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Preface

Despite a somewhat esoteric title, this book deals with a classic subject,
namely that of linear differential equations in the complex domain. The pro-
totypes of such equations are the linear homogeneous equations (with respect
to the complex variable ¢ and the unknown function w(t))
du  « du 1
— = —u(t aeC), — =—=ut).
o = et ( ), =)
The solutions of the first equation are the “multivalued” functions t +— ct®
(v € C, ¢ € C) and those of the second equation are the functions t —
cexp(—1/t). On the other hand, the “multivalued” function log is a solution
of the inhomogeneous linear equation
du 1
dt  t
or, if one wants to continue with homogeneous equations as we do in this
book, of the equation of order 2:

d*>v  du _ 0

az ta =Y
Thus, the solutions of a differential equation with respect to the variable ¢,
having polynomial or rational fractions as coefficients, are, in general, tran-
scendental functions. Needless to say, other families of equations, such as the
hypergeometric equations or the Bessel equations, are also celebrated.

Once these facts are understood, the question of knowing if it is neces-
sary to explicitly solve the equations to obtain interesting properties of their
solutions can be stated. In other words, one wants to know which properties
of the solutions only depend in an algebraic way on (hence are in principle
computable from) the coefficients of the equation, and which are those which
need transcendental manipulations.

Following this reasoning to its end leads one to develop the theory of
differential equations in the complex domain with the tools of algebraic or

)



X Preface

complex analytic geometry (i.e., the theory of complex algebraic equations).
One is thus led to treat systems of linear differential equations, which depend
on many variables. The algebraic geometry also invites us to consider the
global properties of such systems, that is, to consider systems defined on
algebraic or complex analytic manifolds.

The differential equations that we will consider in this book will be named
integrable connections on a vector bundle. Our Drosophila melanogaster (fruit
fly) will be the complex projective line, more commonly called the “Riemann
sphere” and denoted by P*(C) or P!, and will be the subject of some experi-
ments concerning connections: analysis of singularities and deformations.

The theory of isomonodromic deformations serves as a machine to produce
systems of nonlinear (partial) differential equations in the complex domain,
starting from an equation or from a system of linear differential equations
of one complex variable. It provides at the same time a procedure (far from
being explicit in general) to solve them, as well as remarkable properties of
the solutions of these systems (among others, the property usually called the
“Painlevé property”). If, at the beginning, the main object of interest was
the deformation of linear differential equations of a complex variable with
polynomial coefficients, it has now been realized that the deformation theory
of linear systems of many differential equations can shed light on this question,
thanks to the use of tools coming from algebraic or differential geometry, such
as vector bundles, connections, and the like.

For a long time (and such remains the case), this method serve specialists
in dynamical systems and physicists who analyze the nonlinear equations pro-
duced by integrable dynamical systems; to exhibit these equations as isomon-
odromy equations is, in a way, a linearization of the initial problem. From this
point of view, the Painlevé equations have played a prototypic role, beginning
with the article by R.Fuchs [Fuc07] (followed by those of R.Garnier) who
showed how the sixth one can be written as an isomonodromy equation, thus
avoiding the strict framework of the search for new transcendental functions.

A nice application of this theory is the introduction of the notion of a
Frobenius structure on a manifold. If this notion had clearly emerged from
the articles of Kyoji Saito on the unfoldings of singularities of holomorphic
functions, it has been extensively developed by Boris Dubrovin, who used mo-
tivations coming from physics, opening new perspectives on, and establishing
a new link between, mathematical domains which are apparently not related
(singularities, quantum cohomology, mirror symmetry).

My aim to keep this text a moderate length and level of complexity, as well
as my lack of knowledge on more recent advances, led me to limit the number
of themes, and to refer to the foundational article of B. Dubrovin [Dub96], or
to the book of Y. Manin [Man99a], for further investigation of other topics.

Chapter 0, although slightly long, can be skipped by any reader having
a basic knowledge of complex algebraic geometry; it can serve as a reference
for notation. It presents the concepts referred to in the book concerning sheaf
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theory, vector bundles, holomorphic and meromorphic connections, and locally
constant sheaves. The results are classic and exist, although scattered, in the
literature.

The same considerations apply to Chapter I, although it can be more
difficult to find a reference for the rigidity theorem of trivial vector bundles in
elementary books on algebraic geometry. We restrict ourselves to bundles on
the Riemann sphere, minimizing the knowledge needed of algebraic geometry.
In this chapter, we do not give the proof of the finiteness theorem for the
cohomology of a vector bundle on a compact Riemann surface, for which
good references exist; we only need it for the Riemann sphere.

With Chapters II and III begins the study of linear systems of differential
equations of a complex variable and their deformations. The type of singular
points is analyzed there. Here also we do not give the proof of two theorems
of analysis, inasmuch as the techniques needed, although very accessible, go
too much beyond the scope of this book.

One of the fundamental objects attached to a differential equation or,
more generally, to an integrable connection on a vector bundle, is the group of
monodromy transformations in its natural representation, reflecting the “mul-
tivaluedness” of the solutions of this equation or connection. The Riemann-
Hilbert correspondence—at least when the singularities of the equation are
regular—expresses that this group contains the complete information on the
differential equation. Thus, one of the classic problems of the theory consists
of, given a differential equation, computing its monodromy group. Let us also
mention another object, the differential Galois group—which we will not use
in this book—that has the advantage of being defined algebraically from the
equation.

We will not deal with this problem in this book, and one will not find
explicit computations of such groups. As indicated above, we rather try to
express the properties of the solutions of the equation in terms of algebraic
objects, here the (meromorphic) vector bundle with connection. In this mero-
morphic bundle exist lattices (i.e., holomorphic bundles), which correspond
to the various equivalent ways to write the differential system.

To find the simplest way to present a differential system up to meromorphic
equivalence is the subject of the Riemann-Hilbert problem (in the case of
regular singularities) or of Birkhoff’s problem. In all cases, it is a matter of
writing the system as a connection on the trivial bundle. Chapter IV expounds
on some techniques used in the resolution of the Riemann-Hilbert or Birkhoff’s
problem. One will find in the works of A. Bolibrukh [AB94] and [Bol95] many
more results.

Chapter V introduces the Fourier transform (which should possibly
more accurately be called the Laplace transform) for systems of differential
equations of one variable. It helps one in understanding the link between
Schlesinger equations and the deformation equations for Birkhoff’s prob-
lem, analyzed in Chapter VI. In the latter, the notion of isomonodromic
deformation is explained in detail.
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Chapter VII gives an axiomatic presentation of the notion of a Saito struc-
ture (as introduced by K. Saito) as well as that of a Frobenius structure (as
introduced by B.Dubrovin, with its terminology). We show the equivalence
between these notions, using the term “Frobenius-Saito structure”. Many ex-
amples are given in order to exhibit various aspects of these structures. This
chapter can serve as an introduction to the theory of K. Saito on the Frobenius-
Saito structure associated with unfoldings of holomorphic functions with iso-
lated singularities. The proofs of many results of this theory require techniques
of algebraic geometry in dimension > 1, techniques which go beyond the scope
of this book and would need another book (Hodge theory for the Gauss-Manin
system).

This text, a much expanded version of my article [Sab98] on the same
topic, stemmed from a series of graduate lectures that I gave at the univer-
sities of Paris VI, Bordeaux I and Strasbourg, and during a summer school
on Frobenius manifolds at the CIRM (Luminy). Michele Audin, Alexandru
Dimca, Claudine Mitschi and Pierre Schapira gave me the opportunity to
lecture on various parts of this text.

Many ideas, as well as their presentation, come directly from the articles
of Bernard Malgrange, as well as from numerous conversations that we had.
Many aspects of Frobenius manifolds would have remained obscure to me
without the multiple discussions with Michele Audin. I also had the pleasure
of long discussions with Andrey Bolibrukh, who explained to me his work, par-
ticularly concerning the Riemann-Hilbert problem. Joseph Le Potier answered
my electronic questions on bundles with good grace.

Various people helped me to improve the text, or pointed out a few mis-
takes: Gilles Bailly-Maitre, Alexandru Dimca, Antoine Douai, Claus Hertling,
Adelino Paiva, Mathias Schulze and the anonymous referees.

I thank all of them.

The original (French) version of this book has been written within INTAS
program no. 97-1644.

The English translation differs from the original French version only in the
correction of various mistakes or inaccuracies, a list of which can be found on
the author’s web page math.polytechnique.fr/~sabbah.


math.polytechnique.fr/~sabbah

Terminology and notation

Some words used in this book may have various meanings, depending on the
context in which they appear. For instance:

e the flatness property (in differential geometry), the absence of curvature
(for a metric, a connection...) is synonymous with integrability; on the
other hand, in commutative algebra, it expresses good behaviour with
respect to the tensor product;

e torsion is a geometric notion (for a connection on the tangent bundle),
but is also an algebraic notion (for a module on a ring); one can consider
the torsion of a flat connection, but a flat module on a integral ring has
no torsion.

Analogously, the name “Frobenius” can refer to various distinct properties:
Pfaff systems which share the integrability property in the sense of Frobenius
are called foliations, although the notion of Frobenius manifold (or of Frobe-
nius structure on a manifold) refers to the structure of Frobenius algebra on
the tangent bundle of this manifold; nevertheless, the notion of integrability
comes in the construction of such structures.

Make note of the distinction between the mathematicians L. Fuchs (Fuchs
condition, Fuchsian equation, etc.) and R. Fuchs (isomonodromy and Painlevé
equations), as well as K. Saito and M. Saito.

Regarding notation, I have tried to use and maintain throughout the text
a simple rule.

The letters M, N, X only serve (in principle) for manifolds, the letter X
often denoting the parameter space of a deformation, while the letter M rather
denotes the space on which the deformed object lives.

The letters &,.%,% serve for sheaves on a manifold, the letters E, F,G
for the corresponding bundles, when meaningful, and the letters €, F, G for
their germ at some point. The “meromorphic bundles” are denoted in general
by the letter .# (and sometimes .4), their germ at some point by M or N.
Lastly, in the algebraic framework, the module of global sections of a sheaf
&, F,9, M is denoted by E, F, G, M.
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In a family parametrized by a space, the restriction of an object A for the
value z° of the parameter is denoted by A°.

Finally, a white square on a white background [J means the end of a proof,
or its absence.
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The language of fibre bundles

This chapter assembles the main concepts referred to in this book. It also
establishes the notation used throughout the text.

We assume some familiarity with the language of sheaf theory.

The notion of vector bundle and of connection enables one to take up global
problems of the theory of linear differential systems and of their singularities.
We consider here only the holomorphic or meromorphic setting. We have tried
to provide intrinsic statements, independent of the choices of coordinates or
of basis. Therefore, the reader will not be surprised not to find the notion of
fundamental matrix of solutions, of the Wronskian, etc. On the other hand,
we do insist on the difference between the notion of a meromorphic differential
system (where meromorphic base changes are allowed) and that of a lattice
of such a system (where only holomorphic base changes are allowed).

1 Holomorphic functions on an open set of C™

The reader can refer to [GR65, Chap.I], [GH78, Chap.0], [Kod86, Chap.1]
(and also to [H6r73, Chap. 1] or [LT97, Chap. 1]) for the elementary properties
of holomorphic functions.

Let n be an integer > 1 and U be an open set of C™. The coordinates are
denoted by z1,...,zn, where z; = x; + iy; is the decomposition into real and
imaginary parts.

Let f: U — C be a function of class C*. We put

or _1(of _of or 105 or
aZj N 2 ij 8y]- ’ 82]- N 2 5$j 8yj '

A function f of class C' on U is said to be holomorphic if, for any z € U, the
Cauchy-Riemann equations

of

=0, j=1,...
8EJ(Z) ? J ) 5 10,
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are satisfied. We denote by &'(U) the ring of holomorphic functions on U and
by Oy the sheaf of holomorphic functions on U.

1.1 Theorem (The holomorphic functions are the analytic func-
tions). A function f : U — C is holomorphic if and only if it is analytic,
that is, can be expanded as a converging series of (z1 — 29, ..., zn — 28) in the
netghbourhood of any point z° € U.

Proof. Analogous to the proof for functions of one variable. Let

n

Az r) = H D(z7,7;)

j=1

be an open polydisc of polyradius r = (r1,...,7r,) € (R} )", centered at 2° € U
and contained in U. The result follows from the “Cauchy polyformula”, that
one shows by induction on n: for any z € A(z°,r) we have

1 f(w)
f(z) = — / / ~ dzy N+~ Ndzy,. O
(2Z7T)n C(z9,r1) C(22,rn) (Zl - zl) e (Z’ﬂ - Z’I(’)L)

Let us fix 2° € U. The germ of the sheaf 0y at z°, denoted by Oy .0, can
thus be identified with the ring of converging series with n variables, denoted
by C{z1 — 29, ..., 2, — 22}.

1.2 Some properties.

e Any holomorphic mapping from an open set of C" with values in CP is a
C"*° mapping.

e Any bijective holomorphic mapping between two open sets of C” is biholo-
morphic.

e Any nonconstant holomorphic function on a connected open set of C" is
an open mapping.

e We have at our disposal the implicit function theorem and the inverse
function theorem for holomorphic mappings.

e Let U be an open set of C", let ¢ : U — C be a holomorphic function
# 0 and let Z C U be the set defined by the equation ¢(z1,...,2,) =0
in U. If f is any holomorphic function on U \ Z which is bounded in the
neighbourhood of any point of Z, then f can be extended as a holomorphic
function on U.

2 Complex analytic manifolds

The reader can refer to [GH78, Chap. 0] or [Kod86, Chap. 2] for more details or
examples. Let M be a topological space. An open covering 34 of M is a family
(Usi)ier of open sets of M indexed by a finite set I, such that |J, U; = M.
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A topological space M is said to be paracompact if it is Hausdorff and if,
for any open covering 4 of M, there exists an open covering U of M which
is locally finite and finer than 4, that is, any compact set cuts only a finite
number of open sets of 2 and any open set V; of U is contained in at least
one open set U; of 4l

A complex analytic manifold M of dimension n is a paracompact topolog-
ical space which admits an open covering (U;);e; and charts ¢; : U; — C™,
where each ¢; induces a homeomorphism from U; to some open set §2; of C",
such that, for any ¢, j € I, the change of chart

ot
o (UinUy) =222 o (U Ty)
is a biholomorphism.

A holomorphic function on a complex analytic manifold is a function of
class C' such that each f o ¢; !'is a holomorphic function on the open set

Any chart U; admits then coordinates systems (z1,. .., 2,) coming from
those of 2.

A mapping between two complex analytic manifolds is said to be holomor-
phic if, for one (or any) choice of holomorphic local coordinates of the source
and the target, the components of the mapping are holomorphic functions of
coordinates.

A complex analytic submanifold N of M is a locally closed subset of M
for which, in the neighbourhood of any point of N in M, there exist local
coordinates z1,...,z, such that N is defined by the equations z; = --- =
zp = 0; one then says that p is the (complex) codimension of N in M. A smooth
hypersurface is a closed submanifold of codimension 1.

A closed analytic subset M is a closed subset, which is locally defined as
the set of zeroes of a family of analytic functions. We will have to use the
following result (the reader can consult [GR65, Chap.II and III] for more
details on analytic subsets):

2.1 Lemma (connectedness, see [GR65, Th. 2, p.86]). Let M be a con-
nected complex analytic manifold. Then the complement in M of a closed
analytic subset distinct from M is connected. O

2.2 Examples.

(1) Any open set of C™ is a complex analytic manifold.

(2) Any covering space (cf. for instance [God71]) of a complex analytic man-
ifold is equipped with a unique structure of complex analytic manifold
for which the covering map is holomorphic. For this structure, any local
section of the covering is a holomorphic mapping.

(3) The complex projective space P" is the space of lines of C**!: it is the
quotient space of C" T\ {0} by the equivalence relation v ~ \v (A € C*).
We denote by [v] € P" the line generated by the vector v € C"*1 < {0}.
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If (Zo, ..., Zy,) are the coordinates on C"*!, one covers P" with the n + 1
open sets U; = {[v] | v; # 0} ( =0,...,n). We set

¢ U; — C"

ZO Zn
[Z] — (,...,).
Zj Zj

We then get a structure of complex analytic manifold on P": for j # k,
let us denote by (zo,...,%;,...,2,) the coordinates on ¢;(U;) (the j-th
coordinate does not appear) and similarly (wo, ..., ws,...,w,) the coor-
dinates on ¢y (Uy); then ¢;(U; N Uy) is the open set 2z, # 0 in C™ and
0 (U;NUy) is the open set w; # 0; the change of chart is the isomorphism

~ 20 1 ~ Zn
(205 s Zjyee ey 2y ooy Zn) — | —, o, —, o o — )
2k 2k 2k

(4) A complex analytic manifold of dimension one is called a Riemann surface.
Let us mention for instance:
e the projective line P!, covered by two charts Uy and U, ; the change
of chart

(100 Poo *

cr UyNUyp ——
is defined by z — 1/z;

e the quotient space of C by a lattice L = Z & Z7, with 7 € C \ R, nat-
urally equipped with a structure of Riemann surface (elliptic curve).

2.3 Exercise (The Grassmannian, cf. [GH78, p.193-194]). Show that
the set of vector subspaces of dimension 7 + 1 of C"*! admits a structure of
complex analytic manifold (called the Grassmannian of r+ 1-planes in C™*1).
Remark that it is also the set of projective subspaces of dimension r of P,

2.4 Remarks.

(1) The notion of C'*° manifold is defined in the same way as above, by chang-
ing “holomorphic” with “C°”. As any holomorphic mapping is C'°°, an
analytic manifold can be equipped with a natural structure of C'*° mani-
fold and the notion of C*° function has a meaning on a complex analytic
manifold. We denote by %5 the sheaf of germs of C'*° functions on M.

(2) It will be convenient to generalize the notion of a chart of an analytic
manifold. An étale chart ¢ : U — C" is a holomorphic mapping from an
open set M to an open set in C™, which has maximal rank everywhere.
The components (¢1, ..., ¢,) of ¢ form a coordinate system in the neigh-
bourhood of any point of U. When there can be no confusion, we will also
say that (¢1,...,¢y) is a coordinate system on U.

2.5 The structure sheaf. Let U be an open set of a complex analytic
manifold and let &, (U) denote the ring of holomorphic functions on U. For
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V' C U there is a restriction morphism & (U) — O (V), which makes Oy
a presheaf. This presheaf is in fact a sheaf of commutative algebras with unit:
this is the structure sheaf of M.

Let ¢ : M — N be a holomorphic mapping. By composition, any holo-
morphic function g on an open set V' of N induces a holomorphic function
g o ¢ on the open set ¢ (V). Whence a morphism of sheaves of algebras

o ' On — On
which makes @y a sheaf of modules on ¢~ Oy.

2.6 The constant sheaf. Let G be a group and let G be the presheaf on M
defined by G(U) = G for any open set U of M, all the restriction mappings
pvu being equal to the identity Idg : G — G. This presheaf is not a sheaf: if U
has two connected components U; and Us, we have G(U) # G(Uy) x G(Us).

The associated sheaf is the constant sheaf with fibre G, that we denote
by GM

2.7 Exercise (The sections of the constant sheaf). Check that, if U is
connected, we have I'(U, G7) = G and that, in general, I'(U,Gyr) = G! if T
is the set of connected components of U. Show that the restriction mappings
are the identity on each factor of the product.

3 Holomorphic vector bundle

Let m : E — M be a holomorphic mapping between two complex analytic
manifolds. We will say that 7 is a wvector fibration of rank d, or also that 7
makes E a vector bundle of rank d on M if there exist an open covering
of M (called trivializing covering for E) and, for any open set U of 4, a linear
chart oy which is biholomorphic, which makes the diagram

commute (p; denotes the first projection) and which satisfies the linearity
property: for any pair (U, V') of open sets of the covering, the change of charts

prowyt  (UNV)xC — (UNV) x C?

is linear in the fibres of the first projection, that is, is defined by a holomorphic
mapping Yy v : UNV — GL4(C), or also by a holomorphic section of the
sheaf GL4(O)) of germs of invertible matrices with holomorphic entries.
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3.1 Exercise (The cocycle condition). Show that the mappings ¢y con-
structed in this way satisfy the following property (called the cocycle condi-
tion): for any triple U, V, W of open sets in & and any m € UNV N W,

(31)(*) ’L/JU’V(m) . ZZJV’W(m) . wW,U(m) = Idcd .

