are
tangents to the smooth part of D; let U be an open set of M on which D is
defined by the vanishing of a holomorphic function without multiple factor h,
and let ξ be a vector field on U ; then ξ is logarithmic along D∩U if and only
if the function Lξ(h) vanishes on D or also, after the Nullstellensatz, if this
function is a multiple of h.

This definition clearly implies that ΘM 〈logD〉 is a sheaf of OM -modules
which coincides with ΘM away from D. One can show that this subsheaf of
ΘM is coherent. One can moreover show that the sheaf ΘM 〈logD〉 satisfies
the following property: if Σ is a closed analytic subset of M everywhere of
codimension � 2 and if j : M �Σ ↪→M denotes the inclusion, then

ΘM 〈logD〉 = j∗ΘM 〈logD〉|M�Σ ∩ΘM ⊂ j∗ΘM�Σ .

Indeed, for any vector field ξ on an open set U of M on which h = 0 is an
equation for D, if Lξ(h) vanishes on D �Σ, then Lξ(h) also vanishes on D.

The hypersurface is a free divisor (in the sense of K. Saito) if the sheaf
ΘM 〈logD〉 is locally free as a OM -module (hence of rank dimM). One can
show (by duality) that this property is equivalent to the local freeness of the
sheaf of logarithmic 1-forms (cf. Remark 0.9.16-(3)).

Let us come back to the Saito manifold M and the hypersurface Δ. If R0

is moreover regular semisimple on an open set dense of M which contains an
open set dense of Δ, the divisor Δ is free.

Indeed, it is enough to check that the sheaf ΘM 〈logD〉 is equal to the
image sheaf of R0 : ΘM → ΘM as, by assumption on R0, the latter is locally
free. The closed analytic set Σ consisting of points of Δ where R0 is not
regular semisimple has codimension � 1 in Δ, hence � 2 in M . As imageR0

is locally free, we also have

imageR0 = j∗ (imageR0)|M�Σ ∩ΘM ,

which can be seen by expressing a local section of the right-hand term in
some basis of imageR0 with holomorphic coefficients on the complementary
set of Σ, hence with a removable singularity along Σ.
7 The reader will refer to [Tei77] for that question, in the case where M is the basis

of the universal unfolding of a singularity.
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It is thus enough to check the equality of both subsheaves in the neighbour-
hood of any point of the complementary set of this closed set. There exists
then, in the neighbourhood of such a point, canonical coordinates x1, . . . , xd,
and Δ is defined as the union of the hypersurfaces xi = 0. In the canonical
basis, the matrix of R0 is diag(x1, . . . , xd) and, in the neighbourhood of x1 = 0
for instance, we have x2, . . . , xd �= 0, hence the image of R0 is generated by
the vector fields x1∂x1 , ∂x2 , . . . , ∂xd

, i.e., the logarithmic fields. �

1.b Saito structure with a metric

As in §0.13, we will call a metric on the tangent bundle ΘM any nondegenerate
symmetric OM -bilinear form.

1.11 Definition. A Saito structure with metric on the manifold M consists
of a Saito structure (�, Φ, e,E) and of a metric g on the tangent bundle,
satisfying the following properties:

(1) �(g) = 0 (hence � is the Levi-Civita connection of g);
(2) Φ∗ = Φ, i.e., for any local section ξ of ΘM , Φ∗

ξ = Φξ, where ∗ denotes
the adjoint with respect to g; in other words, we have g(ξ1 � ξ2, ξ3) =
g(ξ1, ξ2 � ξ3) for all vector fields ξ1, ξ2, ξ3;

(3) there exists a complex number D ∈ C such that

�(E)∗ +�(E) = D Id .

One can notice that the torsion free connection � can be deduced from
the metric and the latter is therefore a flat metric. On the other hand, the
existence of a Euler field gives some homogeneity to the manifold M . In the
examples originally treated by K.Saito, the endomorphism �E is semisimple.

We will now consider some supplementary properties that one can deduce
from the existence of such a metric.

1.12 Homogeneity of the metric. As R0 = −Φ(E), we have R∗
0 = R0. On

the other hand, the skewsymmetry condition on �E is expressed as

g(�ξE, η) + g(ξ,�ηE) = D · g(ξ, η) ∀ ξ, η

that is, as �(g) = 0 and � is torsion free, as

LE(g)(ξ, η) := LE(g(ξ, η))− g(LEξ, η)− g(ξ,LEη) = D · g(ξ, η) ∀ ξ, η.

One can write this equality as LE(g) = D ·g: the field E preserves the metric,
up to a multiplicative constant, by the Lie derivative; one says that it is
conformal (recall also, for good measure, the equality LE(�) = �, seen in
§1.5).

If we apply the first formula to ξ = η = e, we get (D − 2)g(e, e) = 0, as
�eE = e (cf. §1.3).
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1.13 The counit. Let e∗ be the 1-form on M defined by e∗(η) = g(e, η)
for any vector field η. We say that e∗ is the counit of the Saito structure. It
follows from 1.11-(2) that, for all ξ, η, we have g(ξ, η) = e∗(ξ � η). Moreover,
the form e∗ is closed : indeed,

∂zi
e∗(∂zj

) = ∂zi
g(e, ∂zj

) = g(e,�∂zi
∂zj

) (as �(g) = 0 and �e = 0)

= g(e,�∂zj
∂zi

) (as � is torsion free)

= ∂zj
e∗(∂zi

).

If M is simply connected (or if we replace M with its universal covering),
there exists a holomorphic function η such that e∗ = dη and this function
(denoted originally τ by K.Saito) is unique up to the addition of a constant
(cf. Exercise 0.9.8). This function η is flat (cf. Remark 0.13.8).

1.14 Flat coordinates adapted to the metric and to the Euler field.
There exists on any simply connected open set U of M (or, better, on the

universal covering space of M) a flat coordinate system t1, . . . , td such that
the associated vector fields ∂t1 , . . . , ∂td

form a g-orthonormal basis of TxM for
any x ∈ U .

In general, one cannot obtain flat g-orthonormal coordinates such that the
∂ti

are eigenvectors of �E (as in §1.4), as for instance g(e, e) = 0 if D �= 2.
Depending on the case, we will choose one of these properties.

If �∂ti
E = δi∂ti

and �∂tj
E = δj∂tj

, we have (δi + δj)g(∂ti
, ∂tj

) = D ·
g(∂ti

, ∂tj
), hence ∂ti

and ∂tj
are g-orthogonal as soon as δi + δj �= D.

When g(e, e) = 0 (if D �= 2 for instance) and �E is semisimple, there
exists a flat coordinate system t1, . . . , td such that e = ∂t1 , that ∂t1 , . . . , ∂td

are eigenvectors of �E and that

g(∂ti
, ∂tj

) =

{
1 if i+ j = d+ 1,
0 if i+ j �= d+ 1.

Indeed, in any flat g-orthonormal coordinate system, the matrix of �E −
D/2 Id is constant and skewsymmetric; hence, for any λ, the multiplicity of
an eigenvalue λ is equal to that of −λ. Let t′1, . . . , t

′
d be a flat coordinate sys-

tem such that the ∂t′i
are eigenvectors of �E. By the Gram-Schmidt process,

we can find a constant base change (and therefore another flat coordinate sys-
tem t1, . . . , td) such that the required properties are satisfied, with possibly
only g(∂ti

, ∂td+1−i
) �= 0. As ∂td

�= ∂t1 , we can, still keeping ∂t1 = e, obtain
g(∂ti

, ∂td+1−i
) = 1 by multiplying the ∂ti

(i � 2) by constants, and modify the
coordinates accordingly.

1.15 Example 1.6, continuation. Let us consider the metric g such that

g(∂t1 , ∂t1) = g(∂t2 , ∂t2) = 0 and g(∂t1 , ∂t2) = 1.

In order that this metric is compatible to the product �, it is necessary and
sufficient that g(∂t2 �∂t2 , ∂t1) = 0, that is, c2 = 0. We then have�E+(�E)∗ =
(2 + 2δ2) Id.
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1.16 A potential for the metric. If we have a system (xi) of canonical
coordinates (cf. definition 0.13.10) on some open set of M (in the situation of
§1.8 for instance), then we have g(∂xi

, ∂xj
) = 0 if i �= j: as a matter of fact,

g(∂xi
, ∂xj

) = g(∂xi
� ∂xi

, ∂xj
) (canonicality)

= g(∂xi
, ∂xi

� ∂xj
) (compatibility of g and �)

= g(∂xi
, 0) = 0 (canonicality).

If we set φi(x) = g(∂xi
, ∂xi

), the metric can be written as g =
∑

i φi(x)(dxi)2.
One can also check that the counit e∗ can be written as

∑
i φi(x) dxi: indeed,

by definition, e∗ =
∑

i g(e, ∂xi
) dxi and the assertion follows from e =

∑
j ∂xj

.
As e∗ is a closed holomorphic form (cf. §1.13), there exists on any simply
connected open set of M or on its universal covering (cf. Exercise 0.9.8) a
function φ such that φi = ∂φ/∂xi for any i = 1, . . . , d.

1.17 Exercise. Express the flatness condition for the metric g in terms of φ.

1.18 A tensor with four legs. Let us set c(ξ1, ξ2, ξ3) = g(ξ1 � ξ2, ξ3),
regarded as a section of the bundle (Ω1

M )⊗3 and let �c be defined as a section
of the bundle (Ω1

M )⊗4 (see for instance [GHL87, Prop. 2.58]). It is clear that c
is symmetric in its arguments. We will prove that
�c is symmetric in its four arguments.
Recall that �c can be computed, in any system of local coordinates

(z1, . . . , zd), by the formula

(1.19)
∂c(∂zi

, ∂zj
, ∂zk

)
∂z�

= (�∂z�
c)(∂zi

, ∂zj
, ∂zk

) + c(�∂z�
∂zi

, ∂zj
, ∂zk

)

+ c(∂zi
,�∂z�

∂zj
, ∂zk

) + c(∂zi
, ∂zj

,�∂z�
∂zk

).

Let us then consider flat coordinates such that the fields ∂t1 , . . . , ∂td
are

g-orthonormal. The matrix of Φ can be written as
∑

i C
(i) dti, where C(i) is

the matrix C
(i)
j,k. Then

Φ symmetric ⇐⇒ C
(i)
k,j = C

(j)
k,i ∀ i, j, k

�Φ = 0 ⇐⇒ ∂C(i)

∂t�
=
∂C(�)

∂ti
∀ i, �

Φ∗ = Φ ⇐⇒ C
(i)
j,k = C

(i)
k,j ∀ i, j, k.

Lastly, we have, in flat coordinates (t1, . . . , td),

�∂t�
(c)(∂ti

, ∂tj
, ∂tk

) = ∂t�

(
c(∂ti

, ∂tj
, ∂tk

)
)

=
∂C

(i)
j,k

∂t�
,

which is thus symmetric.
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1.20 Exercise. Write the tensor c in canonical coordinates, assuming the
Saito structure is semisimple.