A morphism ¢ between two vector bundles E, E' on M is a holomorphic
mapping from F to E’ making the diagram

E%E’

N

commute and inducing for any m € M a linear mapping ¢, : 7~ (m) —
7'~(m). For instance, on a trivializing open set U for E, the linear chart ¢
considered above is an isomorphism from the restriction )y to the trivial
bundle of rank d. We denote by L(E, E’) the space of morphisms from F
to E'. It is a module over the ring I'(M, &)) of holomorphic functions on M.

3.2 Remark. The kernel and the cokernel of a morphism between vector
bundles ¢ : E — E’ are themselves vector bundles if and only if ¢ has constant
rank. Therefore, the category of vector bundles on a manifold of dimension
> 1 is not abelian'. Interpreting a vector bundle as a locally free sheaf of &y;-
modules, as we will do in paragraph 4, enables one to consider this category
as a subcategory of the category of sheaves of &);-modules which s abelian:
the kernel and the cokernel of ¢ do exist as sheaves of &y;-modules, but these
sheaves are possibly not be locally free.

3.3 Operations on vector bundles.

e Let f: M — N be a holomorphic mapping between two complex analytic
manifolds and let 7 : E — N be a holomorphic vector bundle of rank d.
The fibre product

EﬁM:{(e,m)eExM|7r(e):f(m)}CE><M

equipped with the restriction of the projection to M is a vector bundle of
rank d on M, denoted by f*FE, and called the pullback of E by f (consider
the pullback of a covering of N trivializing for E and the corresponding
linear charts).

When f is the inclusion of a point n in N, the pullback f*F is a C-vector
space, called the fibre of E at n € N.

When f is the inclusion of an open set U of N, the pullback of £ to U is
denoted by Ejy, as above.

1 See §17 for elementary notions on categories.
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e Let E (resp. E’) be a vector bundle on an open set U (resp. U’) of M.
Giving an isomorphism of vector bundles ¢ : Ejynyr — El’ Uny €nables us
to define a vector bundle F' on U U U’ such that Fjy ~ E and Fjyy ~ E":
the set F is that of equivalence classes with respect to the relation ~ on
the disjoint union E[] E’ such that e ~ €’ if ¢/ = ¢(e) (the reader will
check as an exercise that the projection to M makes F' a holomorphic
vector bundle).

e The usual operations on vector spaces can be extended to vector bundles:
direct sum, tensor product, homomorphisms. Given two vector bundles
E,FE' of rank d,d" on M, define (exercise) the vector bundles E ¢ E’
(of rank d + d'), E® E’ (of rank dd'), L(E, E’) (of rank dd’), satisfying,
for any m € M,

(E®E)m=En® E':n
(E®E/)m =FEn ®E;n
L(E,E")pm = L(En, E.) (linear mappings).

4 Locally free sheaves of 0p;-modules

Let E be a vector bundle on M and let U be an open set of M. A holomorphic
section of E on U is a holomorphic mapping o : U — E which is a section of
the projection 7, i.e., which satisfies moo = Idy. The set &(U) of holomorphic
sections is a module over &);(U). The natural restriction mappings to open
sets enables one to define a presheaf & on M, which is in fact a sheaf (exercise).
It is a sheaf of &);-modules. Moreover, as E is locally isomorphic to a trivial
bundle, this sheaf is locally isomorphic to the sheaf of holomorphic sections
of the trivial bundle, which is nothing but €'¢,: one says that & is locally free
of rank d on O)y;.

We define in this way a functor from the category of vector bundles (the
morphisms are the morphisms of vector bundles) to the category of locally
free sheaves of @)/-modules (a morphism between vector bundles gives rise,
by composition, to a morphism between the sheaves of their holomorphic local
sections).

4.1 Proposition (Equivalence between vector bundles and locally
free sheaves). The functor defined in this way is an equivalence® between
the category of holomorphic vector bundles of rank d and that of locally free
sheaves of Opr-modules of rank d.

Proof. Let us recall that a morphism ¢ : F — ¢ of sheaves of Oy-
modules consists in giving, for any open set U of M, a € (U)-linear mapping

2 See §17 for elementary notions on categories.
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I'U,.7) — I'(U,¥) such that, for any pair of open sets V' C U, the restriction
diagram commutes:

p(U)

rw,7) —2" . rw,9)

o

T g 1)

We denote by Homg,, (% ,%) the space of &js-linear morphisms from .# to .
This is a module over the ring I'(M, Oys) of holomorphic functions on M
(multiplication by a holomorphic function).

4.2 Remark. If .7 is a sheaf of &)/-modules, a section o € I'(U, %) of
on an open set U is nothing but a homomorphism ¢ : 0y — Hy; as such a
homomorphism is determined by the value o = (1) € I'(U, .%) of the section
1 € I'(U, Oyr). We thus have a canonical isomorphism Homg,, (0y, #v) =
ru,z).

Let us come back to the proposition. So, let E and E’ be two holomorphic
vector bundles on M and let &, &’ be the associated sheaves. Let us first show
that the natural mapping

(4.3) L(E, E') — Homg,, (&, &")

is an isomorphism of I'(M, &y )-modules.

Injectivity. Let f: E — E’ be a morphism of vector bundles, whose image in
Homg,, (&,&") is zero. Let us pick m € M and let U be an open neighbour-
hood of m, which is trivializing for E' and E’. We thus have E;y ~ U x o
and E‘U U x C%. For any section o : U — U x C?, the composition

foo:U — U x C? vanishes. We deduce that the image by f(m) of each
vector of the canonical basis of C? is zero, hence f(m) : E,, — E!_ is the zero
linear map.

Surjectivity. Assume first that £ and E’ are trivializable, hence that & and &’
are free (6 ~ 0%, and & ~ €4%,). A morphism ¢ : 0% — 0% can be
expressed, in the canonical bases, as a matrix (p;;) of size d’ x d, where ¢;; :
Oy — Oy is a morphism. The sheaf &'y, admits a canonical section, namely,
the unit section 1, and ¢;;(1) is a holomorphic function on M. Conversely, it
is clear by linearity that ¢;;(1) completely determines ¢;;. Therefore, giving
the matrix (¢;;(1)) is equivalent to giving ¢. This matrix defines a morphism
between the trivial bundles

M xC% — M x C¥
(m,v) — (m, p(1)(m) - v).
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In general, & and &’ are locally free. If ¢ : & — &’ is a morphism, one
constructs a morphism of bundles Ej; — E/;; after restricting to any trivial-
izing open set. The injectivity shown above implies that these morphisms can
be glued in a morphism F — E’.

Essential surjectivity of the functor. It is a matter of verifying that any locally
free O)-module & is isomorphic to the image of a bundle E by the functor.
One first reconstructs the bundle E fibre by fibre from the sheaf &, then one
equips the disjoint union of fibres with the structure of an analytic manifold.

So, pick m € M and let Oy, be the ring of germs at m of holomorphic
functions on M. If (z1,...,2,) are holomorphic local coordinates for which
m is the origin of coordinates, this ring is nothing but the ring of converging
series C{z1,...,2,}. Let m be the ideal of germs which vanish at m. If &,
denotes the germ of & at m, we set E,, = &,,/mé&,,. This is a vector space
of dimension d. We take for E the disjoint union of FE,,, equipped with its
natural projection to M. One can endow E with the structure of a complex
analytic manifold by considering a trivializing covering for & (exercise: give
details). O

4.4 Operations on locally free &0);-modules. We describe below the
operations corresponding to that on vector bundles, seen in §3.3. These oper-
ations are more generally defined for sheaves of (not necessarily locally free)
O-modules. When the data are locally free, the result is so. The reader will
check as an exercise the correspondence with §3.3.

e Let f: M — N be a holomorphic mapping and let .% be a sheaf of Oy-
modules. Let f~1.% be the pullback sheaf (in the topological sense of sheaf
theory; see for instance [God64, p.121], where this operation is denoted
by f*). We see in particular that f~1@y is a sheaf of rings on M and that
O is also a sheaf of f~'¢n-modules. The pullback as sheaf of @-modules
is

fFFZF=0y © f'F
f~lon

so that, by definition, we have f*0n = 0. The operation f* transforms
a sheaf of Ony-modules into a sheaf of &j/-modules.

e Let & (resp. &) be a sheaf on an open set U (resp. U’) of M. Giving
an isomorphism of sheaves ¢ : &yny- — g{UﬂU’ enables one to define a
sheaf .7 on UUU" such that .Fy ~ & and Fy» ~ &”. Hence, if & (resp. &)
is locally free on Oy (resp. Oy), the sheaf .7 is also Opyyr-locally free.

e The natural operations on modules can be extended to sheaves of &y;-
modules: direct sum, tensor product, homomorphisms.

e Let us recall the construction of the sheaf Zomg,, (#,9): we set, for any
open set U of M,

U, #ome,, (#,9)) := Home, (FAu,9u)

where Hom has been defined in the proof of Proposition 4.1. One can
check that there exist restriction mappings and that the presheaf obtained
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in this way is a sheaf. When .% and ¢ are locally free of ranks d and d’
respectively, the sheaf #omeg,, (F,9) is locally free of rank dd’.
One should be careful (see for instance [GM93, p. 104]) that in general the
construction .#Zom does not commute with taking germs in sheaf theory,
but that, if #,% are locally free sheaves of &j;-modules, we have, for any
me M,

Home, (F, 9 )m = Home,,,,(Fm:%m)

(this is a local property, so that, to prove it, one can assume % = ﬁj@ and
4 = 0¢,, where the result is clear).

4.5 Exercise (Subsheaves and subbundles). Prove that a homomorphism
p: F —Y

of locally free sheaves comes from an injective homomorphism between the
corresponding bundles if and only if it is injective and if the quotient sheaf
9 /o(F) is also locally free. We will then say that .% is a subbundle of the
locally free sheaf ¢. Check that the homomorphism “multiplication by z”
from O¢ into itself does not come from an injective morphism from the trivial
bundle of rank one to itself.

5 Nonabelian cohomology

We refer to [Fre57] for the elementary properties of nonabelian cohomology
(see also, for instance, [BV89a, Chap.II.1, p.110-123]).

Let ¢4 be a sheaf of groups (not necessarily commutative). For instance,
we will have to consider the sheaf GL4(O)s) whose sections on an open set
of M are the invertible matrices of holomorphic functions on this open set.

Let 4 be an open covering of M.

A 1-cocycle of U with values in & consists in giving, for any pair (U, V') of
open sets of U, of an element ¢y of (U NV) (for instance, in the case of
GL4(On ), of a holomorphic mapping ¢y v : UNV — GL4(C)) satisfying the
cocycle condition (3.1)(*). The set of 1-cocycles is denoted by Z'(4,9).

Exercise. Prove that, if ¢ is a 1-cocycle, then vy = (Yy,v) ™ .

A coboundary is a 1-cocycle 1 for which there exists, for any U € U, an
element 7y € 9(U) satisfying vyv = nu -ny," for all U,V € 4 (one checks in
a straightforward way that ¢ so defined satisfies the cocycle condition). We
say that 1 is a 0-cochain of il. Let us note that, if ¢ is a coboundary, then so
is the 1-cocycle 1/~ ! defined by 1/11}’1‘/ (m) = (Yu,v(m))~! for any m € M.

Two cocycles ¢ and ¢ of  with values in ¢ are equivalent? if there exists
a coboundary 7 such that 1\ = 1 - Ypy -0y, for any pair (U, V) of open
sets of 4. '

3 Check that this defines an equivalence relation.
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The first set of nonabelian cohomology H'(,%) is the quotient set of
the set of cocycles by this equivalence relation. It is a set equipped with a
distinguished element: the class of the “identity” cocycle. Nevertheless, it has

no other structure in general, due to the possible noncommutativity of the
sheaf 4.

5.1 Exercise (Some properties of H!(i(,9)).

(1) When d = 1, prove that GL; (&) = € (the sheaf of holomorphic functions
which do not vanish) and that H* (4, &%) is an abelian group (with respect
to multiplication).

(2) A refinement U of 4l is an open covering (V;),es finer than 4, i.e., such
that any Vj is contained in some U;. Then there exists at least one mapping
a :J — I such that, for any j € J, we have V; C U,;). Show that, if
Y = (Yu,,v, ), also denoted by (¢;,i), is a 1-cocycle of U with values in &,
then ¥® defined by Y = wa(j),a(j/)\VjﬂVj/ is a 1-cocycle of .

(3) Prove that, if a, 3 : J — I are two such mappings, the cocycles 9 and ¢?
are equivalent via the O-cochain 7 defined by 7; = ¥g(5),a(j)

(4) Conclude that there exists a refinement mapping independent of the choice
of a

p: H' (U, 9) — H'(D,9).

(5) Let ¥, 9" € Z1(4,9) be two 1-cocycles whose refinements 1) and ¢'” are
equivalent via some 0-cochain of 0. Show that ¢ and v’ are equivalent
via some 0-cochain of i1.

(6) Conclude that the refinement mapping p is injective.

(7) Denote by H'(M,¥) the limit of the inductive system H'(4,%) con-
structed in such a way, indexed by all the open coverings of M. Prove
that the natural mappings

HY(U,9) — H'(M,9)

are injective and deduce that, if one identifies the set H' (4, %) to its image
in H'(M, %), the latter set is nothing but the union of the H!(U,¥).

5.2 Example (Pullback and cohomology).

(1) Let JZ be an 1ncreasmg sequence of presheaves on a topologlcal space X

and let us set Z = U, Z;. If Z; denotes the sheaf associated to .Z; and .F
that associated to .7, then the sequence of sheaves .%; is increasing and
F =, % (in other words, for any x € X, .7, =J; % ). Indeed, let us
pick z € X. It is a matter of showing that

lim U Z,(V) = U lim Z,(V).

Voz t i VBz

The inclusion D is clear. If s € %, then s consists of a compatible family
sw € Z (W) for any W contained in a sufficiently small open set V. There
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exists thus j such that sy € % (V). As a consequence, for any W C V,
sw = pvw(sy) € %(W), and thus s € lim %(V)

(2) Let X and S be two topological spaces, X being locally compact, and
let 22 be a sheaf on S x X. Then, both presheaves

%:U'—>H1(SXU,%&) and %:UHUHI(%SX[],%”)
x

(where the union is taken over all open coverings 2" of S x X) have the
same associated sheaf. Indeed, %#(U) C %1 (U) is clear. If s is a section of
F1 4, then s comes from sy € H' (%, ) for some open covering % of
some open set S x U with U small enough containing x. If V' is relatively
compact in U and contains z, there exists 2" such that Z|g.v = Z|sxv-
As a consequence, for any W C V, sy € Hl(ﬁ?f‘SXW,jf), and thus
s € 92)35.

(3) Let 4 be a sheaf on S and let p;'¥ be its pullback by the projection
p1: S xX — S. Let us assume that X is connected. Then there is a
bijection

I(S,9) = I(S x X,p;'9)

(one can use that the étale cover ¢ : pflg — S x X is the product
pxId: GxX—8x X; see §15.a for the notion of étale cover).

(4) Let us now assume that S is compact and X is locally compact and locally
connected (for instance, an open set in C™). Then, for any 2° € X, the
germ at z° of the sheaf . associated to the presheaf U — H'(SxU, p;'¥)
is equal to H(S,9).

In order to prove this statement, one first shows that, for any open cover-
ing 2 of Sx X, there exists a finite open covering . of S, a refinement ¥’
of 2" and an open neighbourhood V' of 2° in X such that ¥|g.y = % x V.
Indeed, by compactness of S, if K is a compact neighbourhood of x°, there
exists a refinement 2™ of 2" which is finite when restricted to S x K and
such that each open set in 2" which cuts S x K takes the form S; x V;.
Let us denote by V' the intersection of the V;’s which contain x°, and let
us choose as V' an open neighbourhood of z° relatively compact in V.
One now refines 2 by taking the S; x V"’s if i is such that V; cuts S x V,
and by taking the open sets in .2~ which do not cut S x V.

According to (2), the sheaf .# is the sheaf associated to the
presheaf |, Z4 and thus to the presheaf Uy Fy, with :/6\:1/((]) =
Hl(ﬁSXU,pflg). On the other hand, by considering the Cech complexes
and according to (3), Fy (W) = H'(S,%) for any W C V, and the
restriction morphisms are reduced to identity. In particular, the sheaf
Fy associated to Fy is constant with fibre H!(.,%) when restricted
to V. Applying (1) to the increasing sequence %+ gives the assertion.

(5) With the same assumptions (S compact and X open in C™), we moreover
assume that there exists a finite open covering . such that H'(.,¥) =
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H'(S,%) (we will say that such an open covering is good; any refinement
of a good open covering is still good). Then the sheaf .7 associated to the
presheaf U +— H'(S x U, p;'¥) is locally constant, with germ H'(S,¥).
One can indeed adapt the previous reasoning with any compact set K
instead of x°. For any 2, one can find a refinement ¥ such that the open
sets in 7" which cut S x K take the form S; x V;, where the finite family
of V; covers K and the family S} is finite, covers S and is a good covering
relative to ¢. Any x in K has then an open neighbourhood V' (intersection
of the V;’s which contain x) such that .#yy is the constant sheaf with
germ HY(7,9) = H'(S,%). We get the assertion by applying (1).

5.3 Proposition (The cocycle of a vector bundle).

(1) Let E be a wvector bundle on M. If L is a covering of M trivializ-
ing for E and 1 is the corresponding cocycle, the image of the class
[W] € HY(YU, GLa(Onr)) in HY (M, GLg(Onr)) only depends on E (and not
on the choice of & and of ¥), and two bundles are isomorphic if and only
if they define the same element.

(2) Conversely, any element of H (M, GL4(Ohr)) can be obtained in this way
from a holomorphic bundle of rank d on M, unique up to isomorphism.

Proof. Let us first show that two cocycles 1,1’ defined by two bundles E, E’
for the same trivializing covering 4l are equivalent if and only if the bundles
are isomorphic. Assume that there exists some 0-cochain 7 such that, for
all U,V e 4, 1/){]"/ = nUwan;l. In particular, n defines, for any U € i, an
isomorphism U xC? — U xC?. By restricting to U, one defines an isomorphism
oy by asking that the diagram below commutes:

1 (U) 25 7 1(U)
e Y
d ~ d
UxC e UxC

On U NV we have

ever ' =duy =nubvvnyt = noevertny'

and hence oy and oy coincide. These isomorphisms can then be glued together
to produce an isomorphism £ — FE'.

Conversely, if an isomorphism E —~— E’ is given, one constructs, with the
same formulas, a 0-cochain 1 which makes v and 1)’ equivalent.

The reader will check as an exercise the independence with respect to the
covering.

Let us now show the second point. Any cohomology class in the set
HY(M,GL4(O)) also belongs to H (4, GL4(0))) for a suitable covering 4
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(“injectivity” in Exercise 5.1). Let us choose a cocycle ¢ which represents it.
We then construct a bundle E as the quotient space of the disjoint union

[T @ =xc4

Ueu

by the equivalence relation which identifies (m,v) € U x C? with (n,w) €
VxClifm=necUNV and w = ¥y y(v). One can check that the set
obtained in this way comes equipped with a projection to M (induced by the
first projection on each term U x C?) which makes it a holomorphic bundle
with 1 as an associated cocycle. O

5.4 Remark. The isomorphism class of the bundles corresponding to the
element Id of the set H'(M, GL4(Oyy)) is that of the trivial bundle

7 M xC*— M.

5.5 Exercise (Operations on cocycles).

e Prove that a holomorphic mapping f : M — N gives rise to mappings
fr HYU, GLa(On)) — H'(f7'4, GLa(Owr))

(here, 4l is a covering of N and f~!'4 is the covering of M consisting of
the f=1(U), for U € i), and

f}k . Hl(N, GLd(ﬁN)) — Hl(M, GLd(ﬁN[))

passing to the limit.
e Define the operations analogous to that of “direct sum”, “tensor product”
and “linear mappings” on the 1-nonabelian cohomology.

5.6 Remark. The reader will check as an exercise that the statements of
Sections 3, 4 and 5 can be transposed word for word to the case of C*° vector
bundles.

6 Cech cohomology

Let .# be a sheaf of abelian groups (additive notation), for instance a sheaf
of Opr-modules. The construction of 1-cocycles can be generalized, as well
as that of coboundaries, and enables one to construct the Cech cohomology
groups with coefficients in the sheaf .%.