1.21 The homogeneity constant. In various situations (see for in-
stance §3), the number D can be naturally expressed as D = 2q + 2 − w,
where w is an integer and q ∈ C. It is then natural to set R∞ =

�(E) − (1 + q) Id. The connection ∇ = � +
Φ

τ
+

(R0

τ
− R∞

)dτ
τ

is
still integrable and the compatibility conditions 1.11 are equivalent to giving
a Hermitian nondegenerate form G on π∗TM , which is compatible with the
connection ∇ and has weight w (cf. §VI.2.b). On the other hand, the unit e
is an eigenvector of R∞, corresponding to the eigenvalue −q, making the
meaning of this number q more precise.

2 Frobenius structure on a manifold

We will now present the definition of a Frobenius structure on a complex
analytic manifold M , as given by B.Dubrovin [Dub96]. A priori, it does not
refer to the isomonodromic relations; it rather emphasizes the properties of
some tensors on the manifold.

2.a Frobenius structure

Let us then be given on TM a symmetric nondegenerate bilinear form g, an
associative and commutative product � with unit e. This provides each tangent
space TmM with the structure of a Frobenius algebra (in the sense given in
Exercise 0.13.13). It is equivalent to be given three tensors � ∈ Γ (M,Ω1

M ),
g ∈ Γ (M, (Ω1

M )⊗2) and Γ (M, (Ω1
M )⊗3), the last two ones being symmetric,

satisfying the properties of Exercise 0.13.13.
This family of Frobenius algebras will be called a Frobenius structure on M

if it satisfies two supplementary conditions, namely an integrability condition
and an homogeneity condition. These conditions are expressed as follows:

(1) the metric g is flat and, if � is the associated flat torsion free connection,
we have �(e) = 0;

(2) the 4-tensor �c (see 1.18) is symmetric in its arguments;
(3) there exist a vector field E (Euler field) and a complex number D subject

to the following conditions:
(a) the endomorphism �E of ΘM is a �-horizontal section of

EndOM
(ΘM );

(b) we have LE(g(ξ, η))− g(LEξ, η)− g(ξ,LEη) = D · g(ξ, η) for all fields
ξ, η; in other words, LE(g) = D · g;

(c) we have LE(ξ � η) −LEξ � η − ξ � LEη = ξ � η for all fields ξ, η; in
other words, LE(�) = �.
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2.1 Remarks.

(1) Given Condition (1), the horizontality (3.a) of the endomorphism �E is
consequence of Condition (3.b). It is however important to stress upon
this property. In order to check that (1) + (3.b) ⇒ (3.a), we will work
in a flat coordinate system t1, . . . , td such that the fields ∂t1 , . . . , ∂td

are
g-orthonormal. Let us set E =

∑
k ϕk(t)∂tk

. Let us show (cf. Exercise
0.12.11(2)) that, assuming Condition (3.b), the section �∂ti

E remains
horizontal. As � is torsion free (Condition (1)), it is equivalent to proving
that LE(∂ti

) = −
∑

k ∂ti
(ϕk)∂tk

is horizontal, i.e., that the ∂ti
(ϕk) are

constant for all i, k. Condition (3.b) can be written, due to the assumptions
on the basis ∂t1 , . . . , ∂td

,

∂ti
(ϕj) + ∂tj

(ϕi) = −Dδij ∀ i, j = 1, . . . , d,

that is, setting ψi = ϕi +Dti/2,

∂ti
(ψj) + ∂tj

(ψi) = 0 ∀ i, j = 1, . . . , d.

We deduce from these relations that the ∂ti
(ψj) are constant for all i, j:

indeed,

∂tk
∂ti

(ψj) = −∂tk
∂tj

(ψi) = −∂tj
∂tk

(ψi) = ∂tj
∂ti

(ψk) on the one hand,
= ∂ti

∂tk
(ψj) = −∂ti

∂tj
(ψk) = −∂tj

∂ti
(ψk) on the other hand.

Hence ∂tk
∂ti

(ψj) = 0 for any k. �
(2) We deduce from Condition (3.c), taking ξ = η = e, that the unit e is an

eigenvector with eigenvalue 1 of �E, that is, LEe = −e.
(3) B.Dubrovin also imposes a semisimplicity condition for �E. This condi-

tion is not essential for what follows.
(4) One can weaken the notion of Frobenius structure by imposing only Con-

ditions (1) and (2), that is, without introducing the homogeneity condition
provided by the existence of the Euler field. The associativity of the prod-
uct (i.e., the symmetry of Φ) and Condition (2) amount then to the van-
ishing of the curvature of the family of connections �+ λΦ parametrized
by λ ∈ C (see [Dub96] or [Man99a]).

2.2 Proposition (The Saito structures are the Frobenius structures).
On any manifold M , there is an equivalence between a Saito structure with
metric and a Frobenius structure.

Proof. That a Saito structure with metric gives rise to a Frobenius structure
is a consequence of the properties following Definitions 1.1 and 1.11.

Conversely, given a Frobenius structure, let us set Φξ(η) = −ξ � η. The
commutativity and the associativity of � give the symmetry of Φ and Φ∧Φ = 0.
The entries C(i)

j,k of Φ in some �-horizontal orthonormal basis are such that

∂C
(i)
j,k/∂t� is a symmetric expression in i, j, k, �. This implies that �(Φ) = 0,

and hence Property (3.c) of E is equivalent to the relation �(R0) + Φ =
[Φ,�E], as mentioned in §1.5. �
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2.b The potential of the Frobenius structure and the associativity
equations

Let us be given a Frobenius structure (possibly without a Euler field, as in
Remark 2.1-(4)) on a manifold M that we will suppose to be 1-connected.
Let us fix a flat coordinate system (t1, . . . , td) on M . That the tensor �(c)
is symmetric in its four arguments implies that there exists a holomorphic
function F : M → C such that we have, for all i, j, k, the relation

(2.3)
∂3F

∂ti∂tj∂tk
= c(∂ti

, ∂tj
, ∂tk

) = g(∂ti
� ∂tj

, ∂tk
).

We note first that, if such a function exists, it is well determined only up to the
addition of a polynomial of degree 2 in t1, . . . , td. Let us prove the existence
of F . We will work in flat g-orthonormal coordinates for simplicity. In these
coordinates, we have c(∂ti

, ∂tj
, ∂tk

) = C
(i)
j,k.

A first consequence of the symmetry of �(c) is that the 1-form
∑

i C
(i)
j,k dti

is closed. For any pair (j, k), there exists thus (cf. Exercise 0.9.8) a function
Fj,k (defined up to a constant) such that dFj,k =

∑
i F

(i)
j,k dti. Still because of

symmetry, we have dFj,k = dFk,j , so that we can adjust the constants (the
manifold M being connected) to get moreover Fj,k = Fk,j for all j, k. Still by
symmetry, we see that the form

∑
k Fj,k dtk is closed, and there exists thus

functions Fj such that ∂Fj/∂tk = Fj,k. The form
∑

j Fj dtj remains closed,
whence the existence of F .

When �E is semisimple and g(e, e) = 0, we have, in the flat coordinates
of §1.14, g(∂t1 � ∂tj

, ∂tk
) = 1 if j + k = d+ 1 and 0 otherwise, so that we can

write

(2.4) F (t1, . . . , td) =
1
2
t1

( d∑
i=1

titd+1−i

)
+G(t2, . . . , td).

2.5 Example 1.6, continuation. Let us take up the situation of Example
1.15. The only third derivatives of F which are possibly nonzero are, setting
� = 2m ∈ N,

∂3F

∂t21∂t2
= 1 and

∂3F

∂t32
= c1t

2�
2 (or c1e2t2/r2).

We thus have, up to a polynomial of degree 2,

F (t1, t2) =
1
2
t21t2 + c′1t

�+3
2 or F (t1, t2) =

1
2
t21t2 + c′1e

2t2/r2

for some suitable constant c′1.
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2.6 Homogeneity of the potential. Let us suppose that �E is semisim-
ple. We can then choose flat coordinates as in §1.4. We have in particular
LE(∂tj

) = −δj∂tj
for any j. We deduce from the conformality of E with re-

spect to the metric g (§1.12) that, for all i, j, k, the function c(∂ti
, ∂tj

, ∂tk
) is

E-homogeneous of degree D + 1− δi − δj − δk, that is, satisfies the equation

LEc(∂ti
, ∂tj

, ∂tk
) = (D + 1− δi − δj − δk)c(∂ti

, ∂tj
, ∂tk

).

We deduce that LE(F )− (D + 1) · F is a polynomial of degree � 2.
In particular, if all the δj are > 0, this implies that F is a polynomial,

as the coefficient of tn1
1 · · · tnd

d in F is zero unless
∑

j δjnj = D + 1 when∑
j nj � 3.

2.7 Associativity equations. The associativity of the product imposes con-
straints on (the third derivatives of) the function F . These are nonlinear par-
tial differential equations, known as “WDVV equations”.

Let us fix a flat coordinate system (t1, . . . , td), that we will assume to be g-
orthonormal for simplicity. We thus have ξ =

∑
m g(ξ, ∂tm

)∂tm
for any field ξ

and therefore

∂ti
� ∂tj

=
∑
m

g(∂ti
� ∂tj

, ∂tm
)∂tm

=
∑
m

∂3F

∂ti∂tj∂tm
∂tm

.

The associativity (∂ti
� ∂tj

) � ∂tk
= ∂ti

� (∂tj
� ∂tk

) amounts to the relations8:

(2.8)
∑
m

∂3F

∂ti∂tj∂tm
· ∂3F

∂tm∂tk∂t�
=

∑
m

∂3F

∂tk∂tj∂tm
· ∂3F

∂tm∂ti∂t�

for all i, j, k, � ∈ {1, . . . , d}, which can be expressed by the fact that

∑
m

∂3F

∂ti∂tj∂tm
· ∂3F

∂tm∂tk∂t�

is symmetric in i, j, k, �.

2.9 Exercise (Associativity equations in adapted flat coordinates).
Assume that g(e, e) = 0 and that �E is semisimple. Prove that, in a flat
coordinate system t1, . . . , td as in §1.14, the associativity property can be
expressed as the symmetry in i, j, k, � of

∑
m

∂3F

∂ti∂tj∂tm
· ∂3F

∂td+1−m∂tk∂t�
.

8 Exercise: write analogous relations in flat coordinates, which are not necessarily
orthonormal.
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3 Infinitesimal period mapping

We describe here a procedure to construct a Frobenius manifold from a family
of bundles on P

1, equipped with a flat meromorphic connection. In order to
obtain the metric of the Frobenius manifold, it will be necessary to suppose
that this family possesses a nondegenerate Hermitian form. In order that the
construction is defined, it is necessary that the family of bundles has a prim-
itive section. The Frobenius structure is then obtained with the infinitesimal
period mapping provided by this primitive section. In this way, we follow word
for word the steps of K. Saito [Sai83a].