Let then 8 = (U;);er be an open covering of M. The group C*(8,.%) of
k-cochains is the product of the groups I'(U;, N- - -NU;, , %) taken over all the
families of elements of { indexed by an ordered subset of I having cardinal
k+ 1. A k-cochain can thus be written as o = (o) <1, #s=k+1 (here, J < T
means that J is an ordered subset) with o; € I'((,c; Us, F).
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The coboundary operator & : C* (8, . F) — CkTL(4U, .F) is defined by the

formula below: for K < I having cardinal k + 2, we set Ux = ﬂjeK U; and

E+1
(0ko)k = Z(*l)effk\{u}w]{-
£=0
One checks that dj1 1 0 : CF(U,.F) — CFF2(U, F) is the zero mapping. We
set
H*(U,.7) == Ker 6,/ Tm 6, _;.
When U is a refinement of i, we have a natural mapping H k(%7 F) —
HE (U, F).

The group H*(M,.7) is defined as the limit of the inductive system above,
indexed by all the open coverings of M.

One can readily verify that H°(U, %) = I'(M,.%) for any open covering il:
this is another way to express the property of unique gluing of sections for a
sheaf.

The reader should take care that, for k > 2, the refinement mappings are
not necessarily injective. Nevertheless, we have:

6.1 Leray Theorem. Ifilis an acyclic covering for the sheaf %, that is, if

H¥(Uy,#) =0 for any k > 1 and any J C I having a finite cardinal, then the
natural mapping H* (U, .F) — H*(M,.F) is an isomorphism for any k > 0.

Proof. See for instance [GR65, p. 189], [GHT7S8, p.40] or [KS90, p.125]. O

It is much more convenient to use the formalism of homological algebra,
in particular the existence of a canonical flabby resolution, to define sheaf
cohomology (see [God64, p.164] or [KS90, Chap. 2]). The isomorphism theo-
rem between the cohomology groups and the corresponding Cech cohomology
groups (see for instance [God64, p.228]) enables one to identify both kinds of
cohomology.

For the computations, the following is very useful:

6.2 Theorem (The long exact sequence). A short exact sequence of

sheaves

"

0—F —F—7F"—0

gives rise to a long eract sequence in cohomology
0— H'(M,F") — H" (M, F) — H" (M, F") - H (M, F') — ---
- — HY(M,F') - H*(M,.7) — H*(M, F") — H* Y (M, F") — ---
Proof. See for instance [GH78, p.40] or [God64, p.224]. |

The existence of C'*° partitions of unity adapted to a locally finite open
covering enables one to obtain, for the sheaf of C*° functions on a manifold:
6.3 Theorem (The > sheaf has no cohomology). For any k > 1, the
cohomology spaces H*(M, €59 are zero.

Proof. See for instance [GHT78, p. 42]. O
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7 Line bundles

According to §5, the isomorphism classes of holomorphic bundles of rank
one on an analytic manifold M are in one-to-one correspondence with the
elements of H'(M,GL1(O))). As the group GLi(Oy) = 0%, (the sections
on an open set are the holomorphic functions nowhere vanishing on this open
set) is abelian, this set is a (abelian) group. The product corresponds to the
tensor product of line bundles (or of locally free sheaves of rank one). Any
such sheaf £ admits then an inverse element for the tensor product: if
is a 1-cocycle associated to this line bundle, ¥y 1 is a holomorphic function
nowhere vanishing on U NV, and the function 1/v¢y y gives the 1-cocycle for
the inverse bundle.

7.1 Exercise. Show that the inverse element of the sheaf . is isomorphic to
its dual sheaf, namely #omg,, (L, Or).

7.a The exponential as a sheaf morphism

The mapping z — exp(2imz) enables one to define, by composition, a surjec-
tive homomorphism of sheaves

f— exp(2inf)

Indeed, let us recall that I'(U, 0%,) is the set of holomorphic functions on U
which vanish nowhere on U and the germ &7, is the set of germs at m of
holomorphic functions which do not vanish at m. Saying that the morphism
above is onto is equivalent to saying that, for any m, the morphism O, —
Ohp.m 18 so. Therefore, let us pick m? € M and g € Oy ... There exists
a neighbourhood U of m® on which ¢ is defined and the image of which is
contained in C\ A, where A is the real half-line starting from 0 and passing
by ig(m?°). There exists on this domain a function “logarithm” and one defines
log g(m)

f:U—=Chby f(m)= —5 The germ of f at m® is a preimage of g. [
T

(7.2)

7.b Exact sequence of the exponential and Chern class

If U is an open set of M, a holomorphic function f : U — C satisfies
exp 2imf =1 if and only if f is locally constant with integral values on U, in
other words, if and only if f is a section of the constant sheaf Z; on U. We
deduce that there is an exact sequence of sheaves of abelian groups (where one
uses additive notation for Z; and @), and multiplicative notation for &75,):

exp 247 -

O—>ZM—)ﬁ]\/[ ﬁ;(/[—>1
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Theorem 6.2 shows the existence of a homomorphism of abelian groups
HY(M, O%) — H*(M,Zy).

If L is a holomorphic line bundle on M and if [¢] € H'(M, 0;;) denotes the
class of a cocycle associated to L, we denote by ¢1(L) the image of [¢)] in
H?(M,Zyy): this is the Chern class of the bundle L.

Two isomorphic line bundles have the same Chern class, but the converse

can be wrong (however we shall see in §1.2 that it is true when M is the
Riemann sphere P*(C)).

7.3 Exercise (The Chern class is functorial).

(1) Let L and L' be two line bundles on M. Prove that ¢;(L® L') = ¢, (L) +
C1 (L/)

(2) Show that, if f : M — N is a holomorphic mapping and L is a line bundle
on N, we have ¢1(f*L) = f*c1(L).

7.4 Exercise (Chern class of a C* bundle).

(1) Show that we have an exact sequence

exp 24 o 0
M .

0— Zy — 65t
(2) Prove that a C*° line bundle on M is determined (up to isomorphism) by
its Chern class.
(3) Show that the Chern class of a holomorphic line bundle is equal to that
of the underlying C*° bundle.

8 Meromorphic bundles, lattices

Let Z be a smooth hypersurface in a complex analytic manifold M (see §2).
If U is an open set of M, the intersection ZNU is still a smooth hypersurface
of U. A holomorphic function on U \. Z N U is said to be meromorphic along
ZNU if, for any chart V of M contained in U, in which ZNV is defined by the
vanishing of some coordinate, z; for instance, there exists an integer m such
that 20" f(z1,..., zp) is locally bounded in the neighbourhood of any point of
Z NV, that is, can be extended as a holomorphic function on V.

One defines in this way a presheaf on M, which is a sheaf indeed, de-
noted by O (xZ). It contains &) as a subsheaf. It also contains the subsheaf
Oy (kZ) (k € Z), locally written in a chart as above as the subsheaf of mero-
morphic functions f such that z¥ f is holomorphic (i.e., f has a pole of order
at most k if k > 0 and f has a zero of order at least —k, if k < 0, along 7).

8.1 Lemma. The subsheaves Oy (kZ) are locally free of rank one on Opy. O
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8.2 Remark. If Z has many connected components Zi,...,Z,, one can, in
an analogous way, define the subsheaves Oy (k121 +- - - +kpZ,), which are also
locally free of rank one. If & is a bundle, one sets &(kZ) = & ®g,, Om(kZ)
and one defines similarly &(k1Z1 + -+ - + kp Z,).

8.3 Definition (Meromorphic bundles, lattices). A meromorphic bun-
dle on M with poles along Z is a locally free sheaf of &'y (xZ)-modules of finite
rank. A lattice of this meromorphic bundle is a locally free &;-submodule of
this meromorphic bundle, which has the same rank.

In particular, a lattice & of a meromorphic bundle .#Z coincides with .#
when restricted to M ~\ Z. Moreover, we have

A meromorphic bundle .# can contain nonisomorphic lattices. It can also
contain no lattice at all (see for instance [Mal94, Mal96] where a criterion for
the existence of lattices in a meromorphic bundle is also given). Nevertheless,
we have:

8.4 Proposition (The lattices do exist). Let M be a Riemann surface and
let Z C M be a discrete set of points. Then any meromorphic bundle on M
with poles at the points of Z contains at least a lattice.

Proof. One constructs such a lattice by a gluing procedure. One chooses a
covering of M by open sets U = M \ Z and U, (m € Z) in such a way that
UnNU, =@ if m # n and that, for any m € Z, there is a trivialization of
the restriction of .Z to Up,. One chooses, for any m € Z, a lattice &) of
My, (it is enough to choose a lattice of Oy,, (¥m)? and to carry it with the
trivializing isomorphism) and one takes the bundle .Z|;; itself as lattice on U.
As M|y and &y, coincide on U NU,, = Uy, ~ {m}, one can define a lattice
of . by gluing the local lattices defined in this way. O

On the other hand, any vector bundle E gives rise to a meromorphic bundle
for which it is a lattice, namely A4 = Oy (x2) Q¢,, &

One shows as in Proposition 5.3 that there is a one-to-one correspondence
between the set of isomorphism classes of meromorphic bundles of rank d
and the set H'(M,GL4(On(%2))). Therefore, a meromorphic bundle can be
defined, up to isomorphism, by a cocycle made with matrices having mero-
morphic entries with poles along Z.

The natural mapping

H' (M,GLy(Oy)) — H' (M,GL4(On(x2)))

is in general neither injective nor surjective. Proposition 8.4 above shows that,
when M is a Riemann surface, it is surjective.
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9 Examples of holomorphic and meromorphic bundles

9.a The cotangent bundle and the sheaves of holomorphic forms

Let U be an open set of M. A holomorphic vector field on U is by definition a
C-linear endomorphism of the sheaf &y which is a derivation, that is, which
satisfies the “Leibniz rule”:

§(fg) = g&(f) + f¢(9)

for any open set V C U and all f,g € (V). We define in this way a presheaf
on M, which is in fact a sheaf (the reader should check this), that we de-
note by ©);: this is the sheaf of holomorphic vector fields on M. The dual
sheaf #ome,,(On, Onr) is denoted by 21,: this is the sheaf of holomorphic
differential 1-forms.

9.1 Proposition (The bundles ©), and 2},). The sheaves Oy and 23,
are locally free sheaves of rank n of Oyr-modules.

Proof. As the statement is of a local nature, it is enough to check it for open
sets of C™. Moreover, if it is true for Oy, it is also true for £2},. One verifies

then that on an open set of C" with coordinates z1,..., z,, the sheaf © is
isomorphic to ™ having as a basis the derivations 9/9z1,...,0/0z,. The
dual basis of 1-forms is denoted by dz1, ..., dz,. g

Any holomorphic function on an open set U of M gives rise to a section df
of 2%, on U, defined by the property that, for any open set? V C U and any
holomorphic vector field £ on V,

dfiv (§) = &(fiv)-

The bundle corresponding to the sheaf @), is the tangent bundle TM — M
and that corresponding to 2}, is the cotangent bundle T*M — M.

In a chart of M with coordinates z1, ..., 2z, a holomorphic 1-form can thus
be written in a unique way as

n
w= ngj(zl,...,zn)dzj,
j=1

where the ¢; are holomorphic functions and, in particular,

af = j—az_ dz;.
j=1""

Let V be an analytic submanifold of M and let iy : V <— M denote the
inclusion. The restriction to V' of the sheaf @) (in the sense given in §4.4)

4 Why can’t we only use the open set U?
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is locally free of rank dim M on V. This sheaf contains the subsheaf Oy of
vector fields tangent to V, i.e., there exists a canonical inclusion

(92) Oy — f{/@]\/j =0y i@ Z‘_/l@M
iy O
In a dual way, there exists a canonical surjection
(9.3) it = Oy ® iy 2y — 2.
iy O

If the manifold V' is locally defined by the equations 2,41 = -+ = 2z, = 0, so
that (21,...,%,) is a system of local coordinates on V, the sheaf 2{, admits
as local sections the combinations Zle ©wi(#1,...,2p)dz; where the ¢, are
holomorphic, while the sheaf i, 2}, admits as local sections the combinations
> i=19i(21,- .., 2p)dzj, where the p; are holomorphic. The surjection (9.3)
consists in forgetting the n — p last terms dz;.

More generally, if f : M’ — M is a holomorphic mapping between
two manifolds, the associated tangent morphism T'f is a morphism of Oj/-
modules

(9.4) Tf:0n — [fOy
and the cotangent morphism is a morphism

(9.5) T*f : f* Q5 — iy
We let the reader define them with coordinates.

One can apply the natural operations on vector bundles to these bun-
dles. In particular, the exterior product 2}, A 2}, is the sheaf of holomor-
phic 2-forms, denoted by 2%, or, equivalently, that of alternate bilinear forms
on @);. There is a C-linear homomorphism

d: 2y, — 023,
In a local chart as above, any 2-form 7 can be written in a unique way
n= Z wij(zl,...,zn)dzi /\de,
1<i<j<n
where 1, are holomorphic functions and, in particular,

dpj  Opi

dw = L 2 dy Adz;.

Z |: 8Zi 62’]‘ ! J

1<i<j<n
9.6 Exercise (Properties of the differential).

(1) Check that, for any germ f of holomorphic function, d(df) = 0 and that
(cf. [GHLS8T7, p.45]), for any 1-form w and any pair (£,7) of vector fields,

dw(&,m) = &(w(n)) — n(w(§)) — w([€, 1))
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(2) Show that, if f : M’ — M is a holomorphic mapping, the cotangent
mapping T*f is compatible with the differential, i.e., d(¢ o f) = T*f(dp)
for any germ of holomorphic function ¢ on M.

9.7 Lemma (Holomorphic Poincaré Lemma). The sequence

0—Ce oy -0t 4, 02

is exact, that is, for any m € M,

(1) if f is a germ of holomorphic function at m such that df = 0, then f is
the germ of a constant function;

(2) if wis a germ at m of a holomorphic 1-form such that dw = 0, then there
exists a germ at m of holomorphic function f such that w = df .

Proof. Easy by considering the Taylor expansion of f or of the ;. O

9.8 Exercise (A case where the closed 1-forms are exact). Let M be a
complex analytic manifold which satisfies H!(M, Cjs) = 0, where Cj; denotes
the constant sheaf. Show that any closed holomorphic 1-form w;, i.e., such that
dw = 0, is exact, i.e., of the form w = df with f holomorphic on M (show
that the short sequence of sheaves

where 27, denotes the subsheaf of {2}, of closed 1-forms, is exact, and then
consider the associated long exact sequence in cohomology).

9.9 Exercise (The de Rham complex is exact). Define, for any k > 1,
the sheaf of holomorphic k-forms 2%, as A¥2},, extend definition of the dif-
ferential d : wa — Q]’“V[H and show that the sequence

O%CMc_)ﬁMLQ}/Ii)...LQ%L...

is exact.

9.b Meromorphic and logarithmic differential forms
We assume as in §8 that Z is a smooth hypersurface of M. Let

Q8 (xZ) = ﬁM(*Z)ﬁQ@ %,

be the sheaf of meromorphic differential k-forms. This is a meromorphic bun-
dle. The differential d defined in §9.a can be extended as a C-linear homomor-
phism d : 2%, (xZ) — Qﬁ'jl(*Z), that is, the meromorphy property along Z
is preserved by differentiation (this is obvious by a local computation in the
charts).
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The meromorphic bundle 2},(xZ) contains 2}, as a lattice. It also con-
tains another lattice which is often more useful, namely the lattice of loga-
rithmic differential 1-forms along Z. We denote it by £21,(log Z). Let us pick
z° € Z and let U be a chart of M equipped with a system of local coordinates
Z1,...,%zn such that z° is the origin of coordinates and Z is defined by z; = 0.
We say that a meromorphic form w = p1dz; + -+ + @pdz, is logarithmic
along Z if @9, ..., p, are holomorphic and 7 has a pole of order at most 1
along Z; in other words, the form can be written as

(910) W = d}lﬁ + Z wzdzh

where 11, ... ,1, are holomorphic on U.

9.11 Example (Logarithmic and nonlogarithmic forms). The form
dzs/z1 is not logarithmic along {z; = 0} while dzy and dz;/z; are logarithmic.
Nevertheless, on a Riemann surface, there is no difference between 2}, (log Z)
and 2},(2) = 23,(1- Z).

9.12 Proposition (The residue).

(1) The notion of logarithmic form does not depend on the choice of local
coordinates adapted to Z.
(2) There exists a homomorphism, called residue and denoted by

es: i (log Z) — Oy,

which associates to the form w = yrdz1/z1 + Y iy idz; the function
wl(O, 22y eeey Zn)

Proof. Let (z1,...,2n) and (Z1,...,2,) be two systems of local coordinates
adapted to Z. The coordinate change can be written as

gl:fi(zla"'?zn)7 t=1,....n
and the set of zeroes of f; is equal to {z; = 0}, hence f1 = z191(21,...,2n)
with g1 holomorphic. Moreover, the Jacobian matrix ((0f;/0%;):;) is invert-
ible at the origin, which implies that g;(0,...,0) # 0 and that the submatrix

((0fi/0z5)i,j1) is also invertible. If w is logarlthmlc in the coordinate system
(Z1,...,2n), One can write

I
w=1 fl +Zwldzz

where the 1/%(21, ..., 2n) are holomorphic. Therefore,

w:zz;lof'(dzil dg;)"‘zwz f dfl
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One can see on this expression that the form w is also logarithmic in the
coordinate system (z1, ..., 2,) in a neighbourhood of the origin as the function
1/g1 is holomorphic there. Moreover, in these coordinates, the residue can be
written as

1;1 Of\zlz() = 1,/\}'1(07']“2(0,22,...,Zn>7...,fn(0722,...,Zn)),

in other words, it is the residue of w in the system (z1,...,z,) written in the
coordinates zs,..., 2, of Z. O

One can then define in an obvious way the sheaf £2},(log Z), the local
sections of which are the logarithmic forms along Z, and the reader will show
as an exercise:

9.13 Proposition (Freeness of logarithmic forms). The sheaf of loga-
rithmic 1-forms along Z is a locally free sheaf of rank n of Onr-modules. It is
a lattice of 23,(x7). O

One can also define a new notion of order of the pole along Z: a mero-
morphic 1-form w with poles along Z has order r > 0 if in any local chart
where Z is defined by z; = 0, the form 2]w is logarithmic. We define in
this way a lattice 21,((r + 1)log Z) of 02},(xZ). If Z has many connected
components Z1,. .., Zp, one can also define the sheaves of differential forms

(1 +1)log Zy + -+ + (rp + 1) log Z,,).
When M is a Riemann surface, these sheaves are identical to the sheaves
2 ((r+1)2) and 2y ((ri+1)Z1+ -+ (ry + 1)Z)
introduced in Remark 8.2.

9.14 Exercise (Order of a meromorphic form).

(1) Compute, for r > 0, the order of the forms dz;/z] and dza/2].

(2) Let f be a meromorphic function on an open set U of M, with poles
along Z N U. Show that the logarithmic differential w = df /f is a section
of 2}, (log Z).

9.15 Remark (The residue and the “residue”). If w is a meromorphic
form with pole of order r along a hypersurface Z having z; = 0 as its local

equation, one can write
”
w = E zy Ry,
k=0

where the wy are logarithmic. Let us set, in local coordinates,

d n
W = gk)zill + Z'(/)Ek)dzl
1=2
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The decomposition of w above is not unique, but it becomes so if one more-
over asks that, for any k > 1, the functions wg’“) (i =1,...,n) depend only
on zo,...,zy. The dependence of the coefficients on z; only appears in the
logarithmic term wy.

Assume now that M is the product of a disc with Z. Then

e on the one hand, one can define a homomorphism
res: 24, ((r +1)log Z) — Oy

by integrating w along a circle centered at the origin in D: this is also the
residue of wp;

e on the other hand, the residue of zjw, that is, that of w,, depends on the
choice of coordinates up to multiplication by an invertible holomorphic
function. In particular, if one fizes a local coordinate z; on D, one can
define in this way a “residue” homomorphism

“res” : 24, ((r +1)log Z) — 0.

9.16 Remarks (cf. [Del70, §3]).

(1) As usual, we set, for any k > 1,
2% (log Z) = A* 02}, (log Z).