3.a Infinitesimal period mapping associated to a primitive section

Let us be given a bundle F of rank d = dimM on a manifold M . We deduce
a bundle E = π∗F on P

1 × M . We assume that it comes equipped with
a flat meromorphic connection ∇ having a pole of type 1 along {0} × M
and a logarithmic pole at infinity. It amounts to giving on F the objects �,
Φ, R∞, R0 satisfying the relations of §VI.2.c. In the following, we will set
E0 = F = i∗0E. Here, we have a fixed identification E0 = E∞.

Let ω be a �-horizontal section of E0. To this section is associated an
infinitesimal period mapping

ϕω : TM −→ E0,

which is the bundle morphism on M defined by

ϕω(ξ) = −Φξ(ω)

for any vector field ξ on M .

3.1 Definition (of a primitive or homogeneous section). A �-hori-
zontal section ω of E0 is said to be

• homogeneous if it is an eigenvector of R∞,
• primitive if ϕω is an isomorphism of bundles.

3.b Flat connection and product on the bundle TM

If ω is a primitive section, we can carry on TM through ϕω the structures
which exist on E0. They will be denoted with an exponent ω on the left to
remind us of the dependence with respect to the primitive section. We thus
have a flat connection ω� on TM defined by

ω�(ξ) = ϕ−1
ω � (ϕω(ξ)).



238 VII Saito structures and Frobenius structures

The form Φ also defines a product9 � on the sections of TM by

ϕω(ξ � η) := −Φξ(ϕω(η)).

3.2 Proposition.

(1) The flat connection ω� on TM is torsion free or, equivalently, the section
ϕω of Ω1

M ⊗ E0 satisfies �ϕω = 0 in Ω2
M ⊗ E0.

(2) The product � is associative, commutative and admits e := ϕ−1
ω (ω) as a

unit, which is a horizontal section with respect to the flat connection ω�.

Proof.

(1) Let us locally fix a �-horizontal basis ε of E0 = E∞ and local coordinates
z1, . . . , zd of M . In such a basis, the section ω has constant coefficients.
We also have, taking the notation of VI.(2.2), ϕω(∂zi

) = −C(i)(z) · ω.
Then

�∂zi
ϕω(∂zj

) = −∂zi
(C(j)(z)) · ω,

as ω is�-horizontal. Moreover, ∂zi
(C(j)(z)) = ∂zj

(C(i)(z)), after VI.(2.6).
Consequently, ω�∂zi

∂zj
= ω�∂zj

∂zi
. We deduce the vanishing of the tor-

sion of ω�.
Lastly, we have by definition (cf. Exercise 0.12.1), when we regard ϕω as
a section of Ω1

M ⊗ E0,

�ϕω(ξ, η) = �ξ(ϕω(η))−�η(ϕω(ξ))− ϕω([ξ, η])

and the horizontality of ϕω is equivalent to the vanishing of the torsion of
ω�. �

(2) The product is given by

ϕω(∂zi
� ∂zj

) = −Φ∂zi
(ϕω(∂zj

))

= −C(i) · ϕω(∂zj
)

= C(i) · C(j) · ω,

and the first assertion comes from the relation [C,C] = 0.
We have on the other hand

ϕω(ξ � e) = −Φξ(ϕω(e))
= −Φξ(ω) = ϕω(ξ),

which gives the second point (the horizontality of e is equivalent to that
of ω). �

9 Here also, we should attach an exponent ω to the notation; in the examples of §4
we will see however that this product does not depend on the chosen primitive
section.
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3.3 Remark. If E0 is equipped with a nondegenerate bilinear form g such
that the relations of §VI.2.18 are satisfied, this form is carried by ϕω to a
bilinear form on TM , that we denote by ωg. Then ωg is ω�-horizontal, as g is
�-horizontal and ω�, being torsion free, is the Levi-Civita connection of the
bilinear form.

3.4 Exercise. The endomorphism R∞ of E0 defines a section ωS∞ of Ω1
M⊗E0

by
ωS∞(ξ) = R∞(ϕω(ξ)).

Prove that �(ωS∞) = 0 in Ω2
M ⊗ E0.

3.c The Euler field

3.5 Proposition.

(1) There exists a unique vector field ωE, called the Euler field of the primitive
section ω, such that the endomorphism ξ �→ ξ � ωE is the endomorphism
ωR0 of TM .

(2) If ω is homogeneous of degree −q (i.e., R∞(ω) = −qω), we have

ω� ωE = ωR∞ + (1 + q) Id

and in particular ω�(ω� ωE) = 0.

Proof.

(1) If the field ωE exists, it must satisfy, as e is the unit of �,

ωE = e � ωE = ωR0(e) = ϕ−1
ω (R0(ω))

Let us therefore set Eω = R0(ω) and ωE = ϕ−1
ω (Eω). We have, by assump-

tion,

ϕω(∂zi
� ωE) = −Φ∂zi

(Eω)

= −Φ∂zi
·R0(ω)

= −R0 · Φ∂zi
(ω) after VI.(2.6)

= R0(ϕω(∂zi
)).

(2) Let us compute in a �-horizontal basis ε:

�∂zi
(Eω) = ∂zi

(B0(ω))

= (∂zi
(B0)) (ω)

=
(
[B∞, C

(i)]− C(i)
)

(ω)

= (1 + q)ϕω(∂zi
)−B∞(ϕω(∂zi

)). �
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We can summarize the results above:

3.6 Theorem (The infinitesimal period mapping produces a
Frobenius-Saito structure).

(1) Let M be a manifold equipped with a bundle E0 and of data �, Φ, R0,
R∞ and g satisfying the relations of §§VI.2.17 and 2.18. If E0 admits
a primitive homogeneous section ω, the infinitesimal period mapping ϕω

equips M with the structure of a Frobenius manifold for which the field
e = ϕ−1

ω (ω) is the unit field.
(2) Conversely, any Frobenius manifold is obtained in this way, taking as a

primitive section the unit field. �

3.7 Remark (Construction of a primitive section). In practice, the
primitive section is determined by its initial value at xo. As a matter of fact,
let ωo ∈ Eo

0 be an eigenvector of R∞ (acting on Eo
0). There exists then, on

any simply connected open set of M containing xo (or on the universal cov-
ering space of M), a unique �-horizontal section ω of E0, the restriction of
which to xo is ωo. If moreover ϕω induces an isomorphism TxoM → Eo

0 , there
exists a hypersurface Θωo in M , away from which ϕω is an isomorphism (its
equation is the determinant of ϕω in any local bases of TM and E0). Then,
when restricted to M �Θωo , ω is a primitive section.

3.d Adjunction of a variable in the infinitesimal period mapping

Let us be now given a bundle F ′ on a manifold M ′, with rkF ′ = dimM ′ + 1,
and let us assume that F ′ is equipped with �′, R′

∞, Φ′, R′
0 (and possibly g′),

satisfying the relations of §VI.2.c (and possibly of §VI.2.18). We wish to equip
the manifold M = A

1×M ′, where A
1 is the affine line with coordinate τ , with

the structure of a Frobenius manifold, by identifying F ′ with TM|{0}×M ′ =
C∂τ ⊕ TM ′.

We will say, in such a situation, that a �-horizontal section ω′ of F ′ is
primitive if the infinitesimal period mapping

ψω′ : TM|{0}×M ′ −→ F ′

defined by ψω′(ξ) = ϕω′(ξ) = −Φξ(ω′) if ξ is a section of TM ′ and ψω′(∂τ ) =
ω′, induces an isomorphism of bundles. We will denote in the same way the
lifted morphism ψω′ : TM → p∗F ′, if p : M → M ′ is the projection; in other
words, we extend ψω′ by OM -linearity.

Let us consider on F := p∗F ′ the data �, R∞, Φ, R0 and g defined by

� = p∗�′, R∞ = p∗R′
∞, g = p∗g′, Φ = p∗Φ′ − Id dτ, R0 = p∗R′

0 + τ Id .

We see that ω′ is primitive, with the meaning given above, if and only if
ω := 1⊗ω′ is a primitive section of F in the sense of Definition 3.1, and then
ψω′ = ϕω.
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The Frobenius structure defined on M = A
1 × M ′ by a homogeneous

primitive section 1⊗ ω′ of F , using the method of §3.b, admits as unit e the
field ∂τ .

3.8 Exercise (Adjunction of a variable to a Frobenius manifold). Let
M be a Frobenius manifold. Use the procedure above to equip A

1 ×M with
the structure of a Frobenius manifold, for which the unit field is ∂τ , if τ is the
coordinate on A

1.

3.e Justifying the terminology

We now explain the choice of the terminology “infinitesimal period mapping”
for the morphism ϕω associated to a homogeneous primitive section ω. The
explanation will be clearer for the morphism ψω′ of §3.d; this is not very
restrictive, according to Exercise 3.8. We thus take up the situation of §3.d
and we assume that R∞ − k Id is invertible for any k ∈ N.

Let us set F̂ = OM ′ [τ ]⊗OM′ F
′ (this is an algebraic variant of the bundle

p∗F ′ of §3.d). This bundle is equipped with the connection

∇̂ = p∗ �−
[
Φ

τ
+

(
R0

τ
+R∞

)
dτ

τ

]
.

Let F be the inverse partial Fourier transform of F̂ (cf. §V.2.c and §VI.3.h).
One can show, as in Lemma VI.3.22, that it is a free OM ′ [t]-module of
rank dimM ′ + 1 and that the connection ∇ has regular singularities (one
will notice that the computation of the connection matrix done in §VI.3.h
does not use that B0 has pairwise distinct eigenvalues).

If ξ is a vector field on M ′ and if ω is a local section of F = F̂, we have,
by definition, ∇ξω = ∇̂ξω.

Let us also consider the section τω. For such a field ξ, we then have

∇ξ(τω) = τ∇̂(ω) = −Φξ(ω).

We also have by definition

∇∂t
(τω) = τ−1τω = ω.

Therefore, after Fourier transform, the mapping ψω is nothing but the map-
ping

ΘM −→ F, η �−→ ∇η(τω).

The terminology that we use comes from the fact that, for the period mappings
considered in algebraic geometry, the associated tangent map can often be
expressed in this way.
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4 Examples

4.a Universal semisimple Frobenius-Saito structures

Let (xo
1, . . . , x

o
d) be a point of Xd (cf. §VI.1.c) and let B∞ be a matrix such

that B∞ − (w/2) Id is skewsymmetric. We will associate to these data and to
the choice of an eigenvector of B∞, a Frobenius structure on the complement
of a divisor in the universal covering X̃d.

Let thus ωo be an eigenvector of B∞, with eigenvalue α ∈ C. We will
suppose that the coefficients ωo

i of ωo are all nonzero. Let us then set Bo
0 =

diag(xo
1, . . . , x

o
d).

Proposition VI.3.8 and its complement of §VI.3.c provide us with a bun-
dle E on X̃d, a holomorphic flat connection � and a �-horizontal endo-
morphism R∞. On the complement of a divisor Θ ⊂ X̃d, we also have the
holomorphic objects Φ,R0, g and we are now in the situation described in
§3.a.

As X̃d is 1-connected, there exists a unique section ω of E , horizontal with
respect to � and such that ω(x̃o) = ωo, if x̃o is a fixed lift of xo in X̃d. We
will restrict this section to X̃d �Θ.

Let us consider the basis e of E|X̃d�Θ introduced in §VI.3.e. As the basis e

is meromorphic, the entries ωi of ω on the basis e are meromorphic func-
tions on X̃d with poles along Θ. Let Θ′

ωo be the union of the hypersurfaces
{ωi = 0} ⊂ X̃d and let us set Θωo = Θ′

ωo ∪Θ.
We will more precisely associate to the data (Bo

0 , B∞, ω
o) a Frobenius

structure on X̃d �Θωo .
The definition of Θωo shows that the family u = (u1, . . . , ud) defined at x̃

by
ui = ωi(x̃)ei (i = 1, . . . , d)

is a basis of E|X̃d�Θωo
. The homomorphism ϕω can then be expressed as

ϕω : T (X̃d �Θωo) ∼−−−→ E|X̃d�Θωo

∂xi
�−→ −Φ∂xi

(ω) = ui.

It is thus an isomorphism. It satisfies

ϕω(e) = ω and ϕω(E) = Eω,

if we set e =
∑

i ∂xi
and E =

∑
i xi∂xi

.
Therefore, we can apply the results of §3 to deduce a Frobenius structure

on X̃d �Θωo .
Moreover, the product � of vector fields is given by

ϕω(∂xi
� ∂xj

) = −Φ∂xi
(ϕω(∂xj

)),
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a formula that we extend by O-linearity to all vector fields; one can check
that

ϕω(∂xi
� ∂xj

) = ϕω(δij∂xi
),

hence ∂xi
� ∂xj

= δij∂xi
. We deduce:

4.1 Proposition. The product �, the unit e and the Euler field E do not
depend on the chosen eigenvector ωo of B∞ (with the nonvanishing assumption
on all of its coefficients). �

We deduce from §1.8 and from the results above:

4.2 Theorem (Dubrovin [Dub96]). There is a one-to-one correspondence
between semisimple simply connected Frobenius manifolds (i.e., for which R0

is regular semisimple at any point) and the quadruples (Bo
0 , B∞, ω

o, U), where
Bo

0 is a regular semisimple matrix, B∞ satisfies B∗
∞+B∞ = w Id with w ∈ Z,

ωo is an eigenvector of B∞, no component of which on the eigenbasis of Bo
0

vanishes, and U is a simply connected (étale) open set of X̃d �Θωo . �

4.b Frobenius-Saito structures of type Ad

This is the simplest example of a Saito or Frobenius structure associated
to a singularity. Here, the computations are simple enough so that we do
not have to use the infinitesimal period mapping, but we will take up this
example with the infinitesimal period mapping in §5.c. It is remarkable that
the flat coordinates can be expressed algebraically as functions of the natural
coordinates, in which the product � is easily expressed.

The universal unfolding of the singularity Ad. Let us denote by M the affine
space C

d equipped with coordinates z = (z0, . . . , zd−1). If u is a new vari-
able, let us consider the subset (hypersurface) H of C×M having equation
f(u,z) = 0, with

f(u,z) = ud+1 + zd−1u
d−1 + · · ·+ z1u+ z0.

This polynomial describes the universal unfolding of the function u �→ ud+1,
also called “singularity Ad”10.

A singular point of the hypersurface H is a point (uo,zo) of H where
the polynomial

f ′(u,z) :=
∂f

∂u
(u,z) = (d+ 1)ud +

d−1∑
i=1

iziu
i−1

vanishes. The singular set S (H ) is thus described by the two equations

(4.3)

{
f(u,z) = 0
f ′(u,z) = 0.

10 The curious reader can refer to [AGZV88].
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Its image Δ ⊂ M (discriminant set of f) by the projection p : C ×M → M
which forgets the coordinate u is a hypersurface of M , the equation of which
is obtained by eliminating u from both equations (4.3): it is the resultant
polynomial of f and f ′, also called discriminant11 of f . This set Δ is the set
of points zo ∈M such that f(u,zo) has at least one multiple root.

One can argue similarly for f ′, which is a polynomial of degree d in u,
with leading coefficient equal to d + 1. Let us notice that f ′ only depends
on the coordinates z′ = (z1, . . . , zd−1). Let thus M ′ be the affine space C

d−1

equipped with these coordinates and let Δ′ be the discriminant of f ′: this is
the bifurcation set of the polynomial f . On any simply connected (étale) open
set U ′ ⊂ M ′

� Δ′, there exist d holomorphic functions α1, . . . , αd such that
f ′ = (d+ 1)

∏
i(u− αi). Let us note that

∑
i αi ≡ 0 and that, for all i, j such

that i �= j and any z′ ∈ U ′, we have αi(z′) �= αj(z′).

→

Δ

Δ′

Fig. VII.1. The case d = 3.

Let us consider the projection π : M →M ′ which forgets the coordinate z0.
Sylvester’s formula computing the discriminant shows that the equation of Δ
has degree d in z0 and that the coefficient of zd

0 is a constant. Consequently,
the restriction of π to Δ is finite. Moreover, there exists a hypersurface D′ of
M ′ such that, for z′ away from this hypersurface, the set π−1(z′)∩Δ consists
of d distinct points12.

Let us consider now a simply connected (étale) open set U ′ contained in
the complement of D′∪Δ′ and let us consider the roots α1, . . . , αd of f ′ on U ′.
11 One can find an explicit expression of the discriminant, for d small, in [Tei77] or

[GKZ94, Chap. 12]. A computation with a computer, taking d = 6 or d = 7, could
leave the reader puzzled... but reading [GKZ94, Chap. 12, §2] should reassure the
reader.

12 D′ is the discriminant of Δ with respect to the variable z0.
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We will assume that z′ stays in this open set. Then, a point (αi(z′), z0,z′)
is a (singular) point of H if and only if f(αi(z′), z0,z′) = 0, that is, if and
only if

z0 = −
(
αi(z′)d+1 +

d−1∑
j=1

zjαi(z′)j
)
.

In other words, the fibre π−1(z′) ∩ Δ consists of d points (assumed to be
distinct)

z
(i)
0 (z′) := −

(
αi(z′)d+1 +

d−1∑
j=1

zjαi(z′)j
)

(i = 1, . . . , d).

One can easily compute that, for j = 1, . . . , d− 1,

∂z
(i)
0

∂zj
= −αj

i −
∂αi

∂zj
· f ′(αi(z′),z′) = −αj

i .

Then the family of functions xi(z) = z0−z(i)
0 (z′) (i = 1, . . . , d) is a coordinate

system on π−1(U ′), as the Jacobian (∂xi/∂zj) is nothing but the Vandermonde
determinant on α1, . . . , αd.

By definition, we have xi(z) = f(αi(z′),z). In other words, for zo fixed
in U , xi(zo) is the critical value of the polynomial f(u,zo) associated to the
critical point αi(z′o).

The manifold M is equipped with a free sheaf of rank d = dimM : it is
the sheaf of Jacobian algebras OM [u]/f ′OM [u], a basis of which consists of
the classes modulo f ′ of 1, u, . . . , ud−1. For zo ∈ M fixed, the fibre of this
sheaf is the quotient C[u]/f ′(u,zo)C[u]. As f ′ only depends on z′, this bundle
is the pullback by π of the bundle OM ′ [u]/f ′OM ′ [u]. Moreover, for z′o ∈ U ′,
the Jacobian algebra C[u]/f ′(u,zo)C[u] is semisimple: as a matter of fact, let
us consider the polynomials ei(u), with holomorphic coefficients in z′o ∈ U ′,
defined by

ei(u) =
f ′(u)

f ′′(αi)(u− αi)
;

they clearly satisfy the equalities ei(αj) = δij and induce a basis of the bundle
C[u]/f ′(u,zo)C[u], as any polynomial r(u) can be written in a unique way as

r(u) =
∑

i

r(αi(z′o))ei(u) mod f ′;

lastly, we have ei · ej = δijei mod f ′.

The product � on ΘM and the Euler field. The Kodaira-Spencer map

ϕ : ΘM −→ OM [u]/(f ′)
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is the OM -linear morphism which associates to the vector field ∂zi
the class

of ui = ∂f/∂zi modulo f ′ and, more generally, which associates to the field ξ
the class of Lξ(f) = ξ(f).

The product � on ΘM is obtained by carrying through ϕ the natural
product on OM [u]/(f ′): hence, by definition,

ξ � η = ϕ−1
(
ξ(f)η(f) mod f ′)

and, for instance, ∂zi
� ∂zj

= ϕ−1(ui+j mod f ′). In particular, this product is
associative, commutative, with unit (e = ∂z0). We have ∂zi

� ∂zj
= ∂zi+j

if
i+ j � d− 1. One can also check that ∂zi

� ∂zj
only depends on i+ j and that

its coefficient on ∂zk
is a polynomial in z.

The Euler field E is the pullback of the class of f by ϕ.

4.4 Exercise.

(1) Compute ∂zi
� ∂zj

for i+ j = d.
(2) Prove that E =

∑d−1
i=0 ρizi∂zi

, with ρi = (d+ 1− i)/(d+ 1).

Canonical coordinates. We will check that (x1, . . . , xd) form a system of
canonical coordinates on the open set U := π−1(U ′) considered above. In
order to do that, let us denote by ξi the vector field ϕ−1(ei) on U ; one can
check that ξi � ξj = δij .

To show that ξi = ∂xi
, it is enough to prove that

∂f

∂xi
(αj) = δij ,

which follows, on the one hand, from

∂

∂zj
=

∑
i

αj
i

∂

∂xi

and, on the other hand, from ∂f/∂zj(αk) = αj
k.

The metric. At the point zo ∈M , let us define the bilinear form g by

(4.5) g(ξ, η) =
1

2iπ

∫
Γzo

ξ(f)(u,zo) · η(f)(u,zo)
f ′(u,zo)

du,

where Γzo is a circle, positively oriented, bounding a disc containing all
the roots of f ′(u,zo). This expression only depends on ξ(f) and η(f)
modulo f ′, in other words only depends on ϕ(ξ) and ϕ(η). If we regard
ξ(f)(u,zo) · η(f)(u,zo) du/f ′(u,zo) as a meromorphic differential form
on P

1, the residue theorem shows that

(4.6) g(ξ, η) = − resu=∞
ξ(f)(u,zo) · η(f)(u,zo)

f ′(u,zo)
du,
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an expression where the dependence in zo only appears in the 1-form. Making
use of the coordinate v at infinity (v = 1/u), we get in particular

g(∂zi
, ∂zj

) = resv=0
vd−2−i−j

((d+ 1) + (d− 1)zd−1v2 + · · ·+ z1vd)
dv.