It can be useful to have an intrinsic definition (i.e., without coordinates)
of these sheaves. A local section w of 2% (xZ) is a section of 25, (log Z)
if and only if w and dw have at most simple poles along Z (see [Del70,
Prop. 3.2]).

(2) The notion of a logarithmic form can be extended in a natural way to the
case where Z is a union (not necessarily disjoint) of smooth hypersurfaces
Zi, ..., 24, which meet transversally. In the neighbourhood of an intersec-
tion point of exactly m hypersurfaces, say Z1,..., Z,,, there exist local
coordinates z1, ..., z, such that Z; is defined by z; =0 (i = 1,...,m) and
a logarithmic form can be written as

w = sz% + Z Yidz;
i=1

Jj=m+1

where the v; are holomorphic. All the properties of the sheaf 2, (log Z)
seen above can be extended to this situation.

(3) The definition given in (1) above remains meaningful even if the hyper-
surface Z has singularities. When these singularities are normal crossings
(as in (2) above), nothing really new happens. For more complicated sin-
gularities, the sheaf of logarithmic forms is harder to analyze. When this
sheaf is locally free (of rank dim M), one says that the hypersurface is a
free divisor. We will see a remarkable example in §VII.1.10.
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10 Affine varieties, analytization, algebraic differential
forms

We will now take up in an algebraic framework some of the notions introduced
above. This will enable us to work with objects having polynomial-—and not
only analytic—coefficients. The affine setting will suffice. For more details (in
particular the projective setting), the reader can refer for instance to [Har80]
or [Per95].

10.a Affine varieties

An affine algebraic set is by definition the zero set, in the affine space A™ with
coordinates uq, ..., Uy, of a family of polynomials in the u;. One can assume
that this family is finite, as the ring of polynomials is Noetherian. The Zariski
topology on A™ is the topology for which the open sets are the complements
of affine algebraic subsets. Such a set is irreducible if it is not the union of
two affine algebraic proper subsets. One equips it with the Zariski topology,
induced by that of A™.

10.1 Example (Elementary affine open sets). Fix f € C[uy, ..., u,]. The
“elementary” open set U = {f # 0} C A" is an affine algebraic set:

U={1—-ugf(u,...,u,) =0} C A"

In particular, the complex torus (C*)™ = {uy - - - u,, # 0} is an affine algebraic
set. On the other hand, the open set A" \ {0} is not affine as soon as n > 2.

Let U be a Zariski open set of an affine algebraic set Z C A™. A function
f U — Cis said to be regular if, for any point z° € U, there exist two
polynomials g,h € Cluq,...,u,] such that h(z°) # 0 and f = g/h on the
open set V = U ~ {h = 0}. We define in this way a sheaf U — Oz(U) on Z
equipped with its Zariski topology: this is the sheaf of reqular functions on
the set Z, which is called an affine variety.

Let Iy C Cluy,...,u,] be the ideal of polynomials which vanish on Z.
Then (cf. [Har80, Chap. 1, Th. 3.2]),

F(Z7 ﬁz) :(C[ul,...,un]/fz.

The locally free sheaves of finite type (resp. coherent) of &z-modules corre-
spond to the modules which are free of finite type (resp. of finite type) over
the ring Cluy, ..., u,]/Iz by the functors (cf. [Ser55]).

1'(2,602)
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10.b Analytization

Let Z C A™ be an affine variety and let Z’ be the same subset, equipped with
the topology induced by the usual topology of C™. Then the identity mapping
Id : Z/ — Z is continuous (as a Zariski open set is also an open set for the
usual topology). A function f defined on an open set U’ of Z’ is said to be
holomorphic if, for any 2° € U’, there exist an open neighbourhood V' of 2°
in C" and a holomorphic function g : V' — C such that gjy:ny: = fjur. The
space Z', equipped with the sheaf of holomorphic functions, is denoted by
VAR

If .7 is a locally free (or coherent) sheaf of &z-modules and if #' = 1d~" .7
denotes the sheaf that it induces on Z’, one sets F*" = O zan @14-1 g, F': this
is the analytization of the sheaf .#. It is a locally free (or coherent) sheaf of
O zan-modules. The essential property of this functor .7 — %" comes from
the following result (cf. for instance [AM69] for the notion of flatness):

10.2 Theorem (Faithful flatness, [Ser56]). For any z° € Z, the ring
Ozan o of germs of holomorphic functions on Z** at z° is faithfully flat over
the ring Oz .o of germs of regular functions on Z at 2°. g

A consequence of faithful flatness (see for instance [Mat80] for this notion)
is the following statement, maybe more “concrete”:

10.3 Corollary. Let ¢ : F — F' be a homomorphism of sheaves of Oz-
modules. If o*® : F22 — F'?0 s an isomorphism, then so is . O

When Z is irreducible, one defines the dimension of Z as the Krull dimen-
sion of the integral ring I'(Z, 0'z), that is, the maximal length of increasing
sequences of prime ideals.

10.c Nonsingular affine varieties

The sheaf Der &, of derivations of the sheaf &, can be defined as in §9.a
and the sheaf of differential algebraic 1-forms 27 is by definition the sheaf
Homeg,(Der Oz, 0z).

The following result collects the definitions that we will have to use.

10.4 Theorem (The regular points, cf. for instance [Per95, Chap. 5]).
Let Z C A" be an irreducible affine variety. The following properties are equiv-
alent:

(1) If f1,..., fp € Clug, ..., uy] generate the ideal I, then the Jacobian ma-
triz ((0fi/0u;)ij) has constant rank on Z, equal to n — dim Z.

(2) The set Z*™ is a complex analytic submanifold of C™.

(3) The sheaf 2}, is locally free of rank dim Z.

(4) There exists a finite covering of Z by Zariski open sets U; and, on each

U;, regular functions xgi), ceey x((fi)mz which form an étale chart. O
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If these properties are satisfied, we say that Z is a nonsingular affine
variety. On a nonsingular affine variety, the sheaves of forms 2% := AFQL are
thus also locally free and (25)2" = Q%.. (use étale charts).

10.5 Exercise (The hyperelliptic curve). Let aq,..., a4 be complex num-
bers. Show that the subset of C? having equation

d
v =] —a)

J=1

is an affine variety of dimension one, and that it is nonsingular if and only if
the a; are pairwise distinct.

11 Holomorphic connections on a vector bundle

It is not in general possible to define an action by derivation of vector fields on
any vector bundle, as for the trivial bundle &), or its powers. Moreover, there
exist various ways to make vector fields act as derivation on the trivial bundles.
The notion of holomorphic connection (also called covariant derivative) will
enable us to take these phenomena into account.

11.1 Definition (of a connection). A holomorphic connection V on a holo-
morphic vector bundle 7 : E — M is a C-linear homomorphism of sheaves

V:E— 2y @6, E

satisfying the Leibniz rule: for any open set U of M, any section s € I'(U, &)
and any holomorphic function f € &(U),

V(f-s)=fV(s)+df @s € L' (U 2y @6, &)

Any holomorphic vector field £ on an open set U of M induces (by defi-
nition of 2},) a &y -linear homomorphism of contraction (also called interior
product) ¢ = 2}, — Oy. We deduce from it a homomorphism of contraction
Le : 2 ® Ey — &y for any Oy-module &p.

The connection V enables then to define a derivation along £ on the sheaf
&y for any open set V' C U and any section s € I'(V, &), one defines V¢(s)
as the result of the contraction of Vs € I'(V, 2}, ® &) by the field £. We have

Ve(f-s) = FVels) +&(f) - s

11.2 Proposition (The affine space of connections). Two holomorphic
connections V and V' on a bundle & differ by a Opr-linear homomorphism

2:8 — 0 Rg,, E.

Conversely, adding such a homomorphism {2 to a connection V gives a new
connection V'.
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Proof. If one applies the Leibniz rule to V — V', the terms which are inde-
pendent of the connection cancel, hence the &);-linearity. O

11.3 Example (Connections on the trivial bundle). The trivial bundle
of rank one is equipped with the connection d : 05y — 2},. In an analogous
way, the trivial bundle of rank ¢ is equipped with the direct sum connection
d: 0% — (Qi/[)é. Any other connection V on the trivial bundle of rank ¢ can
be written as V = d + §2 where (2 is a global section of the sheaf M;(§2},) of
§ x & matrices with entries in £23,.

11.a Local expression of the connection

Let U be a trivializing open set for F and let e = (ey,...,eq) be a basis of
I'(U, &); any holomorphic section s of E on U can thus be written in a unique
way as . sje; with s; € O(U). There exists then a d x d matrix 2 = (w;;)
of holomorphic 1-forms such that

(114) V(ez) :Zwﬁw@ej.
J
We can write this equality with matrices®:
V(el) (&1
L=
Vieq) €d

We say that (2 is the connection matriz V in the basis e. If s = ZZ s;e; 1s a

holomorphic section of E on U, one can write, using matrices,
€1
V(s)=V | (s1,---,8q) - | :
€d
e1 €1
= (dsy,...,dsq) ® + (s1,...,84) -V
eq €d
€1
= ((ds1,...,dsa) + (s1,...,8q) - '2) @
€d

5 The choice that we make to put the differential form “on the left” does not simplify
the matrix expression and forces us to write the basis as a column vector, hence
the need to transpose; nevertheless this choice is more natural, because the vector
fields act on the left on the bundle with connection.

8 Here also, we transpose of the usual way or writing.
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Let € = (e1,...,€4) be another basis of sections of E on U and let P €
I'(U,GL4(0hr)) be the base change from e to e:

(61,...,€d) = (617"‘7ed).P'
Then the matrix 2’ of V in the basis € can be obtained from {2 by the formula
(11.5) ' =P 'QP+ P 'dP.

11.6 Exercise. Write explicitly the formula for the base change in a local
chart of M with coordinates z1,..., 2, in which the sheaf & has basis e: set

P = (Py)i<ij<d and 2 = (wij)1<i<a with wiy = Y o dze.

11.7 Example. The connection matrix of d on the trivial bundle ﬁjéw is zero
in the canonical basis.

11.b Operations on bundles with connection

Let (E,V) and (E’, V') be two holomorphic bundles equipped with holomor-
phic connections. One can equip in a natural way the bundles EGE’, L(E, E')
and F ® E’ with holomorphic connections that we denote by V”. If s and s’
are two holomorphic local sections of F and E’ respectively, we set for any
vector field &,

Vi(s @ s') = Ve(s) @ Ve(s'), in other words V"' =V & V/;
Vi(s®s'):= (Ve(s) @) + (s @ Vi(s')), in other words V" = (V®1d) +
(IdeV");
e if p: E— E'is a homomorphism, V{(y) is the local section of L(E, ')
defined by
V2(0)(5) = Vi (9(s)) — ¢ (Ve(s)).

11.8 Exercise (The connection on the bundle of endomorphisms).

(1) Define the natural connection on the bundle E* dual to the bundle E.
Show that both natural connections on E* @ E' and L(E, E") coincide.

(2) Compute in a local basis of & and &” the connection matrices of V" from
2 and (2.

(3) Check in particular that, if 2 is the matrix of V in the basis e, that of
V" on End(E) = L(E, E) in the basis deduced from e is

ad 2: Ar— [, A].

11.c Pullback of bundles with connection

Let (E,V) be a holomorphic bundle with connection on an analytic mani-
fold M and let f : M’ — M be a holomorphic mapping from an analytic
manifold M’ to M. We know how to define the pullback £/ = f*FE of the
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bundle E on the manifold M’ (cf. §§3.3 and 4.4). The sheaf &” of holomorphic
sections of E’ is given by the formula
(11.9) E' =0y © f1l&.
f=10m

We use the notation E/ = f*F and & = f*&.

When E is the cotangent bundle T*M, the cotangent mapping T*f is a
morphism of bundles

T*f : f*T*M — T*M’
defining a morphism of sheaves of ¢-modules (cf. §9.a)
Tf . f* 25, — Q30

Let (F,V) be a holomorphic bundle with connection. Let us define the
pullback
V& — 2y @ &
i
of the connection V. The problem comes from the non &y;-linearity of V. Its
pullback cannot be defined by simply using the pullback functor for vector
bundles, as given by Formula (11.9).

11.10 Example (Pullback by a projection). Assume that M’ is the prod-
uct M x M"" and that f is the first projection. The pullback V' of the connec-
tion V has a simple definition in this case: indeed, in such a case, any vector
field £ on an open set of M’ can be written in a unique way as the sum of
a “horizontal” field £ (i.e., section of f*@jr) and of a “vertical” field & (i.e.,
section of p*@ s if p denotes the second projection); by definition, the action
of V’g,, on the sections of & like 1 ® e, e a section of &, is zero; on the other
hand, if £ is the sum of fields like ¢ ® 7, where 7 is a field on an open set of M
and ¢ a function on an open set of M’, then V(1 ®@ e) is determined by the
formula Vo, (1®e) = ¢ @ V,(e).

We will start with an a priori nonintrinsic definition, in local coordinates,
when M’ is a complex analytic submanifold of M and f denotes the inclusion
mapping (this case is called restriction of the bundle with connection).

Assume that M is an open set of C" with coordinates z1, ..., z, and that
M’ is the trace on this open set of the subspace with equations z; = -+ =
zp = 0. Assume also that E is trivialized and equipped with a basis e of
holomorphic sections on M. We can then write the connection matrix in this
basis as

= Z .Q(i)(zl, ceoy Zn) dz;.
i=1

The matrix of V' on the bundle E’, in the basis €’ restriction of e to M’ is
then given by the formula

= Z QD0,...,0,2p11, -, 2n) dz;.
i=p+1
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In an intrinsic way and for f arbitrary, one uses the composition of the
“sheaf-theoretic” restriction

Vel — ey ® fE

f~10um

(i.e., one only considers the points of M’) with the operation Op®;-14,,
(i.e., “one makes z; = --- = z, = 0”) to reach

oy ® ffE=0y © 6,
ﬁMI ﬁM/

then one composes with the morphism induced by the cotangent mapping

T*f @ Id
oy o e L9 g g e
1\4/ ﬁM/
(i.e., one forgets dz1,...,dz,). We have now obtained a C-linear homomor-

phism
16— 0y, @ &
O

which satisfies the Leibniz rule with respect to the multiplication by any
function on an open set of M’ of the form ¢ o f, where ¢ is holomorphic on
an open set of M.

We then define the pullback connection f*V as a connection

& — QY © &
Oy

by extending the previous homomorphism to &’ = Oy ®@¢-14,, f~'& in such

a way that the Leibniz rule is satisfied. We let the reader check that such an
extension is well defined and is unique.

We will denote by f*(F,V) the pullback bundle f*E equipped with the
connection V’ constructed in this way.

11.11 Exercise (The connection matrix of the pullback). Let U be
an open set of M trivializing for &, let e = (e1,...,eq) be a basis of &y
and {2 = (w;;) the connection matrix of V in this basis. Let (¢},...,€}) =
(I®eq,...,1®eq) be the basis of the pullback @@I/J”*I(U) obtained from e. Show
that the entries of the matrix of V' in this basis are the 1-forms T7f (w;;).

11.12 Exercise. Use the decomposition f : M’ — M as poi, where i : M —
M x M’ is the inclusion of the graph of f defined by m +— (m, f(m)), and p is
the second projection, to compute the pullback of a connection, by reducing
the problem to the case of the inclusion of a submanifold and to that of a
projection.
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12 Holomorphic integrable connections and Higgs fields

12.a Holomorphic integrable connections

One can, in a natural way, extend the action of V on the sections of & =
Oy ® & as an action on the sections of 2}, ® & (with values in 23, ® &):

Viw®s)=dw®s—wAV(s).

12.1 Exercise (The curvature is O-linear).

(1) Show (cf. Exercise 9.6-(1)) that, if o is a section of 2}, ® &,

Va(€,n) = Ve(a(n) = Vy(a(§)) — a([&,1))-
(2) Prove that the C-linear homomorphism
Ry =VoV:6— 2% ®4, &

is in fact @ps-linear. Compute Ry (s)(&, 7).

The homomorphism Ry is the curvature of the connection V.
12.2 Definition (of integrability for a connection). The connection

V& — 2y Qe &

is said to be integrable, or also flat, if its curvature Ry vanishes identically.

12.3 Remark. Exercise 9.6 shows that the trivial bundle & (or its powers),
equipped with the connection d, is flat.

An easy computation gives:

12.4 Proposition (The structure equations). The connection V is flat
if and only if, in any local basis e of &, the connection matriz 2 satisfies

d2+ 02N 02 =0. |

We define 2 A 2 as the usual matrix product, in which the product of
entries is the exterior product of 1-forms (hence is not commutative).

12.5 Remark (In dimension one, any connection is integrable). When
dim M = 1, the sheaf (2%, is zero and therefore the integrability condition is
fulfilled by any connection. Moreover, the matrix {2 in any local basis simul-
taneously satisfies both equations df2 =0 and 2 A 2 = 0.
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12.6 Exercise (Explicit form of the structure equations).

(1) if one writes in local coordinates 2 = 3", 2) dz, where 2() = (wgf)) is
a matrix of holomorphic functions, prove that the integrability condition
can be written as

anNw k)

Vk Le{l,...,n}, oo 9%

— (20, QW)

(2) Check that, if the integrability condition is fulfilled by the matrix (2, it is
also fulfilled by the matrix 2’ obtained by Formula (11.5).

A V-horizontal holomorphic section of E on an open set U of M is a
section s € I'(U, &) satistying V(s) = 0, in other words a section on U of the
sheaf”

Ker[V : & — 2} ®¢,, ).

If the components of s in some local basis e of & are s1,..., sy, the equation
V(s) = 0 can be written as

d51 S1
(12.7) 4] =0
de Sd

or also, using the notation of Exercise 12.6,

S1 S1
— )

Sd Sd

0

VkE{L,n}, 87
k

In other words, s is a solution of a linear homogeneous differential system with
holomorphic coefficients.

12.8 Theorem (Cauchy-Kowalevski theorem). LetV :& — 2}, ®4,, &
be a holomorphic integrable connection on some bundle E of rank d.

(1) The sheaf EY := KerV s a locally constant sheaf of C-vector spaces of
rank d, i.e., is locally isomorphic to the constant sheaf (C‘]iw.

(2) The sheaf Oy ®c,, EV is a locally free sheaf of Opyr-modules, the
connection on this sheaf defined by V(f ® s) = df ® s is flat and
(Oy @c,, EV)Y = EV.

(3) The natural homomorphism Oy @c,, EV — & is an isomorphism of bun-
dles with connection.

" Take care: as V is not @p-linear, this sheaf is not a sheaf of @y-modules; in
other words, it is not stable by multiplication by the sections of s; it is only a
sheaf of C-vector spaces.
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12.9 Remarks.

(1) This statement is equivalent to the local existence of a basis of E consisting

of V-horizontal sections.

(2) In general there is no global isomorphism between the sheaves Ker V and

C4,. Such is the case however if M is simply connected (see §15 below).

Proof.

(1)

As the statement is of a local nature, one can work in some local chart
of M in which the bundle F is trivialized. It is a matter of showing that,
on a polydisc A of C™ centered at 0, the solutions of the differential system
(12.7) form a vector space of dimension d on C. We begin with fixing the
variables 2o, ..., 2, and then solve the one-variable system depending on
parameters 2o, ..., zq:

S1 S1
—_nM

Sd Sd

0

12.1 —
(12.10) oo

For any holomorphic vector o(zs,...,2,) on the given polydisc, there
exists a unique solution s(z1,...,2,), which is holomorphic in 2z, of
the system (12.10) satisfying s(0, 22, ..., 2,) = 0(22,..., 2,) (see [Car95,
Chap. VII] or [BG91, Chap. 5, §15]). This solution is holomorphic with re-
spect to all the variables. By induction on n, we can apply the theorem to
(12.7) in which we make z; = 0 and we forget the derivation with respect
to z;. Hence, for any vector v of C?, there exists a unique holomorphic
solution o, (29, ..., 2,) of the previous system, such that ¢,(0,...,0) = v.
Let s, be the solution of (12.10) with o, as initial condition. Then the
integrability condition on the connection implies that s, is the unique
holomorphic solution of the system (12.7) such that s,(0,...,0) = v.