Then, on the one hand, g(∂zi
, ∂zj

) = 0 if i+ j < d−1 and, on the other hand,
for i+ j � d− 1, g(∂zi

, ∂zj
) is the coefficient of vi+j+1−d in the formal series

1
d+ 1

(
1 + 1

d+1

∑d−1
i=1 iziv

(d+1−i)
)−1.

4.7 Lemma (Homogeneity). The Euler field satisfies

LE(�) = � and LE(g) =
d+ 3
d+ 1

g.

Proof. Let us give the weight ρi = (d+1−i)/(d+1) to the variable zi. We will
say that a polynomial h(z0, . . . , zd−1) is quasi-homogeneous of degree δ if all
its monomials have degree δ when one computes the degree of the variables zi

with the weight ρi; in other words, LE(h) = δh. We thus have LE(zi) = ρizi.
The polynomial f is homogeneous of degree 1 if one gives the variable u the
weight 1/(d+1). The expression of g(∂zi

, ∂zj
) mentioned above shows that it is

a quasi-homogeneous polynomial of degree (i+j+1−d)/(d+1). As LE(∂zi
) =

−ρi∂zi
, we deduce that, for all i, j, we have (setting D = (d+ 3)/(d+ 1))

LE(g(∂zi
, ∂zj

))− g(LE∂zi
, ∂zj

)− g(∂zi
,LE∂zj

) = Dg(∂zi
, ∂zj

).

The equality LE(∂zi
� ∂zj

) = (1 − ρi − ρj)∂zi
� ∂zj

can be shown in the
same way, by induction on i+ j, whence the first assertion. �

4.8 Proposition (Flatness of the metric). The bilinear form g is nonde-
generate and flat.

Proof. In order to prove the proposition, we will exhibit a system of flat
coordinates, which was introduced in [SYS80, Th. 2.5.3]. These coordinates
will appear as the coefficients of a Puiseux expansion of f when u→∞. Let us
then set h(v) = 1/f(1/v), that we regard as a section of the sheaf OM [[v]][v−1]
of Laurent formal series (with poles) in v with holomorphic coefficients on M :

h(v,z) = vd+1
(
1 + zd−1v

2 + · · ·+ z0v
d+1

)−1
.

There exists a formal series w(v,z) = v
(
1 + a2(z)v2 + · · ·

)
such that

w(v,z)d+1 ≡ h(v,z) and (w,z) is another coordinate system on C×M in the
neighbourhood of v = 0. Let us write

v = v(w,z) = w
(
1 + b2(z)w2 + · · ·

)
.

The function u = 1/v takes the form

u(w,z) = w−1

(
1− 1

d+ 1
[
td−1(z)w2 + · · ·+ t0(z)wd+1

]
+ · · ·

)
,
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which defines d functions t0(z), . . . , td−1(z). Recall that, by construction, we
have the relation

wd+1f(u(w,z),z) = 1.

By expanding this relation and annihilating the coefficients of positive powers
of w, one finds13

td−1 − zd−1 = 0,
td−2 − zd−2 = 0,

and, more generally, for i � d− 3,

ti − zi = qi(ti+2, . . . , td−1, zi+2, . . . , zd−1),

where qi is a polynomial with constant coefficients. These formulas define two
algebraic changes of coordinates inverse one to the other: t �→ z and z �→ t.
We will check that t is a flat coordinate system on M , with respect to the
bilinear form g on ΘM . Let us notice first that, given the triangular form of
the coordinate change, we have

∂

∂t0
=

∂

∂z0
= e.

Let us set q(u, t) = f(u,z(t)). We thus also have q′(u, t) = f ′(u,z(t)). We
wish to compute ∂q/∂ti mod q′. We will do this in the coordinate w (and
thus in the ring OM [[w]][w−1]). According to the relation

wd+1 · q(u(w, t), t) ≡ 1,

we get
∂q

∂ti
(u(w, t), t) +

∂u(w, t)
∂ti

· q′(u(w, t), t) ≡ 0.

On the other hand, the expression of the series u(w, t) shows that

∂u(w, t)
∂ti

= − 1
d+ 1

(
wd−i + wd+1ri(w, t)

)
.

We can thus write, as d− i and d− j are � 1,

∂q

∂ti
· ∂q
∂tj

=
q′(u(w, t), t)2

(d+ 1)2
(
w2d−(i+j) + rij(w, t)wd+2

)

=
q′(u(w, t), t)2

(d+ 1)2
(
v2d−(i+j) + sij(v, t)vd+2

)
.

13 The brave reader will do the computation.
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Let us now compute the residue defining g in the variables (v, t). We find

g(∂ti
, ∂tj

) := resv=0
∂q/∂ti · ∂q/∂tj
q′(u(w, t), t)

v−2dv

= resv=0
1

d+ 1

(
vd−2−(i+j) + sij(v, t)

)
(1 + · · · ) dv

=

⎧⎨
⎩

0 if i+ j �= d− 1
1

d+ 1
if i+ j = d− 1.

This expression also shows that the bilinear form g is everywhere nondegen-
erate. �
The Frobenius-Saito structure (Dubrovin, [Dub96]). We will now show that
the flat metric g, the product ∗ on ΘM and the fields e = ∂z0 = ∂t0 and E

induce a Frobenius structure on the space M = C
d. At this stage, we have

checked Properties (1), (3)(b) and (3)(c) of the definition of §2.a.
Let us begin with (3)(a). We notice that, in the coordinate change ti =

zi +Qi(zi+2, . . . , zd−1), the polynomial Qi is quasi-homogeneous of degree ρi,
so that we have, for any i,

LE(ti) = ρiti,

hence E =
∑

i ρiti∂ti
. Therefore, in the basis given by the flat coordinates,

�E is the constant diagonal matrix having the numbers ρi as diagonal entries,
which implies that �(�E) = 0.

Checking 2.a-(2) is done in a roundabout way. Indeed, a computation
analogous to that done for the metric shows that

c(∂ti
, ∂tj

, ∂tk
) = resv=0

q′2

(d+ 1)3
(
vd−i + riv

d+1
) (
vd−j + rjv

d+1
)

·
(
vd−k + rkv

d+1
) dv
v2

=
1

d+ 1
resv=0

(
vd−2−(i+j+k) + riv

d−1−(j+k) + rjv
d−1−(i+k)

+ rkv
d−1−(j+i)

)
· (1 + · · · )dv.

When i, j, k satisfy i+ j, j + k, k + i � d− 1, this computation gives

c(∂ti
, ∂tj

, ∂tk
) =

{
1/(d+ 1) if i+ j + k = d− 1
0 otherwise.

On the other hand, when this condition is not fulfilled, this computation is
not sufficient to conclude.

The idea of B.Dubrovin consists in using the canonical coordinates
x1, . . . , xd. As a matter of fact, it is enough to show the symmetry of �c on
a dense open set of M , so that we can assume the existence of a system of
canonical coordinates, according to what we have seen above.
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4.9 Lemma (Darboux-Egorov condition, after Dubrovin). Let us be
given (g, �, e,E) on ΘM . If there exists a system of canonical coordinates
(x1, . . . , xd) for the product � and if (g, �, e,E) satisfy Conditions (1) and
(3) of §2.a as well as the condition

(2′) there locally exists a function φ such that the metric g satisfies

g(∂xi
, ∂xj

) = δij
∂φ

∂xi
,

then (g, �, e,E) defines a Frobenius structure on M .

This lemma applies to the unfolding of the singularity Ad. Indeed, we have
ϕ(∂xi

) = ei(u) and the expression (4.5) for the metric shows that

g(∂xi
, ∂xj

) =

{
0 if i �= j

1/f ′′(αi) if i = j.

We will check that the function φ(x) = zd−1(x)/(d+ 1) satisfies the relation

(4.10)
∂φ

∂xi
=

1
f ′′(αi)

.

Recall, on the one hand, that the coordinate change z �→ x gives the relations

(4.11)
∂

∂zj
=

d∑
i=1

αj
i

∂

∂xi
(j = 0, . . . , d− 1).

On the other hand, the coordinate change z �→ t being triangular and the
fields ∂tj

being g-orthogonal, we deduce that, for any j = 0, . . . , d− 1,

g(∂zj
, ∂z0) = g(∂tj

, ∂t0) =

{
0 if j �= d− 1
1/(d+ 1) if j = d− 1.

Due to the g-orthogonality of the fields ∂xi
and of (4.11), we deduce

(4.12)
d∑

i=1

αj
i

f ′′(αi)
=

{
0 if j �= d− 1
1/(d+ 1) if j = d− 1,

which shows (4.10). �

4.13 Exercise. Using (4.11), prove, for any i = 1, . . . , d, the equality of poly-
nomials

d−1∑
k=0

∂zk

∂xi
uk =

∏
j �=i

u− αj

αi − αj

and deduce a proof of (4.10) not using flat coordinates.
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Proof (of Lemma 4.9). The symmetry property (1.19) of�c is shown by using
the canonical coordinates (x1, . . . , xd). It easily follows from the two relations

g(�∂xk
∂xi

, ∂xi
) =

1
2

∂2φ

∂xi∂xk
,(4.14)

g(�∂xk
∂xi

, ∂xj
) = 0 if i �= j, j �= k and i �= k.(4.15)

The first relation is a consequence of the horizontality of g with respect to �
and of the vanishing of its torsion. For the second one, one moreover uses the
pairwise g-orthogonality of the fields ∂xi

(cf. §1.16): we have

g(�∂xk
∂xi

, ∂xj
) = g(�∂xi

∂xk
, ∂xj

) = −g(∂xk
,�∂xi

∂xj
) = −g(�∂xi

∂xj
, ∂xk

)

and, by iterating three times the cyclic permutation i �→ j �→ k �→ i, we get
(4.15). �

The potential F . The homogeneity property seen in §2.6 shows that, as the
ρi are positive, the function F is a quasi-homogeneous polynomial of degree
D = (d+ 3)/(d+ 1).

4.16 Exercise (The potential of the singularities A2 and A3). Give
details for the previous computations in the case of A2 and A3 singularities,
and prove that the potential F is given by

FA2(t0, t1) =
1

2 · 3 t
2
0t1 −

1
23 · 33

t41,

FA3(t0, t1, t2) =
1
2
(
t20t2 + t0t

2
1

)
− 1

26
t21t

2
2 +

1
15 · 28

t52.

4.17 Remark. It is interesting to compare the Frobenius structure con-
structed as above to the universal Frobenius structure of §4.a. Given a point zo

in the open set U considered above, let us denote by xo its canonical coor-
dinates (assumed to be pairwise distinct) and by to its flat coordinates. The
weight w (cf. §1.21) is here the number of variables u, that is, 1, and the corre-
sponding number q (D = 2q+2−w) is thus equal to 1/(d+1). The matrix of
B∞ = (q+1) Id−�E in the basis ∂ti

is equal to diag((i+1)/(d+1)i=0,...,d−1)
and an explicit formula for the coordinate change t �→ x would enable us to
express this matrix in the basis of ∂xi

. The primitive section ω is the unit field
∂z0 =

∑
i ∂xi

.
Therefore, in this example, the Frobenius structure of Ad restricted to U

coincides with the structure constructed in §4.a if we choose as initial data
at zo the data above. One should notice that Theorem 4.2 would have only
given the existence of such a structure on an open set of the universal covering
space of U and only in an implicit form.

4.18 Exercise (Frobenius structure for the universal unfolding of the
Laurent polynomial u + 1/u). We consider the unfolding f(u, z0, z1) =
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z0 + z1u+ 1/u of the Laurent polynomial u+ 1/u of the variable u ∈ C
∗. The

manifold M is here the open set z1 �= 0 in the complex plane with coordinates
z0, z1. The sheaf of Jacobian algebras is OM [u, u−1]/(f ′) and the Kodaira-
Spencer mapping ϕ sends ∂z0 to the class of 1 and ∂z1 to that of u modulo f ′.
The metric g is defined by

g(ξ, η) = z1
∑

αi|f ′(u,αi)=0

resu=αi

(
ϕ(ξ)ϕ(η)

f ′
du

u

)

= −z1 [resu=0 + resu=∞]
(
ϕ(ξ)ϕ(η)

f ′
du

u

)
.

Prove the following results and deduce a Frobenius structure on the mani-
fold M (more precisely on the double covering on which

√
z1 is defined):

(1) The Euler field E is equal to z0∂z0 + 2z1∂z1 and D = 2 (hence q = 1/2 if
we choose w = 1). Compute the products ∂zi

� ∂zj
.

(2) The canonical coordinates are given by

x1 = z0 + 2
√
z1, x2 = z0 − 2

√
z1

and the potential φ by φ(x1, x2) = z0.
(3) The flat coordinates are given by

t0 = z0, t1 = 2
√
z1

and (∂t0 , ∂t1) is a g-orthonormal basis of ΘM .
(4) The potential F of the Frobenius structure is

F (t0, t1) =
1
3
t30 +

1
2
t0t

2
1.

Lastly, identify this structure with the universal structure of §4.a with Bo
0 =

diag(1,−1) and B∞ = Id /2.

4.19 Exercise (Frobenius structure for the universal unfolding of the
Laurent polynomial u2 + 1/u). Same exercise as the previous one, with
f(u, z0, z1, z2) = z0 + z1u+ z2u

2 +1/u and M = C
3

� {z2 = 0}. The Kodaira-
Spencer map is given by ϕ(∂zi

) = ui (i = 0, 1, 2). The metric is here defined
as being 2

√
z2

∑
residues.

(1) Prove that E = z0∂z0 +2z1∂z1 +3z2∂z2 and D = 3/2 (hence q = 1/4 if we
choose w = 1). Compute the products ∂zi

� ∂zj
.

(2) Determine the domain of existence of canonical coordinates.
(3) Show that the formulas

t0 = z0 −
z2
1

8z2
, t1 =

z1√
z2
, t2 = 2

√
2 z1/4

2

define (étale) flat coordinates M .
(4) Compute the potential F of this structure.
(5) Identify this structure with the universal structure of §4.a with Bo

0 =
3 · 2−2/3 · diag(1, j, j2) (j3 = 1) and B∞ having eigenvalues 1/4, 1/2, 3/4.
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4.c Frobenius structures defined by their potential

It is a matter of exhibiting the “functions” F of dcomplex variables t1, . . . , td
satisfying the WDVV equations (2.8). By construction, the coordinates ti
are the flat coordinates on the manifold; in other words, we wish to equip an
open set of C

d, given its natural affine structure, with a structure of Frobenius
manifold. A way to produce such potentials consists in expressing the WDVV
relations as inductive relations on the coefficients of the Taylor expansion of F .

4.20 Exercise (Polynomial Frobenius structures in dimension 3, af-
ter S.Natanzon). We are given δ1 = 1, δ2, δ3 �= 0 with 2δ2 = δ3+1 := D and
we look, in flat coordinates t1, t2, t3 as in §1.14, for homogeneous polynomial
potentials F of degree D+ 1 (up to a polynomial of degree 2) with respect to
the Euler field E = t1∂t1 + δ2t2∂t2 + δ3t3∂t3 , satisfying the WDVV equations
of Exercise 2.9. We write, as in (2.4),

F (t1, t2, t3) =
1
2
t1(t1t3 + t22) +G(t2, t3).

(1) Prove that the only WDVV constraint not trivially satisfied is

3∑
m=1

∂3F

∂t2∂t2∂tm
· ∂3F

∂t4−m∂t3∂t3
=

3∑
m=1

∂3F

∂t2∂t3∂tm
· ∂3F

∂t4−m∂t2∂t3
,

which can also be written as (G223)2 = G333 +G222G233, if we put Gijk =
∂3G/∂ti∂tj∂tk.

(2) Express the homogeneity and polynomiality constraint on G.
(3) Deduce three types of solutions G, hence F (among which is the potential

FA3 of the singularity A3).

The polynomial solutions are nevertheless quite rare. Once one has solved
these inductive equations, one is left with the problem, difficult in general,
of determining the domain of convergence of the Taylor series thus obtained.
This is why one introduces the notion of formal Frobenius manifold, defined
by a potential F which is a formal series in t1, . . . , td. The coefficients of the
series, solutions of the inductive equations deduced from WDVV, are then the
important objects. Here is an example:

4.21 Proposition (Potential of quantum cohomology of the projec-
tive plane). There exists a unique sequence Nd of integers (d � 1, N1 = 1)
such that the formal series

G(t2, t3) =
∞∑

d=1

Nd
t3d−1
3

(3d− 1)!
edt2

is a solution of the equation (G223)2 = G333 +G222G233. The formal potential
F (t1, t2, t3) = G(t2, t3) + t1(t1t3 + t22)/2 is homogeneous of degree D + 1 = 1
with respect to the Euler field E = t1∂t1 − t3∂t3 + 3∂t2 .
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Proof (Indication). One shows that G satisfies the WDVV equation above if
and only if the sequence Nd satisfies the inductive equations, for d � 2,

Nd =
∑

k+�=d

NkN� k
2�

[
�

(
3d− 4
3k − 2

)
− k

(
3d− 4
3k − 1

)]
. �

The remarkable fact, due to M.Kontsevitch, is that the coefficients Nd

possess a nice interpretation in enumerative geometry : the number Nd is that
of rational curves in P

2 passing by 3d − 1 points in a general position. That
is how the Frobenius structures arises in quantum cohomology14.

5 Frobenius-Saito structure associated to a singularity of
function

Universal unfoldings are the source of an important family of examples
of Frobenius-Saito structures. We have already analyzed with details the
Frobenius-Saito structure produced by the singularity Ad (cf. §4.b). We will
indicate how K.Saito has generalized such a construction to a large family of
functions (cf. [Sai83b, Oda87]). We will take up the unfolding of the singular-
ity Ad with this method in §5.c. The general case cannot be completely treated
within the framework of this book, but we will indicate the main concepts,
which will serve as a guide in §5.c.

5.a General sketch

One can distinguish between a local and a global setting.

• In the local setting, we start with a germ fo : (Cn+1, 0) → (C, 0) of holo-
morphic function which has an isolated critical point at 0, that is, for
some sufficiently small representative of this germ, the partial derivatives
∂fo/∂ui do not vanish simultaneously away from the origin.

• In the global setting, we start with a regular function fo on a nonsingular
affine variety U of dimension n+1 (cf. §0.10, for instance, fo is a polynomial
in the variables u0, . . . , un or a Laurent polynomial in these variables)
which has only isolated critical points and which “has no critical point at
infinity15”.

There are a few steps to construct such a Frobenius-Saito structure. Let
us sketch them.
14 Regarding this we refer to the articles and book mentioned in the introduction

of this chapter. One should also note that S.Barannikov and M.Kontsevitch re-
cently have introduced a new construction of formal Frobenius structures, giv-
ing a way to the mirror symmetry phenomenon in terms of such structures
(cf. [BK98, Bar99, Man99b]).

15 There exists a precise definition for this notion; see for instance [Sab06].
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(1) One associates to the function fo a meromorphic bundle with connection
(Go,∇) of rank d on the complex plane C (variable τ of the §V.2.c), called
the Gauss-Manin system of fo. One show that it has a singularity at τ = 0
and τ =∞ only, the latter being regular. It comes moreover equipped with
a natural lattice Ê

o, called the Brieskorn lattice16 and which is the Fourier
transform of the system of Picard-Fuchs equations classically associated
to fo (variable t of §V.2.c). The lattice Ê

o is equipped with a nondegen-
erate Hermitian form of weight w = n + 1 (number of variables of the
function fo), related to the Poincaré duality on the nonsingular fibres of
the function fo.
This construction has its origin in the search for an asymptotic expansion,
when τ tends to 0, for integrals like

I(τ) =
∫

Γ

e−fo(u)/τω,

where ω is a holomorphic differential form of degree maximum and Γ is
a cycle of dimension dimU (for instance, if U = C

n+1, Γ = R
n+1). This

aspect is widely explained in the book [AGZV88]. We will not insist on it
here.

(2) When there exist coordinates (in the étale sense) u0, . . . , un on the mani-
fold U (such is the case in the local setting, of course, and sometimes in
the global setting, for instance if U = C

n+1 or U = (C∗)n+1), one can
consider the Jacobian quotient of the ring of functions on U by the ideal
of partial derivatives of fo. In various situations, one can identify in a
natural way this Jacobian quotient with the quotient space Ê

o/τ Ê
o and

choose functions 1, λ1(u), . . . , λd−1(u) on U which induce, through this
identification, a basis of the space Ê

o/τ Ê
o (for instance, one can choose

the eigenvectors of the residue at infinity considered above; when fo is the
polynomial u �→ ud+1, one recovers the family 1, u, . . . , ud−1).

(3) One can then consider, on the product U×C
d or on its germ at the origin,

the function

f(u,z) = fo(u) +
d−1∑
i=0

ziλi(u),

that we will call “universal unfolding of fo”. The parameter space M will
be a neighbourhood of the origin in C

d (coordinates z). By assumption the
Kodaira-Spencer mapping ϕ : ΘM → OU×M/(∂f/∂u) is an isomorphism
of locally free OM -modules in the neighbourhood of 0 ∈ M . The natural
product on the sheaf OU×M/(∂f/∂u0, . . . , ∂f/∂un) of Jacobian algebras
is carried as a product � on ΘM . One can show that this product admits
a system of canonical coordinates on some dense open set of M . The class
of f in the Jacobian quotient defines, via ϕ, the Euler field E.