We thus have proved that the mapping which associates to any section
s € I'(A,EY) its value at 0 (or, in an analogous way, at a given point
m € A) is an isomorphism of C-vector spaces I'(A, EV) — C4,

Let us only make precise the construction of V (the remaining part is quite
obvious). We identify the sheaf 2}, ®4,, (Or ®c,, EV) with 2}, ®@c EV
by “putting the holomorphic functions as coefficients of 1-forms”. The
connection V is then defined by the fact that, for any m € M, any germ s
of section of EV at m and any germ of holomorphic function f € & M,m
there is the relation V(f ® s) = df @ s.

That the natural homomorphism Oy @c,, EY — &, defined at the level
of germs by f®s — fs, is an isomorphism means that, at any m € M, the
germs of horizontal sections generate the germ &,,. In the local situation
of (1), it is a matter of checking that the values at the point m € A
of horizontal sections generate the vector space C? over C (because then
they generate the fibre &, = ﬁj‘\l/[,m over O, after Nakayama’s lemma).
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But this is exactly what gives the proof, as any vector v € C? is the value
at m of a section of EV on A. O

12.11 Exercise (Operations on horizontal sections).

(1) If the bundles with connection (E,V) and (E’, V') are integrable, prove
that so are the bundles E @ E’, E*, L(E,E’) and E ® E’ equipped with
their natural connection. Moreover, show that

(EeEYY =EYaEY

Y = Home,,(EV,Cyr)
L(E,EY" = #ome,,(EV,E™")
(E® EY' =EY @c,, EV.

(2) Prove that L(E, E')Y" can be identified with the subsheaf of the sheaf
Home,, (&,&") consisting of the homomorphisms which commute to the
action of V and V' (we also say that they are morphisms of bundles with
connection), or also which send EV in EV.

12.12 Exercise. With the notation of §11.c, show that, if V is integrable,
then so is its pullback by f on the manifold M.

12.13 Corollary (Analytic extension). The homomorphisms of bundles
with connection satisfy the principle of analytic extension: if V. C U is the
inclusion of connected open sets of M which induces an isomorphism between
the fundamental groups of V- and U, and if p : &y — é"l’v is a homomorphism
of bundles with connection, then ¢ can be extended in a unique way as a
homomorphism of bundles with connection &y — @’jb

Proof. This is a direct consequence of the results on locally constant sheaves
explained in §15. O

12.b Higgs fields

12.14 Definition. A Higgs field® on a holomorphic bundle E is a @y;-linear
homomorphism
D:8— N @E
Owm
which fulfills the “integrability” condition @ A & = 0. We also say that (E,®)
is a Higgs bundle.

8 The relation with the physicist Higgs and the boson having the same name would
need some explanation. We have here an example of appropriation by mathe-
maticians of concepts coming from physics. Originally, a Higgs field is related to
a connection on a principal bundle, and is used to perturb Yang-Mills equations
(see for instance [AHS88] or [JT80]). The terminology that we use has been in-
troduced by C.Simpson [Sim92], after N. Hitchin; this terminology is reasonable
when there also exists a “harmonic metric”. Here, we keep the terminology, in
spite of the absence of a harmonic metric.
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Let us be more explicit with regard to this condition: the homomorphism ¢
enables us to define a homomorphism

<1>¢:Q}wﬁ® @@_wzifﬁ@ &
M M

by setting (Dd(w @ e) = w A D(e) (the reader will make precise the meaning
of A). Then —& A & is by definition the composition V@ o &.

Let e be a local basis of & and let us still denote by @ the matrix of @
in this basis, defined with the same convention (11.4) as for connections. The
integrability condition can then be written as & A @ = 0, now in the matrix
sense that we also used for connections (in Proposition 12.4).

If £ is a holomorphic vector field on an open set U of M, we denote by
D¢ : &y — &)y the Opy-linear endomorphism obtained by contraction of &
with £. One can also regard @ as a O-linear homomorphism @, ® & — &.
From this point of view, we have ®¢(e) = P(§, o).

In a chart of M equipped with local coordinates z1, ..., z,, one can write

b => oM dz
i=1

where the &%) = @, /92, are endomorphisms of the bundle £ (in the given
chart). The “integrability” condition is equivalent to

Vk£e{l,...,n}, (") O] = 0.

One does not have an analogue of the Cauchy-Kowalevski theorem for
Higgs fields. If for instance E is the trivial bundle of rank one on M, giving a
Higgs field on E' is equivalent to giving a holomorphic 1-form on M. Where
this form does not vanish, the kernel of ¢ reduces to {0}.

12.15 Remark (Operations on Higgs fields). The formulas describing the
operations (@, ®, L) on bundles equipped with a Higgs fields are analogous
to that for connections (Exercise 14.9 will justify this choice).

e If f: M — M is aholomorphic mapping and (&, ®) a Higgs bundle on M,
then the pullback Higgs bundle f+(&,®) is defined as in §11.c. In a local
basis of & (cf. Exercise 11.11), the matrix of fT& is obtained by applying
T*f to the entries of the matrix of &.

For &" = & © &' we set, for any field §, ¢ = &¢ & P

For &" = & ® &' we set, for any field {, ¢} = (P¢ ® Id) + (Id ®@%P;).

For &" = Homg,,(&,&") and ¢ a local section of & we set, for any
field ¢, 2 (¢)(€) = B ((e)) — (e (€)).

The reader should check the integrability of the fields constructed in this way.
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13 Geometry of the tangent bundle

When the bundle E that one considers is the tangent bundle 7'M, the objects
that we introduced above (connections and Higgs fields) get supplementary
symmetry properties. The integrability condition is then related to the exis-
tence of coordinates of a particular type on any simply connected open set
of M or on the universal covering space of M.

13.a Some points of holomorphic differential geometry

The reader can refer for instance to [GHL87, Chap.1] for more details on
what follows. Recall that a holomorphic vector field on an open set U of M
is a derivation of & . Any holomorphic vector field admits locally a holomor-
phic flow parametrized by a complex time: this is an immediate consequence
of Cauchy’s theorem for holomorphic differential equations (see for instance
[Car95, Chap. VII, Th.1 and 2]).

The Lie bracket of two vector fields &, n on U is the vector field denoted
by [£,n] defined by

(€, n)(¢) = EMlp)) —n(€(»))

for any holomorphic function ¢ on an open set V' C U. For £ fixed, the operator
1 +— [£,n] is only C-linear relatively to n and satisfies the Leibniz rule when
one considers @), as a Oj;-module. The is the Lie derivative associated to €.
We will denote

Ze(n) = & n).

We let the reader check that, if f : M’ — M is a holomorphic mapping
between manifolds and if £, 5 are vector fields on an open set U’ of M’, then,
in f*@u (cf. (9.4)),

Tf((E ') = [T, Tf(n))-

The action of the Lie derivative can be extended in a natural way to
differential forms. It is a derivation of the graded algebra §2); = @p 2%, of
degree 0 with respect to this gradation (i.e., the degree of the form Zw is
equal to that of w).

The derivation d has degree one. The interior product ¢ by the vector
field &, defined by the property that, for any p-form w and any p — 1 vector
fields &a, ..., &),

(wa) (527 oo 751)) = W(f,fg, cee a{p)a

has degree —1. These three operators are related by the formulas

gg =1lgo0 d+do g and Uem = fgbn — Lnfg.
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13.b Holomorphic foliations

A holomorphic foliation of dimension p on a complex analytic manifold M is
a subbundle .Z (as defined in Exercise 4.5) of rank p of the tangent sheaf O,
which is stable by the Lie bracket, that is, such that, for any m € M and all
&, €y, we have [€,1] € F,.

An integral submanifold of the foliation .% is a (not necessarily closed)
connected analytic submanifold V' of M of dimension p such that the tangent
map Ty to the inclusion iy (cf. §9.a) induces an isomorphism

Oy 5 i F CilOy.

A leaf of the foliation .# is a maximal integral submanifold. Two distinct
leaves are disjoint.

The holomorphic variant of the Frobenius Integrability Theorem shows in
particular the existence of a partition of the manifold M into leaves:

13.1 Theorem (Local normal form of a foliation). Let.Z be a holomor-
phic foliation of dimension p of M. There exists then, in the neighbourhood of
any point of M, a coordinate system (z1,...,z,) centered at this point such
that, in this neighbourhood, the sheaf .7 is generated by the fields 0., ..., 0., .

In the neighbourhood considered in the theorem, the leaves are the level
submanifolds of the functions zpy1,..., 2.

Proof. One can refer for instance to [HH81, Chap.II, §2.3] for the proof of the
Frobenius theorem in the real C*° framework. The adaptation of this proof
to the holomorphic framework is straightforward. O

Let us consider the exact sequence of sheaves of 3;-modules
0—%F —0Oy —2—0.

By assumption, the sheaf 2 is locally free. Dually, we thus get an exact
sequence of locally free &'p/-modules

0— 7 — 0y — F —0

where .FV = Home,, (F,0m) and F = Home,, (2, 0n). It is equivalent
to giving the subbundle .# of @), or the subbundle # of 21},.

13.2 Lemma (Frobenius condition). The subbundle .F is stable by the
Lie bracket if and only if ¢ fulfills one of the equivalent conditions:

(1) d 7 c 7Ny
(2) For any m € M and all germs &,n € S, the germ & A is killed by all
elements of d_7 .

Proof. See for instance [HH81, Chap.II, §2.4]. O
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13.3 Remark. Let f : M’ — M be a holomorphic mapping and let _# be
a locally free subsheaf of 2}, satisfying the integrability condition d_¢# C
7 A £2};. Then the subsheaf T*f(_#) C (2}, is possibly not locally free,
but nevertheless satisfies the integrability condition: indeed, if w is a germ of
1-form on M, then T™f(dw) = d(T*f(w)); therefore,

d(Tf( 7)) =Tf(df) CT[(J Ny
=Tf(F) AT f(2y) CTF(F) A 20

13.c Torsion free connections

The torsion of a connection V on the tangent bundle of a manifold M is the
O pr-bilinear operator

QMO@ @Mﬁ’@M

(&) ——— Ven — V& = [€,1].

The assertion of O);-bilinearity is not free, so we will check for instance the
O y-linearity in n: by definition, the term V¢ is @j-linear in 7; on the other
hand, n — V¢n and 7 — [£, 7] are two derivations along &, hence their differ-
ence is Oy -linear.

A flat coordinate system on an open set U of M is a family t¢q,...,t, of
functions on U with complex values, such that in any point of U the differen-
tials are independent (hence for any m € M, there exist constants ¢;(m) such
that the functions ¢; + ¢;(m) form a local coordinate system at m) and that
the vector fields 9/0t; defined by

B 0 ifij
ati( i) {1 ifi=j

are V-horizontal. The map (t1,...,t,) : U — C™ is thus an étale chart, as
defined in Remark 2.4-(2).

The existence of such a system implies that the connection V is flat (as
there locally exists a basis of V-horizontal vector fields) and that it has no
torsion, i.e., has identically vanishing torsion (as, in the basis (d¢,), we have
Vo, 0¢; = 0 by horizontality and [0,, ;] = 0 for all 4, j).

If (t1,...,tn) is a flat coordinate system on U, then for any (c1,...,¢,) €
C™ the family (1 + ¢1,...,t, + ¢pn) is another one. We say that it is obtained
by translation from the first one.

13.4 Theorem (Flat coordinates). Let M be a 1-connected complex ana-
lytic manifold and ¥V a flat torsion free connection on the tangent bundle T M.
Fix m° € M and let (£9,...,£2) be a basis of the space Typo M.



40 0 The language of fibre bundles

(1) There exists then a flat coordinate system (t1,...,t,) on M such that we
have 0y, (m°) = &2 for anyi=1,...,n.

(2) The systems which satisfy these conditions are those which can be deduced
from the first one by translation.

(3) Two flat coordinate systems on M can be deduced one from the other by
an affine coordinate change.

13.5 Remark. With these conditions, we say that the manifold M is
equipped with an affine structure.

13.6 Example. Let U be a connected open set of C™ and let p : U—U
be a covering. The tangent bundle of U is canonically trivialized. So is the
tangent bundle of U, which thus has a flat torsion free connection. Then the
components pi,...,p, of p in the canonical coordinates of C" form a flat
coordinate system on U.

Proof (of Theorem 13.4). Let us choose n independent vectors £7, ..., £2 in the
fibre T},0 M. As the connection V is flat, we can apply the Cauchy-Kowalevski
theorem 12.8 and Lemma 15.9: as M is l-connected, there exists a unique
family of V-horizontal vector fields (&1,...,&,) whose restriction to 7,0 M
is the given family. As the connection is torsion free and as these fields are
horizontal, their Lie brackets vanish.

Let us consider the dual basis w, . .., w,. The 1-forms w; are closed: indeed,
foralli,j,k=1,...,n,

dw; (&5, &) = te,, (te,dw;)

= tg, (Le,w;) because d(ie;w;) = 0
= L, (teg,wi) because [€;,&x] =0
=0 because t¢, w; = 0.

As M is 1-connected, the space H'(M, C) is zero, hence the forms w; are exact
(see Exercise 9.8). The functions ¢; such that w; = dt; induce a mapping having
everywhere maximal rank, as the w; are everywhere independent. They form
thus a flat étale chart.

The remaining part of the proof is left to the reader. O

The torsion free connection associated to a “metric”. The result which follows
is classic in Riemannian geometry (see for instance [GHL87, Th. 2.51]). It can
be adapted without any trouble to the holomorphic framework.

13.7 Theorem (The “metric” connection). Let g be a symmetric nonde-
generate Opr-bilinear form g on the sheaf Oy of vector fields on M. There
exists then a unique torsion free connection ¥V such that, for any triple (&, 1, )
of germs of vector fields,

Ze(g(&m) = g(Ve&om) +9(&, Ven). O
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We say that the connection V given by the theorem is the Lewi-Civita
connection associated to the “metric”. One can formulate the relation above
by extending the action of the connection V to sections of the tensor bundles
(tensor products, possibly symmetric or skew-symmetric, of copies of O
and £2},). The relation expresses that the metric tensor is V-horizontal.

If the connection V is flat, we say that the “metric” is flat.

13.8 Remark. The notion of flat function has then a meaning: a holomorphic
function f : U — C on an open set U of M is said to be flat if the field &y,

deduced from the 1-form df by the isomorphism 2}, — @), induced by the
“metric”, is V-horizontal.

13.d Symmetric Higgs fields

Let @ be a Higgs field on the tangent bundle T'M of the manifold M. Let us
recall that this is a &/-linear homomorphism

@:@M—>Q}M®9M

which satisfies the “integrability” condition @ A @ = 0. By using the natural
pairing of 1-forms with vector fields, one can regard it as a bilinear homomor-
phism

Om @Oy — Oun
§;m— Pe(n).

Therefore, the Higgs field @ defines a product® x “fibre by fibre” on the tangent
bundle by the formula

Exn=—Pe(n)

(the sign — is introduced for convenience with a later use). The analogue, for
Higgs fields, of the absence of torsion for connections is the property of sym-
metry: we say that the Higgs field @ is symmetric if the associated product x
is commutative.

13.9 Proposition (Higgs field and product). The field @ is a symmetric
Higgs field if and only if the product x is associative and commutative.

Proof. The problem is local on M, so we can work in a system of local coordi-
nates (21, .. .,2,). We can write @ = """ | dz; ® @V, where the &() = & 5.,
define, for any m of the given chart, an endomorphism of @, ,,,. The condition
@ N @ = 0 is then equivalent to:

Vi k, oWak) =akapl),

9 One should not confuse this supplementary structure on @y with the natural
structure of Lie algebra defined by the bracket of vector fields.
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By definition, 9., x 9., = —®("(9.,). We conclude that, when @ is a sym-
metric Higgs fields, the following holds for all 4, j, k:

0z, % (02, x0z,) = 0z, % (02, x02;) (symmetry)
— (q’)(k) (0., ))
=dW o (a,,),
and similarly

(02, % 0,) * Oz, = 0z % (02, x02;)
= dH) 5 i) 0.,),

hence the associativity. The converse is proved in the same way. O

When, moreover, there exists on M a wunit field, that is, a section e €
I'(M,©yr) such that

Exe=exl=¢
for any germ & of holomorphic vector field'®, any tangent space T, M is

equipped with the structure of an associative and commutative algebra with
unit, a structure which varies in a holomorphic way with m.

Let (z1,...,2,) be a system of local coordinates on an open set U of M.
Any polynomial

aq Qp
§ aa(zla"'7zn)nl R/
lal<d

in the variables 7, ...,n, with holomorphic coefficients in z1, ..., z, defines
a holomorphic vector field on U, namely,

E Ao (215 ey 2n)€ Kk Dy Kook Dy Kook Dy Kok Dy

|| <d

a7 times @, times

(the field e is useful for the degree 0 term). The set of polynomials such that
the associated vector field is zero is an ideal of the ring O (U)[n1, . . ., nn]; the
zero locus of this family of polynomials is a subset of U x C™. One can check
that, if @ is symmetric and admits a unit field on M, this set is well defined
as a subset Lg of the total space of the cotangent bundle T* M (of which the
open set U x C™ considered above is a chart).

13.10 Definition (Canonical coordinates). A system (x1,...,x,) of co-

ordinates on an open set of M is said to be canonical if the vector fields 0,
satisfy

Oy, fi=3j

O, Oy = 83500, =4 70

’ 0 ifi#j.

10 Such a field e is then unique.
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On such an open set, the field e = Y7 | 8, is the unit field. In such a
system, we will also have to consider the field € = Y7 | 2;0,,, called the Euler
field. In the basis (0, - - . , Oz, ), the matrix of the endomorphism Ry (s) = Exe
of multiplication by € is the diagonal matrix diag(zy,...,2z,).

13.11 Remark (On the existence of canonical coordinates). Unlike the
case of flat torsion free connections, one does not have, without any supple-
mentary assumption, an analogue of Theorem 13.4 which would give the local
existence of canonical coordinates for any symmetric Higgs field on @,;. Note
that, if such a system exists, then, for any vector field £, the operator ¢¢ of
multiplication by & on the fibres of the tangent bundle of M is semisimple.
Moreover, the canonical coordinates are the eigenfunctions of the operator £¢
for some field €.

Conversely, let us assume that, for any &, the operator /¢ is semisimple.
There exists then locally!! a basis of fields (1;)i=1,....» satisfying n;*n; = §;;m;,
where d0;; denotes the Kronecker symbol: indeed, there exists locally a ba-
sis (&)i=1,..n of vector fields which simultaneously diagonalize the opera-
tors ¢ (as they commute); we deduce that there exist functions A;(z) such
that & x & = 0;;\&;; it is a matter of showing that the A; do not vanish (we
will set then 7; = &;/\;); this follows from the existence of a unit field e as, if
we set e = ). a;&;,

G=Cire=§* (Z ajfj) = ;& * & = aiNi&-
J

The reader will note’? that this argument does not give however the local
existence of canonical coordinates, because it does not show that the brackets
[ni,n;] vanish.

13.12 Exercise (The manifold L is Lagrangian). Show that, in canon-
ical coordinates, the ideal of polynomials considered above is generated by the
polynomials

ming (E#5),  mi(ni—1), 1= i

Deduce that the set Lg is the subset of U x C™ consisting of the points
(1,-.,Tn,M,---,Nn) where all the n; except one are zero, the nonzero one
being equal to 1.

1 If one assumes the existence of a unit field.

12 In order to obtain the existence of canonical coordinates, it is necessary and
sufficient to ask for a supplementary compatibility condition between the prod-
uct = and the Lie derivatives .Z;. This leads to the notion of weak Frobenius
manifold, introduced in [HM99]. This condition is equivalent to the geometric
condition “Lg is a Lagrangian manifold in 7" M” (cf. [Her02]). This condition is
realized for Frobenius manifolds that we will meet in Chapter VII (cf. [Aud98a]
and §VIL.1.8).
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Compatibility with a “metric”. Given, as in §13.c, a symmetric nondegenerate
bilinear form g on TM, that we also call a “metric”, we will say that the
Higgs field @, or the product x, is compatible with the metric g if, for any
triple (&1, &2,&3) of vector fields on M,

9(&1 % &2,83) = g(&1, 82 % &3).

Unlike the case of connections, a “metric” does not naturally define by itself
a symmetric Higgs field compatible with it.