16 The original construction by Brieskorn can be found in [Bri70].
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(4) In order to construct the flat torsion free connection and the metric on M ,
one uses an infinitesimal period mapping. One first shows that the con-
struction of the Gauss-Manin system G and of the Brieskorn lattice Ê can
be done in a family, as well as that of the nondegenerate Hermitian form.
Hodge theory provides a filtration of G

o, which is opposite to the filtra-
tion induced by Ê

o and compatible with the Hermitian form, in such a
way that, by the criterion of M.Saito of §IV.5.b, one gets a solution to
Birkhoff’s problem for Ê

o, a solution also equipped with a nondegenerate
Hermitian form. One moreover shows that the residue at infinity of the
connection on the (trivial) bundle on P

1 so constructed is semisimple. Its
eigenvalues are nonpositive rational numbers17: they form the spectrum
of the singularity18 (local setting) or the spectrum at infinity of the func-
tion fo (global setting). The corresponding characteristic polynomial is
the characteristic polynomial at infinity of the Brieskorn lattice, in the
sense of §III.2.b.
According to Theorem VI.2.1 and to Proposition VI.2.7 one can extend
such a solution to Birkhoff’s problem for Ê

o in a solution to Birkhoff’s
problem for Ê. The bundle F = Ê/τ Ê on M comes therefore equipped
with data (�, Φ,R0, R∞) as in §VII.3.a.
It remains then to exhibit a primitive section in order to obtain a
Frobenius-Saito structure on M with the associated infinitesimal period
mapping, as in §VII.3. In the local setting, the existence of such a primi-
tive section has been proved by M.Saito [Sai91]. In the global setting, the
existence of such a primitive section is not known in general, but in var-
ious families of examples (cf. [Sab98, Sab06]). The reader will find more
details in [Her02] and [DS03, DS04, Dou05].

As the reader will notice, the construction of such a structure involves
most of the objects and techniques introduced in the previous chapters. It
also requires other techniques of analysis and geometry, Hodge theory for
instance.

Moreover, it is not in general possible to give an explicit description of this
structure as for the singularity Ad. Let us mention however that some other
singularities also give rise to explicit computations.

5.b The de Rham complex twisted by e−τ ′f

We will indicate a general procedure to construct the Gauss-Manin system of
a function. Let then U be a nonsingular affine variety (cf. §0.10) and let f be a
regular function on U , depending on holomorphic parameters in some analytic
manifold X. In other words, f is a section of the sheaf OX [U ] := OX⊗C O(U).

17 These numbers are even negative in the local setting or if U = C
n+1.

18 For a germ of holomorphic function, the spectrum of a critical point has been
introduced by A.N.Varchenko [Var82].
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Let us denote similarly by Ωk
X [U ] = OX ⊗C Ω

k(U) the sheaf of algebraic k-
forms on U having holomorphic coefficients with respect to X. The relative
differential d : Ωk

X [U ]→ Ωk+1
X [U ] is thus OX -linear.

For simplicity, we will set below O = OX [U ] and Ωk = Ωk
X [U ].

The twisted de Rham complex, variable τ ′. Let τ ′ be a new variable (the
notation is supposed to correspond to that of Chapter V). On the space
Ωk[τ ′] = C[τ ′] ⊗C Ωk of polynomials in τ ′ with coefficients in Ωk, the rel-
ative differential d defined by

d
(∑

i

ωiτ
′i
)

=
∑

i

(dωi)τ ′i

can be twisted by e−τ ′f : one notices indeed that the operator

df := eτ ′f · d · e−τ ′f

keeps the polynomial behaviour in τ ′, as we have df = d − τ ′ df∧, in other
words,

df

(∑
i

ωiτ
′i
)

=
∑

i

(dωi − df ∧ ωi−1)τ ′i.

Moreover, we have df ◦ df = 0, as the same holds for d. We have thus defined
a new complex, the de Rham complex of U twisted by e−τ ′f :

(5.1) 0 −→ O[τ ′]
df−−−→ Ω1[τ ′]

df−−−→ · · ·
df−−−→ Ωn+1[τ ′] −→ 0.

The differential df commutes with the action of OX [τ ′], as it only differentiates
with respect to the variables of U , so that each cohomology sheaf M̂

(k) is a
OX [τ ′]-module.

On the other hand, each sheaf Ωk[τ ′] (that we can regard as a meromorphic
bundle of infinite rank on the complex line with variable τ ′) is equipped with
the connection ∇̂ obtained by twisting the natural connection (differentiation
with respect to τ ′ only) by e−τ ′f . We thus have

(5.2) ∇̂∂τ′ω =
∂ω

∂τ ′
− fω.

This connection makes Ωk[τ ′] a module19 over the Weyl algebra C[τ ′]〈∂τ ′〉.
Moreover, it commutes with the differential df , as the differentiation with
respect to τ ′ commutes with the differentiation d (with respect to the variables
of U). It induces thus a structure of the same kind on each cohomology sheaf
M̂

(k) of the complex (5.1).

Lastly, each sheaf Ωk of relative differential forms is equipped with an
integrable connection with respect to the variables of X: this is the differ-
entiation dX : Ωk → Ω1

X ⊗OX
Ωk. It can be trivially extended to Ωk[τ ′]

19 Which does not have finite type in general!
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as a partial integrable connection, still denoted by dX . One can, in the
same way, twist the latter by e−τ ′f to obtain a partial integrable connec-
tion dX,f = eτ ′fdXe

−τ ′f = dX − τ ′dXf∧. As d and dX commute, so do df

and dX,f . Therefore, each M̂
(k) is equipped with a partial integrable connec-

tion. Finally, as dX,f is linear with respect to τ ′, this partial connection can
be extended as an integrable connection ∇̂ on the OX [τ ′]-module M̂

(k).

Inverse Fourier transform. We can apply a partial Fourier transform to each
sheaf Ωk[τ ′] or to the cohomology sheaves M̂

(k): when we regard the sheaf
M̂

(k) as module (not necessarily of finite type) over OX [t], where t is the
action of −∇̂∂τ′ , we denote it by M

(k). It is then equipped with an integrable
connection ∇ such that, for any local section [ω], we have

∇∂t
[ω] = τ ′[ω] and ∇∂xi

[ω] = ∇̂∂xi
[ω].

In particular, if ω ∈ Ωk has degree 0 in τ ′, the formula (5.2) shows that

t[ω] = [fω].

5.3 Definition. The Gauss-Manin systems associated to the function f
are the OX [t]-modules with integrable connection M

(k). The corresponding
Brieskorn lattice E

(k) is the image of Ωk in M
(k). It is a OX [t]-module.

5.c Frobenius-Saito structure of type Ad, second version

We take up the case of a family of polynomials of one variable u ∈ C whose
coefficients are parametrized by the points x of a complex analytic manifoldX.
Let us then set

f(u, x) = ud+1 +
d∑

i=0

ai(x)ui,

where the ai are holomorphic functions of x. We recognize an unfolding (that
we do not yet assume universal) of the singularity Ad considered in §4.b. The
function f defines a mapping

C×X f̃−−→ C×X
(u, x) �−→ (t, x) = (f(u, x), x)

which is proper with finite fibres (having cardinal d+ 1).

Trace of functions and of 1-forms. Any function h(u, x) ∈ Γ (W,OX [u]) on
an open set W of X has a trace relative to f̃ , which is a polynomial in t
with coefficients in OX(W ) (the reader should check this): it is defined by the
formula

tr(h)(t, x) =
1

d+ 1

∑
(u,x) �→(t,x)

h(u, x),
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where the roots are taken with multiplicity. Let us denote by OX [u]�d the sheaf

of polynomials of degree � d in u with coefficients in OX and by ÕX [u]�d that
of polynomials of the same kind which, moreover, have trace zero. The trace
gives a OX -linear decomposition

OX [u] = OX [t]⊕ ÕX [u]�d[t] := OX [t]⊕ Õ,

by identifying t and t ◦ f̃ = f . Therefore, Õ is the subsheaf of functions hav-
ing trace zero. We deduce a OX -linear decomposition of the sheaf of relative
differential 1-forms:

Ω1 := OX [u] du = OX [t] dt⊕ ÕX [u]�d[t] dt⊕ OX [u]�d−1 du

= OX [t] dt⊕ ÕX dt⊕ OX [u]�d−1 du

:= OX [t] dt⊕ Ω̃1,

by identifying dt and df . The projection on the summand OX [t] dt is, by
definition, the trace operator for the relative differential 1-forms. Therefore,
Ω̃1 is the subsheaf of 1-forms having trace zero.

5.4 Exercise.

(1) Identify the term OX [u]�d−1 du to the sheaf dÕX [u]�d, as well as to the
Jacobian quotient Ω1/OX [u] df � OX [u]/(f ′), if f ′ denotes the derivative
of f with respect to u.

(2) Show that the trace operator for relative 1-forms satisfies, for any h ∈
OX(W )[u], the following properties, if d denotes the differential relative
to u only:

tr(dh) = d(trh)
tr(h · df) = tr(h) · dt.

(3) Prove that, if g has degree � d − 1, then, for any k � 0, the quotient of
the division of fkg by f ′ has trace zero (multiply all the terms by du).

5.5 Example. When there is no parameter, hence f(u) = ud+1, the 1-forms
having trace zero are the forms g(u) du, where g is a polynomial for which the
coefficient of uk(d+1)−1 is zero for any k ∈ N.

5.6 Exercise. Prove that

(1) Ω̃1 is a free OX [t]-module of rank d;
(2) the relative differential is diagonal with respect to the decompositions

OX [u] = Õ ⊕ OX [t] and OX [u] du = Ω̃1 ⊕OX [t] dt

and d : Õ → Ω̃1 is bijective (this is the reason for introducing objects
having trace zero);

(3) the quotient Ω̃1/Õ · dt is a locally free OX -module of rank d.
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The Gauss-Manin system and the Brieskorn lattice. Let us introduce as in
§5.b a new variable τ ′. The Gauss-Manin system is the quotient

M := Ω1[τ ′]
/
dfOX [u, τ ′]

= OX [t, τ ′] dt
/

(d− τ ′ dt∧)OX [t, τ ′]⊕ Ω̃1[τ ′]
/

(d− τ ′ dt∧)Õ[τ ′]

:= OX [t, τ ′] dt
/

(d− τ ′ dt∧)OX [t, τ ′]⊕ M̃,

where we have set Õ[τ ′] = C[τ ′]⊗C Õ, and similarly for Ω1 and Ω̃1. The de-
nominator is a OX [τ ′]-module, but not (in a natural way) a OX [t, τ ′]-module,
as the relative differential d is not linear with respect to multiplication by t.
Therefore, M is a OX [τ ′]-module. The partial connection ∇∂t

equips this sheaf
with the structure of a OX [t]〈∂t〉-module. Lastly, this module is equipped with
an integrable connection ∇′ with respect to the variables xi. That ∇′ com-
mutes with the action of C[t]〈∂t〉 means that the connection ∇ is integrable.

We summarize the essential properties in the following exercise.

5.7 Exercise. Prove that

(1) the term OX [t, τ ′] dt
/
(d− τ ′ dt∧)OX [t, τ ′] can be identified with the (rank

one) trivial bundle OX [t] equipped with its natural connection;
(2) the action of ∂t on M̃ is bijective (use the bijectivity of d shown in the

previous exercise);
(3) the natural mapping Ω̃1 → M̃ (taking the class of a degree 0 element of

Ω̃1[τ ′]) is OX [t]-linear, injective and its image, denoted by Ẽ, is stable by
∂−1

t ; it is in particular a free OX [t]-module of rank d;
(4) f ′(t)∂t preserves Ẽ;
(5) with respect to the structure of OX [τ ]-module on Ẽ for which τ acts as

∂−1
t (set τ = τ ′−1 as in §V.2.c), there is a decomposition Ω̃1 = τ · Ω̃1 ⊕

OX [u]�d−1 du; denote by Ê the OX -module Ẽ with this structure of OX [τ ]-
module;

(6) Ê is isomorphic to the free OX [τ ]-module (of rank d) OX [u]�d−1[τ ] (write

any 1-form of the kind htk dt, with h ∈ ÕX [u]�d, as τω, where ω has
degree � k − 1 in t);

(7) the quotient Ê/τ Ê is the free OX -module (of rank d) Ω̃1/Õ · dt.

In order to know the action of the connection ∇̂, it is enough to define
it on the sections of the OX -module OX [u]�d−1 du. Let thus h du be such a
form. Then, by definition,

τ2∇̂∂τ
h du = fh du

and we express the latter term as a function of τ : we write fh = qf ′+r with q
of degree � d and r of degree � d− 1; thus fh du ≡ τq′ du+ r du holds in Ê,
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as q df ≡ τq′ du in Ê. In the same way, we have τ∇̂∂xi
h du ≡ τq′i du + ri du,

where ri is the remaining term in the division of h · ∂f/∂xi by f ′. Let us
consider then the following OX -linear operators on OX [u]�d−1:

R0(x) : h(u, x) �−→ r(u, x) R∞(x) : h(u, x) �−→ −q′(u, x)
Φi(x) : h(u, x) �−→ ri(u, x) Ψi(x) : h(u, x) �−→ q′i(u, x).

The connection ∇̂ can be written as

(5.8)
(
R0(x)
τ
−R∞(x)

)
dτ

τ
+

∑
i

(
Ψi(x) +

Φi(x)
τ

)
dxi.

We see in particular that, for any value xo of the parameter, the restriction
of the connection to Ê

o = Ê/mxo Ê takes Birkhoff’s normal form. The connec-
tion ∇̂, however, does not take the form VI.(2.2) in any basis of OX [u]�d−1,
as the endomorphism R∞ may not have a constant matrix.

Theorem VI.2.1 nevertheless says that, if X is 1-connected, then for any
xo ∈ X and any basis of the vector space C[u]�d−1du, there exists, on the
complement of a hypersurface Θxo of X, a basis of Ê which extends the given
basis and in which the matrix of ∇̂ takes Birkhoff’s normal form. According
to it, we can construct a flat connection � on E0 := Ê/τ Ê. In the present
situation, we can directly obtain the base change P : the integrability property
of ∇̂ implies indeed that the matrix 1-form Ψ =

∑
i Ψi dxi on X fulfills the

condition
dΨ + Ψ ∧ Ψ = 0 ;

it follows that the Pfaff system dP (x) = −P (x)Ψ has, in the neighbourhood
of xo, a unique solution P (x) ∈ GLd(OX) such that P (xo) = Id; after the
base change of matrix P (x), the connection takes Birkhoff’s normal form. In
particular, the matrices Φi(xo) above are also that which come in Birkhoff’s
normal form.

5.9 Example 5.5, continuation. In the basis u� du (� = 0, . . . , d− 1), the
matrix Bo

0 of R0(xo) is zero and the matrix B∞ of −R∞(xo) is the diagonal
matrix with (�+ 1)/(d+ 1) as diagonal entries, with � = 0, . . . , d − 1. We
recover the matrix B∞ = (1 + q) Id− � E (with q = 1/(d + 1)) of Remark
VII.4.17.

5.10 Exercise. Prove that, for the unfolding f(u,z) = ud+1 + zd−1u
d−1 +

· · · + z0 considered in §4.b, the form du satisfies the following property: for
any zo, the class ωo of du in Ê

o is an eigenvector of R∞ and the mapping
∂zi
�→ Φo

∂zi
(ωo) induces an isomorphism TzoC

d → Eo
0 . Deduce, by means of

Remark 3.7 and of the construction of Birkhoff’s normal form above, that
in the neighbourhood of any point zo there exists a homogeneous primitive
section whose restriction to zo is equal to the class of du and thus, after §3,
a Frobenius-Saito structure on this neighbourhood.
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English translation of the Master thesis, Tokyo, 1970.

[Kir76] A.A. Kirillov – Elements of the theory of representations, Grundlehren
der mathematischen Wissenschaften, vol. 220, Springer-Verlag, Berlin,
1976, (Russian edition: 1972).

[Kod86] K. Kodaira – Complex Manifolds and Deformations of Complex
Structures, Grundlehren der mathematischen Wissenschaften, vol. 283,
Springer-Verlag, 1986.

math.AG/9504016


268 References

[Kos90] V.P. Kostov – “On the stratification and singularities of the Stokes hy-
persurface of one- and two-parameter families of polynomials”, in Theory
of singularities and its applications (V.I. Arnold, ed.), Advances in So-
viet Mathematics, vol. 1, American Mathematical Society, Providence,
RI, 1990, p. 251–271.

[KS90] M. Kashiwara & P. Schapira – Sheaves on Manifolds, Grundlehren
der mathematischen Wissenschaften, vol. 292, Springer-Verlag, 1990.

[Lan65] S. Lang – Algebra, Addison-Wesley, Reading, MA, 1965.
[Lev61] A.H.M. Levelt – “Hypergeometric functions”, Nederl. Akad. Wetensch.

Proc. Ser. A 64 (1961), p. 361–403.
[Lev75] , “Jordan decomposition for a class of singular differential oper-

ators”, Arkiv för Math. 13 (1975), p. 1–27.
[Lit40] D.E. Littlewood – The Theory of Group Characters and Matrix Rep-

resentations of Groups, Oxford University Press, New York, 1940.
[LPV85] J. Le Potier & J.-L. Verdier (eds.) – Modules des fibrés stables sur
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holonomes, Les cours du CIMPA, Travaux en cours, vol. 45, Paris, Her-
mann, 1993.

[Oda87] T. Oda – “K. Saito’s period map for holomorphic functions with isolated
singularities”, in Algebraic Geometry (Sendai, 1985), Advanced Studies
in Pure Math., vol. 10, North-Holland, Amsterdam, 1987, p. 591–648.

[OSS80] C. Okonek, M. Schneider & H. Spindler – Vector bundles on com-
plex projective spaces, Progress in Math., vol. 3, Birkhäuser, Basel,
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̂ (Fourier-Laplace), 176
(involution), 128

[ , ] (Lie bracket), 37
� (product), 41
Ad, 243, 258
ad, 29
AD̃×X , 107
A

n, 25
an (analytization), 26
AS1×X , 108
A <X

S1×X
, 108

Aut<X , 110
B0, B∞, 201
Ck(U, F ), 14
C[t]〈∂t〉, 168
χE(s), 129, 130
χ∞

E (s), 136
Der OZ , 26
δ(E) (defect), 75
d (differential), 20, 21
∇, 27
∇M/X , 54
�, 47
ω�, 237
E∇, 33
E (k), 68
E (Euler field), 43
exp 2iπ · , 16
ω
E, 239

e (unit field), 42
Eϕ, 102
F aE , 72
Φ (Higgs field), 35

F̃ , 48
f∗E, 6
f∗F , 9
f−1F , 9
GLd(OM ), 5
H1(M, G ), 11
H1(U, G ), 11
Hk(M, F ), 15
Hk(U, F ), 15
HomOM (F , G ), 8
HomOM (F , G ), 9
ιξ, 27
LΦ, 42
Lξ, 37
L(E, E′), 6
M μ (microlocalization), 184
μ(E ), 72
Nα,d, 87

ÔD×X , 96
OM , 4
OM (∗Z), 17
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OM (k1Z1 + · · · + kpZp), 18
Ω1
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Ω1
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Ωk
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R0, 200
R∞, 206
res, 22
R∇, 32
“res”, 24
Res∇, 93
σ (section of C → C/Z), 93
StX , 110
TM , 19

T ∗M , 19
Tf , 20
T ∗f , 20
T∇, 39
Θ (divisor), 78
ΘM , 19
V, σ

V, 95
V, σV, 93
Xd, X̃d, 199
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Frobenius –, 44
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Weyl –, 168

algebraic set
affine –, 25

algebraization, 95, 99
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extension, 35, 52, 112
function, 2

analytization, 26

bifurcation set, 244
Birkhoff, see Birkhoff’s normal form,

Birkhoff’s problem, Birkhoff-Gro-
thendieck theorem

Bolibrukh, see Bolibrukh-Kostov
theorem

bundle
algebraic –, 71, 75
associated to a divisor, 65
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cotangent –, 19
determinant –, 78
Higgs –, 35
meromorphic –, 18, 73
rational –, 75
semistable –, 72, 153
tangent –, 19, 37
tautological OP1(−1) –, 63

vector –, 5

category, 57
Cauchy, see Cauchy-Riemann equations,

Cauchy-Kowalevski theorem
characteristic polynomial

of a lattice, 130, 136, 188
of a logarithmic lattice, 129
of the monodromy, 102
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étale –, 4, 39
linear –, 5

Chern class, 16, 62
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cochain, 10
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codimension, 3
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quantum –, 223, 254

condition
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flat –, 39, 225, 231, 236, 248
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microdifferential –, 188
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decomposition
formal –, 104, 142, 186
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of a bundle, 75
of a lattice, 153
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complete integrable –, 199
integrable –, 53, 192, 200, 223
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degree
of a bundle, 72
of an operator, 168

Deligne, see Deligne-Malgrange functor,
Deligne lattice

derivation, 19, 27
derivative

covariant –, 27, 226
Lie –, 37, 226

differential form
holomorphic –, 19
logarithmic –, 22
on P

1, 67
dimension, 3, 26

Krull –, 26
discriminant, 229, 244
divisor, 65

nontriviality –, 78
free –, 229

duality, 126, 131, 137, 172, 179
Dubrovin, see Dubrovin’s theorem

Ehresmann, see Ehresmann’s theorem
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regular –, 87
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associativity –, 223, 235, 236
Cauchy-Riemann –, 1
Painlevé –, 191, 198
Picard-Fuchs –, 255
Schlesinger –, 193, 195, 219
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WDVV –, 223

equivalence of categories, 58
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Euler field, 239, 246
exponent, 131
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Euler –, 224, 239, 246
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unit –, 42, 224, 225
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relative connection, 55
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foliation, 38, 195
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Hermitian –, 204
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Fourier transform, 176, 219, 255
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Frobenius condition, Frobenius
structure, Frobenius theorem,
Frobenius manifold
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of the potential, 236
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Lie bracket, 37
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normal form

Birkhoff’s –, 159
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covering, 2

operator
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Painlevé, see Painlevé equations,
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Birkhoff’s –, 159–161, 182, 200, 208
partial Riemann’s –, 84, 182
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singularity, 45
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singularity
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