If a unit field exists, one can consider the differential 1-form e* defined by
adjunction. As a linear form on the tangent bundle, it is expressed by

" (&) = g(e; &)

We then have g(&1,&2) = e*(&1 % &2).
It can be useful to emphasize the trilinear form

c(§1,62,83) = g(§1 % &2,83) = €"((§1 * &2) x &3)-

13.13 Exercise (commutative Frobenius algebras). Let V be a finite di-
mensional C-vector space equipped with a linear form ¢, with a nondegenerate
bilinear form b and with a trilinear form ¢. By considering the isomorphism
B :V =5 V* defined by b, the trilinear form t defines a product on V: one
asks that, for all v1,vy € V, both linear forms B(v; * v3) and c(vy,va,9) co-
incide. Give conditions on ¢,b,t expressing that B~1(¢) is the unit and that
the product is commutative and associative.

One then says that (V, x, e, b) or, in an equivalent way (V, ¢, b,t), is a Frobe-
nius algebra'3.

14 Meromorphic connections

Let .# be a meromorphic bundle with poles along an analytic submanifold Z,
i.e., a locally free &) (xZ)-module of rank d. A connection on .# is defined
as in the holomorphic case, namely as a C-linear homomorphism V : .Z —
2 ®p,, A satisfying the Leibniz rule.

Notice that, in a local basis of .# over Oy (xZ), the matrix (2 of the
connection has entries in Oy (*2) ®@g,, 23, = 2%,(x2).

The considerations of §11 can be readily extended to the meromorphic case.
Note that the matrix P of §11.a now belongs to I'(U, GL4(Or (xZ))). The
sheaf of horizontal sections //l%\ 7 is then a locally constant sheaf of finite

13 The example originally considered by Frobenius when working on characters of
finite groups is the (noncommutative in general) algebra of such a group on a
field (see for instance [Lit40, Chap.IV]). That such an algebra is “Frobenius” as
defined above is shown for instance in [CR62, Th. 62.1], where one will also find
(Th.61.3) other characterizations of Frobenius algebras.
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dimensional vector spaces which corresponds, after Theorem 15.8, to a linear
representation of the fundamental group 71 (M ~\ Z, 0): this is the monodromy
representation attached to the meromorphic bundle with connection (.7, V).

14.1 Exercise (Torsion of a connection by a logarithmic differential
form). Let f € I'(M, O (xZ)) be a meromorphic function on M, with poles
along Z, and let w = df / f be its logarithmic differential.

(1) Prove that the meromorphic bundle with connection (O (*Z), d+ w) has
trivial monodromy, i.e., that the sheaf of its horizontal sections on M \ Z
is isomorphic to the constant sheaf Cps 7 (write d +w = f~Lodo f).

(2) Deduce that, if (.#,V) is a meromorphic bundle with connection on M
with poles along Z, the sheaves of horizontal sections of (.#, V)5 z and
(A, NV + wld)|ps z are isomorphic (use Exercise 12.11).

We will say that a connection on a meromorphic bundle is integrable
(or flat) if its restriction to M ~ Z is an integrable connection on the holo-
morphic bundle .Z|y; z.

If & is a lattice of a meromorphic bundle with connection (.#, V), it may
happen that V(&) is not contained in 2}, ®¢,, &. However,

V(&) CN(H)C 2y @ M= 04 (xZ) @ &.
Om Om

Therefore, V defines a meromorphic connection, which is not necessarily holo-
morphic, on the bundle &.

We will say that & is a logarithmic lattice of the meromorphic bundle with
connection (A, V) if

V(&) C 23,(log Z) ® &
M

and more generally that it is a lattice of order < r if

V(&) C 25, ((r+ 1)1ogz>§<> &
M

and of order r if moreover it does not have order < r — 1 (logarithmic =
order 0). Therefore, & is a logarithmic lattice if, in any local basis of &, the
connection matrix of V has forms with logarithmic poles along Z as entries.

14.2 Exercise (Behaviour of the order by operations on lattices).
Prove that the order of & & & (resp. of & ® &', resp. of L(&,&”)) is equal to
the maximum of the orders of & and &”.

We will say that a meromorphic bundle with flat connection (.#,V) has
reqular singularity along Z if, in the neighbourhood U of any point z2° € Z,
there exists a logarithmic lattice &y of .#y. More generally, we will call
Poincaré rank of (4 ,V) along Z at z° the minimal order along Z of a lattice
in the neighbourhood of 2°.
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The condition of regular singularity is local on Z and one does not ask for
the existence of a logarithmic lattice & globally on M. Nevertheless, one can
show the existence of such a lattice (see [Del70]). We will analyze with more
details the structure of connections of one variable, with regular or irregular
singularity, in Chapter II.

14.3 Remark (Regular singularity and logarithmic pole). One should
clearly distinguish between the notion of regular singularity, which concerns
meromorphic bundles with a flat connection, and that of logarithmic pole,
which concerns holomorphic bundles with a flat meromorphic connection. In
fact, a meromorphic bundle of rank > 2 with a regular singular connection
can contain lattices of arbitrarily large order (see Exercise I1.4.4).

14.a Restriction of a meromorphic connection

Let M be the product D x M’, where M’ is a complex analytic manifold, D is
a disc centered at the origin in C. We will identify M’ with the submanifold
{0} x M’ of M and we will denote by ¢ : M’ < M the inclusion. We will
assume below that the hypersurface Z is equal to D x Z’, where Z’ is a smooth
hypersurface of M’.

Let (.#,V) be a meromorphic bundle with connection on M with poles
along Z. The meromorphic bundle .# can be restricted as a meromorphic
bundle .#’ on M’ by the formula .#' = Oy ®;-14,, i~ 4, analogous to
Equation (11.9). It is important, in order that this be meaningful, that the
polar set Z of .4 intersects properly, i.e., along a hypersurface, the submani-
fold M’.

One can then, exactly as in §11.c, define the restriction

V't — Q@ M
o

of the meromorphic connection V. We will say that the meromorphic bundle
with connection (.Z',V’) is the restriction (or pullback by the inclusion)
to M’ of the meromorphic bundle with connection (.#, V).

Notice that, if one restricts (.#,V) to M ~\ Z to obtain a holomorphic
bundle with connection, the restricted bundle that one obtains from the latter
with the definition of §11.c is nothing but (.Z’, V') 2.

If V is integrable, then so is V' (cf. Exercise 12.12).

Notice also that, if & is a lattice of .Z, its restriction i*& is a lattice of .Z".

14.b Restriction and residue of connections with logarithmic poles

Let us keep the notation of §14.a but let us now assume that the hypersur-
face Z is equal to {0} x M’; one could, for the logarithmic case which follows,
consider a more general situation (where the “normal bundle” of Z in M is
trivial), but we will not have to consider such a situation.
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Given a holomorphic bundle with meromorphic connection (&,V) (and
not only a meromorphic bundle with connection), assume that (&, V) is log-
arithmic along Z. One can define a “restriction” of (&,V) to Z; this is a
holomorphic bundle of rank d with holomorphic connection 57 on Z: as a
bundle, it is the restriction £z of E to Z (i.e., the pullback by the inclusion
mapping iz : Z < M). Let us be more explicit concerning the connection
matrix of the “restriction” %/ in a local basis of E and in local coordinates
21y 2n with Z = {z; = 0}: if

0 =W dz + Z 029D gz,

z
L s

is the connection matrix, where the 2( are matrices with holomorphic entries,
the desired connection 7 has matrix

Z Q(i)(O,zg, ey 2Zn)dz;

i>2

in the corresponding basis of E|,. One checks that this is independent of the
choices and well defines a holomorphic connection on Ej.

The logarithmic connection V also equips the bundle E|; with an endo-
morphism: this is the residue Resz V of the connection along Z. With the
local choices above, it has matrix .Q(l)(O, 29,...,2n). In order to check that
this definition is really intrinsic, one considers the composed homomorphism
(144) i3'¢ Yo' (log2) © ipte 2@ o

1
’LZ @)]\4

Then, if o is a local section of & which vanishes on Z, its image by (14.4) is zero
and therefore (14.4) passes to the quotient and defines Res; V : i5,& — i5,&.

14.5 Exercise (Restriction, residue and operations).

(1) Prove that the construction of 57 from V is compatible with the operations
on bundles with connection.

(2) Determine the behaviour of the residue by the operations @, ® and L
on the bundles with logarithmic connection. Check in particular that, if
(O, d) denotes the trivial bundle of rank one equipped with the trivial
connection, the dual bundle J#omg,, (&, Opr) has residue — 'Resz V.

14.6 Exercise (Restriction, residue and integrability). Assume that
the connection V is integrable.

(1) Prove that so is its “restriction” /.

(2) Show that the residue Resyz V, regarded as an endomorphism of the bundle
E|z, is compatible with the connection 7, i.e., when regarded as a section
of the bundle Hom(E)z, E)z), is a horizontal section with respect to the
natural flat connection constructed from 7.
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14.c Connections of order one

When the connection has order one along Z, one can write locally its matrix as

dz .
— 1| @) 241 () g,
=z [Q - + ig>2 94 dzz]

where 2" are holomorphic. One cannot define the restriction to Z of a flat
connection by the procedure above, as Zi>2 Q(i)(O7 Z9,...,2n)dz; is a form
which does not necessarily satisfy the integrability condition. However, if one
fizes a coordinate z; on D and if one considers a system of local coordinates
Z2,...,2p o0 Z, one can equip the bundle E|; with a “residue” endomor-
phism Ry (cf. Remark 9.15) and with a 1-form & with values in the endo-
morphisms of E|z: in a local basis, Ry has matrix Q(l)(O, Z9,...,2n) and @ is
given by Z¢>2 Q0(0, 20, ..., 2p) dz;.

14.7 Exercise (“Residue” and integrability). Prove that the integrabil-
ity of V implies that the following relations are satisfied by Ry and @ (they are
the analogues of the integrability of the connection 7 and of the horizontality
with respect to 57 of the residue endomorphism, in the logarithmic case)

PANDP =0, PcoRy=RyoP: forany vector field { on M.

In particular, @ is a Higgs field on E|z and (E|z,®) is a Higgs bundle.
These objects depend on the choice of coordinate on D by a multiplicative
constant.

14.8 Remark. However, it is not in general possible to define, for connections
with pole of order > 1 along Z, a residue endomorphism whose matrix in a
local basis is formed by the residues of the coefficients of (2. Indeed, if the
rank of the bundle is > 2, such a matrix does not have a suitable behaviour
under a holomorphic base change.

14.9 Exercise (Higgs field, “residue” and operations).

(1) Prove that the construction of @ from V is compatible with the operations
on Higgs bundles.
(2) Determine the behaviour of the “residue” Ry by the operations @, ®, L.

15 Locally constant sheaves
15.a Locally constant sheaves of sets

Let .# be a sheaf of sets on a topological space X. The disjoint union T =
[,cx Z of the germs of .Z at the points of X is equipped with a natural
topology, for which a basis of open sets is given by the sets

Us: H{Sz}c Hf%m

zeU zeX
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where U is an open set of X and s € I'(U, .%#). For this topology, the natural
projection p : Z — X is continuous and the set I'(U, %) is identified with
that of continuous sections o : U — .Z of the projection p, i.e., the continuous
mappings which satisfy p o 0 = Idy. Moreover, the projection p is a local
homeomorphism and the topology induced on each fibre p~1(x) = .%, is the
discrete topology (cf. [God64]). We say that ;ﬁf, equipped with the projec-
tion p, is the étale cover associated to the sheaf .%.

15.1 Exercise (Locally constant sheaves and coverings). Assume
that X is connected. Prove that the sheaf .# is constant (cf. §2.6) if and
only if the étale cover p : . % — X is homeomorphic to the projection
p2 i F x X — X, for any x € X. Deduce that the following properties are
equivalent:

(1) the sheaf .# is locally isomorphic to a constant sheaf;
(2) the projection p : .# — X is a covering map.

When one of both equivalent properties above is satisfied, we say that
the sheaf .# is locally constant. One thus sees that the category of locally
constant sheaves of sets is isomorphic to that of coverings (check the behaviour
of morphisms). From the theory of coverings (see for instance [God71]), we
deduce:

15.2 Corollary. Any locally constant sheaf on a 1-connected space is con-
stant. O

15.3 Exercise (Locally constant sheaves and coverings, continua-
tion).

(1) Prove that, if f: X’ — X is a continuous mapping and if .7 is a locally
constant sheaf on X, the pullback sheaf f~1.% is locally constant.

(2) Let m: X — X’ be a finite covering and let .% be a locally constant sheaf
on X. Show that the direct image sheaf 7,.7 is locally constant.

15.b Locally constant sheaves of finite dimensional C-vector spaces
We will now be more precise concerning the correspondence
locally constant sheaves «—— coverings

for sheaves of finite dimensional C-vector spaces. Such a sheaf is locally con-
stant if there exist an open covering il of X and, for any open set U of i,
an isomorphism of .7y, with the constant sheaf (CC,S. In the following, all the
sheaves will be sheaves of finite dimensional C-vector spaces and we will sim-
ply write “locally constant”. One also finds in the literature the term local
system'* instead of locally constant sheaf.

' This in fact abbreviates “local system of coefficients” when one considers coho-
mology with coefficients in a locally constant sheaf.
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15.4 Exercise. In Exercise 15.3, compute the rank of the sheaves f~1.% and
T.% in term of that of 7.

We thus have defined a subcategory of the category (cf. §17) of sheaves
on X, namely that of locally constant sheaves of finite rank. We say that this
subcategory is full, as the set of homomorphisms of locally constant sheaves
is equal to that of all homomorphisms of sheaves.

If 0 is a given point of X (also called the base point), we have a “restriction”
functor from this category to that of finite dimensional vector spaces: one
associates to .% its germ .%, and to ¢ : .F — ¥ its germ o, : %, — 9,.

If #: X — X is a fixed universal covering space of X, we have a “global
multivalued sections” functor from this category to that of finite dimensional
vector spaces: one associates to .Z the space I'(X, 7 1.%) and to p : F — &
the induced morphism I'(X, 7~ L.%) — I'(X,71%9).

15.5 Lemma (Locally constant sheaves on the square are constant).
Let us assume that X is equal to the interval [0, 1] or to the square [0,1] x [0, 1]
and let us denote by 0 the origin of X. Let F,9 be locally constant sheaves
on X.

(1) If so € H, there exists a unique section s of F on X such that s(0) = so.
(2) Let @o : F — 9 be a homomorphism. There exists a unique homomor-
phism @ : F — & whose restriction to Fy is @g.

Proof. For the first point, adapt the proof of [God71, Lemmes 1.1 and
1.2, p.129]. The second point follows from the first one, if we remark that
Home, (F,9) is also a locally constant sheaf. O

15.6 Exercise.

(1) Prove that, in the lemma above, if g is an isomorphism, then so is ¢
(consider the determinant of ).

(2) Show that, for X as in the lemma, any locally constant sheaf .7 is iso-
morphic to the constant sheaf 7=1.%, if 7 : X — {0} is the constant map,
and that such an isomorphism is unique if one moreover asks that its germ
at 0 is equal to identity.

(3) Prove that the lemma above can be interpreted by saying that, on the
space X = [0,1] or X = [0,1]? (with 0 as base point), the restriction
functor is an equivalence (cf. §17) between the category of locally constant
sheaves on X and that of finite dimensional C-vector spaces.

15.c Linear representations of groups (abstract)

Let IT be a group and let F' be a C-vector space (here, C could denote any
field). A linear representation of IT in F (cf. for instance [Kir76, §7]) is a
group homomorphism p : I — Aut(F), in other words a left linear action
of IT on F.
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If IT acts on Fy and Fy, then IT acts on Home(Fy, Fa) by

eIl — p(): [p— pa(y)opopi(y)~].

A homomorphism of the representation p; to the representation po is a
homomorphism ¢ € Homg(Fy, F3) such that

Vyell, p()(p)=¢.
We denote this set by
Homyz(p1, p2) = Hom(c(Fl,FQ)H C Homg(Fy, Fy).

In other words, ¢ : F; — Fj is a homomorphism of representations (one also
says intertwining operator) if and only if, for any v € II, the following diagram

comimutes:

FlLFQ

m(’ﬁf lez ™)
Fy,——

In the language of the theory of categories (cf. §17), we have defined the cat-
egory of linear representations of the group II, whose objects are the linear
representations and the morphisms are the homomorphisms of representa-
tions. It contains the subcategory of finite dimensional representations, which
is full. It is equipped with a “forget” functor to the category of vector spaces.

In what follows, we will take for IT the fundamental group m (X, o) of
the space X with base point o (cf. for instance [God71]). We will denote by
[v] € m1(X,0) the homotopy class of a continuous loop v : [0,1] — X based
at o, i.e., such that v(0) = (1) = o. It will be convenient to use a convention
opposite to that of [God71] for the product. In other words, we will denote by
[v]:[7'] the class of the loop obtained by following first 7/, then 7 (in accordance
with the composition of mappings, as in [Del70]).

15.d An equivalence of categories

Let .% be a locally constant sheaf on X. If v is a continuous loop based at o,
the sheaf y~1.7 is locally constant on [0, 1] (Exercise 15.3). The first part of
Lemma 15.5 shows the existence of a map

T,:F=0"Fy— O "'Fh=2%

It associates to any sg € .%, the value s(1) € (y"1.%); = %, of the unique
section s of y~1.% such that s(0) = so. The uniqueness property implies that
this mapping T is linear.

The second part of the same lemma also shows that this mapping only
depends on the homotopy class of v and we denote it by T},}, or also by T

ek [
to recall the dependence with respect to .%.
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15.7 Exercise (The monodromy representation is functorial).

(1) Prove that [y] — T}, is a linear representation of 71 (X, 0) in .%,.

(2) Show that . + T is a functor from the category of locally constant
sheaves of finite rank to that of finite dimensional linear representations
of the group 71 (X, 0).

15.8 Theorem (The monodromy representation is an equivalence).
The functor F +— T is an equivalence between the category of locally con-
stant sheaves of finite rank on X and that of finite dimensional representations
of m(X,0).

Proof. Let us apply the criterion given in §17. For the full faithfulness, it is
a matter of verifying that any element ¢, € Homc(%,,%,)™ can be lifted in
a unique way as a homomorphism ¢ : .# — &. This is a consequence of the
following lemma, applied to the locally constant sheaf Zomc, (F,9).

15.9 Lemma (An existence criterion for a global section). Let .7 be
a locally constant sheaf on X and pick s, € %,. There exists a section s €
I'(X,.7) such that s(0) = s, if and only if T1,1(s,) = 8o for any [v] € m1(X, 0).
If such a section s exists, it is unique.

Proof. Fix z € X and let n : [0,1] — X be a continuous path from o to x
(recall that X is assumed to be path-connected). Lemma 15.5 applied to the
sheaf n71.% enables us to define s, € .%, from s,. Moreover, the condition
T111(s0) = s, for any [y] € 71(X,0) implies that s, does not depend on the
chosen path n. We then see that x — s(x) := s, is a section of .Z#.

The set of points where the germs of two sections coincide is open in X.
As . is locally constant, it is also closed, hence the uniqueness assertion. [J

Let us now sketch the proof of the essential surjectivity. Let (X,3) be a
universal covering space of (X, 0). Recall (cf. [God71, p.134]) that m (X, 0)
acts on X: if 7 is the lift of a loop 7 based at o, there exists a unique auto-
morphism A, of the covering X such that hj,(0) = 7(1). One then denotes
by F the quotient space of X x.%, by the relation (Z, s,) ~ (hiy—1(7), P11 (50))
(7] € m1(X,0)). One checks that the natural projection to X makes F a cov-
ering: this is the étale cover of the desired sheaf .. In order to check that the
representation associated to . is equal to p, one takes the pullback of X x .%,
by 7: the section which takes value s, at 0 also takes value s, at h(,(0); one
identifies then the points (h(,)(0),s,) and (0, piy(s0))-

15.10 Corollary (Analytic extension). Let V C U be two connected open
sets of X, containing the base point, such that the canonical homomorphism
m1(V,0) — m (U, 0) is an isomorphism, and let 4 be a locally constant sheaf
on V.

(1) There exists a locally constant sheaf F on U and an isomorphism
Fy 9.
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(2) The restriction mapping I'(U, ) — I'(V,.F) is an isomorphism.
(3) If we have two locally constant sheaves .7 and F' on U, any homomor-
phism ¢ : Ay — ﬁ"v can be extended in a unique way as a homomor-

phism F — F'. |

15.11 Exercise (Another equivalence of categories). Let 7 : X - X
be a fixed universal covering space of X.

(1) Let .Z be a locally constant sheaf of rank d on X. Prove that I'(X, 7~ L.%)
is a finite dimensional vector space, equipped with an action of the group
G of automorphisms of the covering 7. We denote by p7 the corresponding
representation of G.

(2) Prove that the functor .# — p7 is an equivalence of categories.

(3) Compare this functor with that defined in Exercise 15.7.

15.12 Exercise (Examples of locally constant sheaves).

(1) Describe all locally constant sheaves of rank d on X = C*.

(2) Describe all locally constant sheaves of rank one on the space X = P!\
{0,1,00} = C*  {1}.

(3) Prove that two linear representations p, p’ : m1(X,0) — GLg(C) define
isomorphic locally constant sheaves if and only if they are conjugate, i.e.,
there exists an invertible matrix C' such that, for any [y] € m we have

P'([(]) = Cp(])C.

16 Integrable deformations and isomonodromic
deformations

Let us start with an analytic family of complex analytic manifolds whose
topology (a fortiori the fundamental group) does not change. All these man-
ifolds are thus pairwise homeomorphic. Given a family of linear differential
systems on this family of manifolds, that is, a family of vector bundles, each
one equipped with a holomorphic flat connection depending analytically on
the parameters, we produce the locally constant sheaf of horizontal sections
of this connection on each manifold in the family. As the notion of locally
constant sheaf is topological, one can regard all these sheaves as sheaves on
the same topological manifold. When these sheaves are all isomorphic to the
same constant sheaf, we say that the family is isomonodromic.

Let us be more precise. We thus have an analytic mapping 7 : M — X
everywhere of mazimal rank between two connected complex analytic mani-
folds. We make the assumption that 7 is a locally trivial topological fibration,
that is, for any z° € X, there exists a neighbourhood V of z° in X and a
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homeomorphism A making the following diagram commute:

and whose restriction to 7~ 1(2°) is the identity. Note that, as 7 is everywhere
of maximal rank, the fibres of 7 are analytic submanifolds of M.

16.1 Examples. It is often necessary to consider more general situations than
the projection 7 of a product M x X on X.

(1) When 7 is a proper mapping, a theorem by Ehresmann (cf. [Ehr47, Ehr51],
as well as [Wol64] for a proof) says that 7 is a locally trivial C* fibration
(i.e., one can choose a C*° diffeomorphism for h in the neighbourhood of
any x°). It is in general impossible to choose h holomorphic.

(2) When 7 is not proper, the First Isotopy Lemma of R.Thom (cf. for in-
stance [Dim92, Chap. 1] and the references given therein) often enables
one to show that m is a locally trivial topological fibration over an open
set dense of X. Such is the case for instance when there exists an ana-
lytic manifold M containing M as a dense open subset, equipped with
a proper holomorphic mapping 7@ : M — X extending 7. For example,
a n-variable polynomial defines a fibration 7 : C* \ 77 }(¥) — C \ %,
where X' is a finite set of points, called the “generalized critical values” of
the polynomial 7.

(3) Let X = X4z C C? be the open set consisting of the points with pairwise
distinct coordinates and set M = X4y1. Then the projection 7 : X441 —
X4 which forgets the last coordinate is a locally trivial C'* fibration.

The sheaf ©);/x of vector fields tangent to the fibres of 7 is by definition
the kernel of the tangent map T'w : @)y — 7w*Ox. This is a locally free sheaf,
as m has maximal rank. One constructs by duality the sheaf .Q]lu /X of relative
differential 1-forms.

In any system of local coordinates (21, ..., zp, Z1, . . ., 4) Where 7 is written
as 7(z,x) = x, any relative 1-form can be written as > °_, ¢;(2z, ) dz;.

The sheaf 911\4 /X is naturally a quotient of the sheaf 2},. It is equipped
with a relative differential dp;/x : 2}, /x 23, /x- Similarly, there is a rela-
tive differential dps/x : O — Q}WX such that the identity dys/x odpr x =0
holds: in local coordinates (z,x) as above,

»
of
dv/xf = ; R dz;.

Let E be a bundle on M. A relative connection Vy;x on E is a homo-
morphism & — Q%/I/X ®g,, & which is linear over the sheaf of rings 7~10x
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and which satisfies the Leibniz rule

Vayx(f-8)=fVayxs+duxfes.

The relative connection is said to be integrable (or flat) if the relative curva-
ture Vs x oV x vanishes. One can readily express these notions on the
connection matrix in a local basis of E' and in local coordinates adapted to 7
as above. One also verifies that, when X is reduced to a point, one recovers
the notions introduced in §§11 and 12.

16.2 Example (The relative connection associated to a connection).
If V:& — 2}, ® & is a connection on the bundle E, the composition of V
with the projection 2}, ® & — [2]1\/[ x ® & is a relative connection V7 x.
If V is integrable, then so is V7 x. In a local basis of E and in local coordi-
nates adapted to m, the matrix of Vs, x is obtained by forgetting the terms
containing dz; (j =1,...,¢) in that of V.

16.3 Exercise (The Cauchy-Kowalevski theorem with parameters).
Let Vi x be an integrable relative connection on some bundle E on M.
Prove the analogue of Theorem 12.8 where one changes the sheaf Cy; with
710 and the notion of a locally constant sheaf of C-vector spaces with that
of a locally constant sheaf of locally free 7~ x-modules (hint: see [Del70,
Th. 2.23]).

16.4 Definition (of an isomonodromic family). An integrable relative
connection Vs, x on a bundle E is an isomonodromic family if the isomor-
phism class of the locally constant sheaf (of C-vector spaces) Ker Vs x|x—1(a)
does not depend on the point z € X.

Let us make it clear here that the restriction is taken in the analytic sense,
that is, recalling (cf. previous exercise) that Ker V,;/x is a 710 x-module,

Ker VM/X|7T*1(I) = ﬁﬂ-—l(z) ®r-10, Ker VM/X

Let us now explain with more detail the expression “does not depend on
xz € X7. For any z° € X, let V be a neighbourhood of z° and let h be a
homeomorphism V x7~1(2°) — 771(V) as above. We deduce, for any z € V,
a homeomorphism h,, : 771 (2°) — 7~ !(z). It enables us to pull back the sheaf
Ker V) x|z-1(z) O0 7 1(2°). We get in this way a locally constant sheaf .%,
on 7~ Y(2°). The isomonodromy property means that, for z in a sufficiently
small neighbourhood of z°, the sheaves .%, are pairwise isomorphic.

16.5 Exercise. Prove that the local isomonodromy property above does not
depend on the choice of the homeomorphism h (it is a matter of verifying
that, if .# is a locally constant sheaf of C-vector spaces on a manifold N and
if g: N — N is a homeomorphism homotopic to identity, then the sheaves .%#
and g~ 1.7 are isomorphic).
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This exercise gives a nonambiguous meaning to the local notion of isomon-
odromy and therefore enables one to define it globally.

16.6 Proposition (Integrability implies isomonodromy). Let V : & —
21, ® & be a flat connection on some bundle E on M. Then the associated
relative connection V y/x defines an isomonodromic family.

Proof. We have already mentioned that this relative connection is flat. One
then checks that
KerVy/x = 71 0x @c Ker V.

Lastly, if V' is a sufficiently small 1-connected neighbourhood of z° € X, the
fundamental group of 7=1(V) ~ V x 7=(2°) is equal to that of 7= (x°). It
follows from Equivalence 15.8 that .# = Ker V is isomorphic to the pullback
by h=! o py of its restriction to 7~ !(2°). We thus get isomonodromy. g

It is remarkable that, with only a weak assumption on fibres of 7, the
converse of this statement is true, at least locally on X:

16.7 Theorem (Isomonodromy implies integrability). Let us assume
that the fundamental group of the fibres of ™ has finite type. Then, if Vi x
is an integrable relative connection on some bundle E on M, defining an
tsomonodromic family, it comes, locally on X, from an integrable connection V
on E.

16.8 Remark. This assumption on the fundamental group of the fibres is
satisfied for all the manifolds that we will consider in the remaining part
of this book (quasiprojective varieties). In general, verifying this assumption
will be easy. Our main example will be that of the complex line minus a finite
number of points.

Proof (Sketch). Fix z° € X. According to the relative Cauchy-Kowalevski
theorem, it is a matter of proving that, if ¢ is a locally constant sheaf of
locally free 7~'0x-modules on M, satisfying the isomonodromy property,
there exists, up to changing X with a sufficiently small neighbourhood of x°, a
locally constant sheaf .7 of C-vector spaces on M such that 4 = 7' 0x ®¢.Z.

We assume that the fundamental group (7~ (2°),*) is generated by a
finite number of classes 71, ..., 7, of loops based at *. A linear representation
of rank d of this group consists in giving p matrices T1,...,T, € GL4(C)
satisfying the same relations as the 7; do. The set Rep of these representations
is thus the closed subset of (GL4(C))P defined by the algebraic equations
induced by the relations. These are equations like

T T —1d = 0.
The group GL4(C) acts on the product by

P (Th,...,T,) = (PTyP~',...,PT,P™ ).
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The orbit of a representation p° consists in the set of representations equivalent
to p°.

The assumption of the theorem implies that, on some neighbourhood V'
of x°, there exists an analytic mapping V' — Rep, the image of which is
contained in the orbit GL4(C) - p° (isomonodromy), if p° is the representation
corresponding to the locally constant sheaf 4.-1(,0), and which sends z° to
p°. It is then a matter of showing that this mapping can be lifted, possibly
after restricting V, as an analytic mapping V' — GL4(C) sending z° to Id,
that is, such that the following diagram commutes:

GL4(C)

P
e lPHP-pO
V o GL4(C) - p°

This is possible because the mapping GL;(C) — GL4(C) - p° has everywhere
maximal rank, as the group acts transitively. O

16.9 Remark. It is possible to extend the domain of existence of the inte-
grable connection V, by using a vanishing theorem, cf. [Bol98].

17 Appendix: the language of categories

We refer to [MLT71] for more details on what follows.
A category € consists

(1) of a family of objects Ob(%),

(2) for any pair (X,Y) of objects of €, of a set Home (X,Y), the elements of
which are called morphisms of X to Y,

(3) for any triple (X,Y, Z) of objects of ¥, of a mapping (called composition)

Home (X,Y) x Home (Y, Z) —— Home (X, Z)
(f.9) —gof

satisfying the following properties:

(a) the composition is associative,

(b) for any object X of €, there exists an element Idx € Home (X, X) satis-
fying foldy = f and Idy of = f, for any f € Hom¢ (X,Y'). This element
is necessarily unique.

An f € Homg(X,Y) is an isomorphism if there exists g € Home (Y, X)
with fog=1Idy and go f = Idx. According to associativity, such an inverse
is unique.
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A functor F from a category % to a category %’ consists in giving a map-
ping F': Ob(%) — Ob(%€) and, for any pair (X,Y") of objects of €, of a map-
ping F : Hom(X,Y) — Hom(F(X), F(Y)) compatible with composition and
preserving the identity morphisms.

We let the reader define the notion of morphism between two functors, also
called natural transformation of functors, and then the notion of isomorphism
of functors.

If, for a given functor F', there exists an inverse functor F’, that is, such
that F o F" and F’ o F are equal to the identity functors of each category, we
say that the functor F is an isomorphism of categories.

17.1 Exercise. Check that the functor which, to any locally constant sheaf
of sets associates its étale cover, is an isomorphism from the category of these
sheaves to that of coverings.

More often, there exists a quasi-inverse functor F”, i.e., such that FoF” and
F'o F are isomorphic (and not necessarily equal) to the “identity” functors of
the corresponding categories. Such a quasi-inverse functor is not necessarily
unique. If such a quasi-inverse functor exists, we say that the categories are
equivalent. It can be difficult to explicitly construct a quasi-inverse functor
for a given functor. In order to check that a functor admits a quasi-inverse
functor (and thus that it induces an equivalence of categories), one usually
refers to the criterion below.

We say that a functor F : € — ¢’ is fully faithful if, for any pair (X,Y)
of objects of € the map F' : Hom(X,Y) — Hom(F(X), F(Y)) is a bijection;
we say that it is essentially surjective if, for any object X’ of €”, there exists
an object X of € such that F(X) is isomorphic to X’.

The criterion says that a functor F' is an equivalence of categories if and
only if it is fully faithful and essentially surjective. Indeed, when the latter
properties are satisfied, one can show that there exists a quasi-inverse func-
tor F’ (see for instance [MLT71, p.91]).

Remark. In this book, we repeatedly use the notion of equivalence of cate-
gories. This is a convenient way, although somewhat formal, to express many
properties:

e The equivalence of categories enables us to manipulate in different ways the
objects of a category, by working directly in an equivalent category. This
is what we have done with vector bundles. In this case, neither category
(bundles and locally free sheaves) is simpler than the other, but depending
on the question, we have “a better feeling” with one of them.

e One of the two categories is simpler to manipulate than the other one.
One can then consider that equivalence plays the role of a classification,
up to isomorphism, of the objects of the more complicated category. The
equivalence bundles «» nonabelian 1-cohomology of §5 can be regarded—
deceptively however—in this framework. On the other hand, for instance,
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the Riemann-Hilbert correspondence of Chapter II really falls within the
scope of this framework.

e It may happen that the equivalence emphasizes hidden properties of one
category which are visible in the other one. The equivalence enables then
to simply exhibit these hidden properties. A known example is the equiv-
alence between the category of regular holonomic 2-modules and that of
perverse sheaves, which shows that the latter is abelian.

Lastly, when both categories possess supplementary operations (direct sum
or tensor product for instance), it is in general important to verify that the
functor which establishes the equivalence preserves these operations.



I

Holomorphic vector bundles
on the Riemann sphere

In the following, the Riemann sphere is denoted by P!: this is the complex
projective line equipped with its usual topology and with the structure of
complex analytic manifold as described in §0.2.2-4.

1 Cohomology of C, C* and P!

We denote by t the coordinate on C. Let 65° be the sheaf of C*° functions
on C. It is a sheaf of rings, which contains the sheaf 0¢ of holomorphic func-
tions as a subsheaf of rings. It is then in particular a sheaf of &¢-modules.

= 0
The operator 0; := 5 defines a homomorphism of sheaves

(1.1) g Ot g

which is Oc-linear (but not 6°-linear). By definition, its kernel is 0¢. The
results below are fundamental.

1.2 The Poincaré Lemma for Os. Let A be an open disc of the com-
plex plane and let A be its closure. Let f be a C* function defined in some
neighbourhood of A. There exists then a C*° function g : A — C such that

99
a7 = fa-
Proof. See for instance [GHT78, p.5]. O

1.3 Theorem (The Dolbeault resolution on an open set). For any
open set §2 of the complex plane, the map 0y : €°°(§2) — €°°(12) is onto (and
the kernel is O(12)).

Proof. See for instance [BG91, Th.3.2.1, p.221]. O
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1.4 Corollary (The local Dolbeault resolution). The morphism (1.1) is
onto.

Proof. 1t is of course a consequence of Theorem 1.3. It is also a consequence
of the Poincaré Lemma 1.2: it is a matter of showing the surjectivity of the
germ at t° of (1.1), for any t° € C; if [f]t is a C™ germ at t°, there exist
an open disc centered at t° with radius r > 0 and a function f which is C'*°
on this disc and with germ [f];o at ¢°; one takes forA the disc centered at t°
having radius r/2; Poincaré Lemma gives a C* solution g : A — C of 0;g = f
and the germ [g]s of g at t° satisfies thus 04[g]se = [f]so- O

1.5 Corollary (The holomorphic cohomology of an open set of C
vanishes). For any open set 2 C C, H*(£2,00) =0 for any k > 1.

Proof. Corollary 1.4 shows that we have a short exact sequence of sheaves of
C-vector spaces
0— O — C¢5 — 65 — 0.

Theorem 0.6.2 gives then a long exact sequence
e Hk(Qv ﬁﬂ) - Hk(Qa%!%o) - Hk(97<g§o) - Hk+1(“(2’ ﬁﬂ) —

from which we deduce, according to Theorem 0.6.3, that H*(£2, ) = 0 for
k > 2. Theorem 1.3 expresses then the vanishing of H!(£2, 0). O

1.6 Corollary (The holomorphic cohomology of P! vanishes). The
spaces H*(PY, Op1) are zero for any k > 1, and H°(P', Op1) = C.

Proof. The second equality follows from Liouville’s Theorem, as a holomorphic
function on P! can be restricted as a holomorphic function on C = Uy, which
is bounded by compactness of P!.

The covering of P! by the charts Uy and U, (cf. Example 0.2.2-4) is acyclic
for the sheaf Op:1, after the previous corollary; Leray’s Theorem 0.6.1 computes
the cohomology of P! with values in ¢ with this covering. As it only consists
of two open sets, we trivially have H* (P!, 0p1) = 0 for k > 2. In order to show
that HY(P!, 0p1) = 0, it is enough to see that any holomorphic function f
on C* is the difference between the restrictions to C* of a holomorphic function
on Uy and of a holomorphic function on U.: this is exactly what gives the
Laurent expansion of f on the punctured line C*. O

1.7 Corollary (Bundles of rank one on P!). A holomorphic bundle of
rank one on P' is determined (up to isomorphism) by its Chern class.

Proof. The exact sequence of the exponential (cf. §0.7.b) induces a cohomol-
ogy exact sequence

T Hl(Pl?ﬁP1> - Hl(Pla ]nyl) C—l) HQ(IPlaZ]P’l) - H2(P1?ﬁﬂ”l> —

and both extreme terms vanish, after the previous corollary. This shows that c;
is an isomorphism. O
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2 Line bundles on P!

2.a The tautological line bundle Op1(—1)

Let L C P! x C? be the subset consisting of pairs (m,v), where m is a line
of C? and v is a vector of C2, such that v € m. We denote by 7 : L — P!
the restriction to L of the first projection. If L c L denotes the open set of
pairs (m,v) such that v # 0, L is identified, through the second projection,
to C2~ {0} and 7 : L — P* to the Hopf fibration C* ~. {0} — P'.

Fig. I.1. The Hopf fibration restricted to the sphere S® = R U cc.

2.1 Proposition. The projection m makes L a holomorphic line bundle on P'.

We denote by Opi(—1) the sheaf associated to the bundle L, called tauto-
logical.

Proof. We will first compute the restriction of L to the open sets Uy and U,.
Let us remark that L is a closed subset of P! x C2; we will equip this set with
the induced topology.

Let t be the coordinate on Upy, let m® € Uy be the point with homogeneous
coordinates (1;¢°) and let us set v = (vg, Vo) € C2. Then, v € m? if and only
if Voo = t°vg. We deduce a homeomorphism

Ly, 2% Uy x C

(t,v) —— (t,v0)

and in the same way, if ¢ denotes the coordinate on U,, and if the homoge-
neous coordinates of m® € Uy is (t°;1), v € m? if and only if vy = t/°v,



64 I Holomorphic vector bundles on the Riemann sphere

hence a homeomorphism

L‘Uoo i.i_)Uoo x C

(t/,’U) i (t/ﬂ]oo)-
On Uy N Uy the change of chart is given by

-1
UsNUs x C—222%0 7 AUL x C

(t,vg) ——— (¢, tvp).
The cocycle that one obtains is thus in H(C*, 0*). O

2.2 Corollary (0p:1(—1) has no global section). The bundle L has no
nonzero global holomorphic section; in other words, there is no non identically
zero homomorphism Op1 — Op1(—1) (in particular Opi (—1) is not isomorphic
to the trivial bundle).

Proof. Let us show the absence of holomorphic section: the composition of
such a section P! — L with any of the projections of P* x C? — C restricts as
a bounded holomorphic function on Uy, hence is constant. It remains to note
that the bundle L has no holomorphic section which is constant and nonzero;
in other words, as L is a line bundle, that L is not isomorphic to the trivial
bundle; otherwise, there would exist a nonzero vector contained in all the lines
of C2, which is absurd.

We have seen (cf. the remark in the proof of Proposition 0.4.1) that a
homomorphism &p1 — Opi(—1) is nothing but a global section of the bundle
O (—1), and such a section must be zero, by the previous argument. O

2.b The line bundles Opi (k) for k € Z

We define the bundle Opi(1) as the bundle dual to Opi(—1), that is,
Home,, (Op1(—1), Op1). It is also the inverse bundle of the bundle Op:(—1)
with respect to the tensor product. Is is called the canonical bundle on P'.
Then, for any k € Z, we set

Op1(1)®F ifk>1
Opr(k) = { Opr (1%L if k< —1
Op: if k=0.

2.3 Exercise (First properties of the bundles p: (k)). Prove the follow-
ing assertions:

(1) The bundle Op: (k) is trivial when restricted to the open sets Uy and Us
and the corresponding cocycle is o 0 g ' 2 (£, v0) — (t,t Fvp).
(2) For any k € Z we have Op1(—k) = Homg,, (Op1 (k), Opr).
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(3) Homﬁ 1 (ﬁpl( ), ﬁpl (6)) = HOHIﬁP1 (ﬁ]}»17 ﬁpl (f — k‘))
(4) HOPY, Op (k) #0 <= k> 0.

(5) Homﬁ 1 (ﬁ]}»l (k), Opr (f)) #0 <= (—-k=>0

(6) If ﬁpl( ) is isomorphic to Op:1(£), then k = ¢.

(7) c1(Opr (k) = k- c1(Op2(1)).

2.c Line bundle associated to a divisor

We will now be more explicit concerning the notions introduced in §0.8 when
M =P, Let us pick m® € PL. For k < 0, we define Op: (km®) as the subsheaf
of Op1 consisting of germs of functions which vanish at order at least —k = |k|
at m°: the germ of Op:(km°) at m # m° is equal to Op1 ,,, while the germ
at m® is equal to t*IC{t} if ¢ is a local coordinate vanishing at m°.

One can extend this definition to & > 0: one first considers the sheaf
Op1 (*m°) of germs of meromorphic functions with pole at m® on P!, whose
germ at m # m? is Op1 ,, and whose germ at m?° is the ring C{t}[1/t]; one
then defines Op1 (km®) C Op1 (+m?), for k > 0, as the subsheaf of germs which
have a pole of order at most k at m°.

We clearly have an exact sequence of sheaves

(2.4) 0 — Op1(km°) — Opi((k +1)m°) — Cppo — 0
where C,,- is the “skyscraper” sheaf on P! defined by

C ifm°el,
0 otherwise.

(U, Cppo) = {

2.5 Exercise (The bundles &(k) and their divisors).

(1) Prove that, for any k € Z, the sheaf Op:i(km®) is locally free of rank one.

(2) Show that @pi(km®) —~ Opi(km) for any m € PL.

(3) Taking m® = oo, compute a cocycle for Opi(km°) and deduce that
ﬁpl (kmo) ~ ﬁpl (k)

2.d The universal quotient bundle

By its very construction, the tautological bundle is a subbundle of the trivial
bundle of rank 2, i.e., Op1 ® Op1.

2.6 Proposition. The quotient sheaf 2 := (Opr @ Op1) [ Op1(—1) is a locally
free sheaf of rank one on P, isomorphic to the canonical bundle Op: (1).

Proof. Let us use the notation presented at the beginning of this section. Let
us pick m® = (1;¢°) € Up. The quotient C?/L,,. is identified with C by the
mapping v +— vo, — t°vg. There is thus an exact sequence of bundles

0—>L|UU—>U0X(C2LU0X(C—>O
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with ¢(t,v) = (¢,v00 — tvg), which gives a trivialization of 2 on Uy. In the
same way, there is a trivialization on Uy, by the map ¢’ (¢, v) = (', voo —v0).
The cocycle associated to 2 is (t,w) — (¢,t~1w): one recognizes the cocycle
of G (1). O

2.e Extensions of line bundles

We have constructed an exact sequence

(2.7) 0 — Op1(—1) — Om @ Op1 -2 O (1) — 0.

One can ask whether this exact sequence splits, in other words if there exists
a homomorphism Op1(1) — Op1 @ Op1 which becomes the identity after com-
position with p. Such a homomorphism does not exist, as any homomorphism
Op1(1) — Op is zero (cf. Corollary 2.2). More generally:

2.8 Theorem (Splitting of extensions).

(1) If & is a bundle of rank 2 on P!, any evact sequence
0— Opi(—k) — & — Op({) — 0

splits as soon as k + ¢ < 1.
(2) If k+ ¢ > 2, there exists an extension & of Opi(£) by Opr(—k) which does
not split.

Proof. We will say that two extensions &,&” of Op1(¢) by Op:(—k) are iso-
morphic if there exist isomorphisms making the following diagram commute:

0—— Op(—k)—— & —— Op({) —— 0
Zl ?J ll
0—— Op(—k)—— & —— Op({) —— 0

(the extreme isomorphisms are then a nonzero constant times the identity).
The proof of the theorem is thus reduced to both statements below. O

2.9 Lemma. The set of isomorphism classes of extensions of the bun-
dle Opi(€) by the bundle Opi(—k) is in one-to-one correspondence with
H'(PY, Op1(—C — k)).

2.10 Theorem (Vanishing Theorem). We have H* (P!, Opi(—k)) = 0 if
and only if k < 1.

Proof (of Lemma 2.9). We can tensor all terms by Op1(—/), so that we can
assume that ¢ = 0. Consider first an extension &

0 — Opi(—k) — & — Opr — 0.



2 Line bundles on P! 67

One chooses a covering 4 of P! finer than (Up, Us) and fine enough so that,
on any open set Uj;, the exact sequence splits (it is enough to insure that, on
any Uj, one can complete a basis of Opi(—k) in a basis of &). Let o, be a
section of & — Opr on U;. On U;NUj/, we have 0;—0; € I'(U;NU;jr, Opr (—k)).
The cocycle condition is clearly satisfied, hence (o;) defines an element of
H(8, Op1 (—k)). We have inclusions

H'((Uo,Uss), Opr (=k)) C H' (YU, Op1 (—k)) C H' (P, Op1 (—k))

and, on the other hand, the covering (Up, Us,) is acyclic for Op1 (—k) because it
is so for Op1 and the restrictions of both bundles to Uy and U, are isomorphic.
Therefore, after Leray’s Theorem 0.6.1, these inclusions are equalities.
Conversely, any cocycle o € Z1(4, Op1(—k)) associated to a covering
of P! defines an extension & of Op1 by Opi(—k): on any open set U; of 4 we
set & = (Op1(—k) ® ﬁ]}»l)‘Uj; on U; N Uj, we glue &y,ny, and &ju,nu, by

means of the matrix
1d Oij
0 Id

where the component o;; of cocycle o is regarded as an element of
F(Ul N Uj,jfom(ﬁp, ﬁpl(—kﬁ)))

An extension & defined by a cocycle o splits if and only if this cocycle is a
coboundary (exercise). Therefore, any element of H*(P!, Op1(—Fk)) defines an
isomorphism class of extension. O

Proof (of Vanishing Theorem 2.10). We know that
H'(P', Op1 (—k)) = H' ((Uo, Uss), O (—k)).-

By using the natural basis of Opi(—k) on Uy, we see that a cocycle is a
holomorphic function h on Uy N U, and that a coboundary is a function of
the form f(t) —t *g(t) with f holomorphic on Uy and g holomorphic on U,.
The existence of a Laurent expansion shows that a function h can be written as

h(t) = ant" —t* ( > a_nf"),

n=0 n>=0
where both series have an infinite radius of convergence, if and only if
—k>—1. ]
2.f Vector fields and differential forms on P!

As above, let us denote by ¢ the coordinate in the chart Uy and by ¢’ the coordi-
nate in the chart U,,. The sheaf Op1 of vector fields on P! has an everywhere
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nonvanishing section on Uy, namely 9/0t, and an everywhere nonvanishing
section on U, namely 9/9t'. We deduce isomorphisms

Op110, o, Ou, Op1iu,, P, Ou..
0 0
ft)z —— f(t) 9(t') 7 — g(t')

ot ot

and the cocycle ¢, o cpgl : O« — Oc- sends 1 to —1/t2. It easily follows:

2.11 Proposition (Computation of the tangent and cotangent bun-
dles of P'). We have isomorphisms

Op1 ~ Op1 (2), Qp1 =~ Opr (—2)

(29 (zp:(ri + 1)mi) ~ Op ( -2+ zp:(ﬁ + 1)),
i=1

i=1

if we denote by 25, (3-0_, (r; + 1)m;) the sheaf of meromorphic 1-forms with
poles at the points ma, ..., m, and with order r; at m; (cf. §0.9.b). |

3 A finiteness theorem and some consequences

The following result, that we will not prove, enables one to analyze the bundles
on P'. Tt is one of the key points in the theory of Riemann surfaces, as well as
in analytic and algebraic geometry; it is in fact true in a much more general
framework (that of coherent sheaves on a compact complex analytic manifold).

3.1 Theorem (Finiteness Theorem). Let E be a holomorphic vector bun-
dle on P! and let & be the associated sheaf. Then we have dim H* (P!, &) < +oo
for any k > 0.

Proof. See for instance [Rey89, Chap. IX] for the finiteness of H? and H!. By
using the Dolbeault resolution
oo 0 p0.0)
0— Opr — Cpr — Gp " — 0
where ‘Klé?’l) denotes the sheaf of differential 1-forms with C*°coefficients of
type (0,1) on P! (see for instance [GHT78]), as well as Theorems 0.6.3 and
0.6.2, one verifies the vanishing of H*(P!, &) for k > 2. O

If £ is a holomorphic vector bundle on P! and & is the associated sheaf,
we will denote by &(k) the tensor product & ®4,, Op1(k): it is a locally free
sheaf over Op: having the same rank as &.

3.2 Exercise. Describe a cocycle of &(k) from a cocycle of &.
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3.3 Corollary. For any holomorphic bundle E on P', there exists an integer
k(E) such that HO(P',&(k)) = 0 for any k < k(E), and H°(P',&(k)) # 0
for any k > k(E).

Proof. Let us pick m® € P!. Let us choose an isomorphism &p1 (1) ~ Op1 (m?).
Denote by E,,. the sheaf such that I'(U,E,;0) = Eje if m® € U and = 0
otherwise. For any j € Z, we have an exact sequence analogous to (2.4):

(3.4) 0 — E(im®) — E((j + 1)m®) — Epo — 0.

Any open covering i of P! such that m? is contained in only one open set is
acyclic for E,,o; we deduce that H’ (P! E,,.) = 0 for any j > 1. Hence, the
long exact sequence associated to (3.4) becomes

(3.5) 0— H(P', &(im°)) — H(P,&E((j + 1)m°)) — Epo —
— H'(P', &(jm?)) — H'(P*, &((j +1)m?)) — 0.
It follows that, if H(P!, & (km°)) # 0 for some k € Z, then H°(P, &£(jm?)) # 0
for any j > k; in the same way, if H°(P!,&(km®°)) = 0 for some k € Z, then
HO(PY, &(jm?)) = 0 for any j < k.
Therefore, we are reduced to showing that there exists k such that

HO(P, &(km?)) # 0 and that there exists ¢ such that H°(P!, &(¢m°)) = 0.
Let us show the first assertion: if it is false, for any j € Z,

dim H' (P!, &(j)) = dim E,0 4 dim H' (P!, &(5 + 1)),
after the exact sequence (3.5). It follows that, for any j > 0,
dim H'(P', &) = jdim E,o + dim H'(P', £(5)) = j dim E,,e > 7,

which is in contradiction with the finiteness theorem 3.1.
If the second assertion is false, there exists kg € Z such that, for any
k < kg, we have

0 # H°(P, &(km°)) = HO(P*, & (kom?)).

One can choose ky < 0. One would then be able to find a strictly in-
creasing sequence of integers £, (n € N) and a sequence of sections s, €
HO(P, &(—£,m?)) such that, for any n € N, the section s, vanishes at or-
der 4, exactly at m°. It is clear that such a family is free, which is in contra-
diction with the finiteness statement of Theorem 3.1. ]

4 Structure of vector bundles on P!

4.a Birkhoff-Grothendieck theorem

Let us begin with the classification of line bundles on P!, the first step in the
inductive procedure of Theorem 4.4.
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4.1 Theorem (Classification of line bundles on P!). Any line bundle
on P is isomorphic to Opi (k) for one and only one k € Z.

Proof. Let £ be a locally free sheaf of rank one on P*. It follows from Corol-
lary 3.3 that there exists a unique ko € Z such that H°(P', Z(k¢)) # 0 and
HO(P', #(ko — 1)) = 0. There exists thus a non identically zero section of
% (ko) and such a section does not vanish anywhere in P!, otherwise it would
be a section of .Z (ko — 1). The homomorphism Op: — £ (ko) defined by this
section is thus an isomorphism. O

We deduce from Corollary 1.7:
4.2 Corollary. We have H?(PY, Zp1) = Z - c1(Op1 (1)). O

4.3 Definition (Quasitrivial bundles). We will say that bundle E of rank d
on P! is quasitrivial (of weight k) if it is isomorphic to @p:1 (k)4 for some k € Z.

Therefore, any line bundle on P! is quasitrivial.

4.4 Theorem (Birkhoff-Grothendieck theorem). Let E be a wvector
bundle of rank d on P'. There exists then a unique sequence of integers
ay = -+ = aq such that we have an isomorphism

E >~ 0Opi(a1)® - D Opi(aq).

We say that the sequence a; > -+ > aq4 is the type of the bundle E. This
theorem gives a multiplicative matrix variant of the Laurent expansion:

4.5 Corollary (Matrix Laurent expansion). Let A be an invertible ma-
triz d x d with holomorphic entries on an annulus

¢ ={teC|0<r<|t| <R<+oo}.

There exist then two invertible holomorphic matrices P and Q respectively on
[t| < R and [t| > r such that, on €, the matrix PAQ is equal to a diagonal
matriz with diagonal entries t*1, ... t* where the sequence of integers a; >
<+ = aq depends only on A.

Proof. Let us consider the covering of P! by the two open sets |[t| < R and
[t| > r. The matrix A defines a 1-cocycle of this covering with values in
GL4(Op1), hence a vector bundle. The corollary is then a simple translation
of Theorem 4.4. O

4.6 Remarks.

(1) Corollary 4.5 was originally proved by G.D. Birkhoff (see [Birl3a]) as a tool
in the study of singular points of differential equations. At the same time
(cf. [Birl3b]), this author proved results on the normal form of systems
with an irregular singularity, normal form which takes his name and that
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we will consider in §IV.5. He then realized that the same method had
been used by Hilbert and Plemelj to solve the Riemann-Hilbert problem.
Theorem IV.2.2; which we will see later, expresses this unity. The proof
of Birkhoff is taken up in [Sib90, §3.4].
In 1957, Theorem 4.4, in a more general situation where the structure
group of the bundle is not necessarily GL4, was proved by A. Grothendieck
in [Gro57]. The proof given below essentially follows that of Grothendieck.

(2) A consequence of Theorem 4.4 is that any holomorphic bundle on P! is
trivializable when restricted to Uy and to U, and that it is isomorphic
to an algebraic bundle, that is, it admits a cocycle given by a matrix of
rational fractions. This result can be generalized: any holomorphic bundle
on a closed complex analytic submanifold of the projective space P™ (see
Example §0.2.2) can be defined by an algebraic cocycle (see [Ser56]).

(3) The reader interested in variants and generalizations of Corollary 4.5 is
referred to [PS86, Chap. 8].

Proof (of Theorem 4.4, existence). It is done by induction on the rank d of E,
the case d = 1 being given by Theorem 4.1. Let kg be the integer such that

HO(P', & (ko)) #0 and HY(P', & (ko — 1)) = 0.

There exists thus a section of & (k) which does not vanish on P!. It provides
an injective homomorphism 0p1 — &(kg) and the quotient sheaf .7 is locally
free of rank d — 1 (such would not be the case if the section would vanish). By
induction, there exists a sequence by > - -+ > by such that .F ~ @j;i Op (b;).
We will show that & (ko) ~ Opr @ F.

In order to do that, it is enough, as in Theorem 2.8, to check that the b;
are < 1. We will show more: the b; are < 0. Setting then a; = b; — kg for
i=2,...,d and a; = —ko, we obtain the desired existence.

Let us consider the exact sequence of locally free sheaves that we have yet
obtained, tensored with Op:(—1),

0— Opi(—1) — (ko — 1) — F(-1) — 0.
It gives rise to a long exact sequence, the part which we are interested in being
0:= H(P', &(kg — 1)) — HO(P', F#(~1)) — H' (P, Op:1(—1)) = 0,
(after Theorem 2.10). Therefore, H°(P!, #(—1)) = 0. But

HO®Y, 7 (-1)) = @ H(P, Opa (b, — 1)

=2

and hence we have b; — 1 < —1 for any i = 2,...,d (cf. Exercise 2.3).
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Proof of Theorem /4.4, uniqueness. Assume that we have two decompositions
corresponding to two distinct sequences ay > -+ > ag and o} > -+ > aii. Let
j € {1,...,d} be such that a; = a; for i < j and a; # aj, for instance a; > aj.
Then a; —a; = a; —a; > 0 for i < j and a] — a; < 0 for i > j. If we have an

isomorphism
@ ﬁ]pl (al) ~ @ ﬁ]pl (a;)
7 7
we deduce, by tensoring with Opi(—a;), an isomorphism

@ ﬁ]pl (a; - llj) ~ @ ﬁpl (CLi — aj).

However, the dimension of the space of global sections for the left-hand term
is strictly smaller than that for the right-hand term, whence a contradiction.
O

4.7 Exercise (Degree of a bundle). The degree of a bundle E of type

a1 > --- > aq on P! is by definition the sum Zle a;. Prove that a bundle F
is trivial if and only if it has degree 0 and satisfies H' (P!, &(—1)) = 0.

4.8 Exercise (The Harder-Narasimhan filtration, case of P'). For any
a € Z, the subbundle F'*& C & is defined as the direct sum of components
isomorphic to Op1(a;) with a; > a.

(1) Prove Fot1& C F*&, that the quotient F?/F%*1 vanishes if a is not equal
to one of the a; and that it is quasitrivial of weight a. We thus have

{0} =F®& CF1&C-- - CFUE=6.

(2) Prove that a filtration of & by vector subbundles satisfying the properties
above is unique.

(3) We call the slope of a nonzero bundle & the quotient u(&) =
deg(&)/rk(&), with deg(&) = Zle a;. Prove that

WEFTE) = n(FE)

and consider the case when there is equality.
(4) We say that & is semistable if any nonzero subbundle .7 of & satisfies
w(F) < p(&). Deduce that & is semistable if and only if it is quasitrivial.

It can be suggestive to visualize the decomposition given by Theorem 4.4
as a polygon (see Figure 1.2). This polygon is the graph of the function

k
kG{O,...,d}»—)Zai.
=1

The vertices of this polygon consist of the pairs (k, ¢x), where k is such that
For+r [Far =£ 0 and £, is the degree of F@.
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Su(FY)y=17/5
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Fig. 1.2. The polygon of &(2)? @ 6(1)% @ 6(—2)*.

4.b Application to meromorphic bundles

4.9 Corollary (Meromorphic bundles are trivial). Any meromorphic
bundle .# of rank d on P' with poles on some nonempty finite set X =
{mo,...,mp} is isomorphic to the trivial meromorphic bundle ﬁpl(*E)d.

Proof. After Proposition 0.8.4, there exists a lattice & C .#. Then .# =
&(xX). By applying Birkhoff-Grothendieck theorem 4.4 to &, we are reduced
to showing that, for any k € Z, the meromorphic bundle Op: (k)(xX) is triv-
ial; let us identify Opi(k) with Opi(kmg); we then have in an evident way
Op1 (kmg)(xX) = Op1 (X)), whence the result. O

4.c Modification of the type of a bundle

It is clear that, if a bundle & has type a; > -+ > a4, then the bundle &(k)
has type a1 +k > -+ > aqg+ k. We will now consider the effect on the type of
some modifications on the bundle.

Let us pick m® € P! and let L° be a line in the fibre E, .. Let us de-
fine the subsheaf &(L°m?) of &(m°) = & ®g,, Opi1(1-m?) ~ &(1): this
subsheaf is equal to the sheaf &(m°) on the open set P! ~\ {m°}; let ¢ be
a local coordinate vanishing at m?; the germ at m® of &(L°m?®) consists of
meromorphic sections o of &0 which have at most a simple pole at m® (i.e.,
sections of &(m°)me) and whose residue at m° belongs to L°, that is, such
that (to(t))y—o € L°.

4.10 Exercise.

(1) Check that this condition on the residue does not depend on the choice
of a local coordinate.

(2) Prove that, if ey, ..., eq is a local basis of & and if L° is the line containing
eq(mP), then ey, ... ,eq_1,eq/t is a local basis of &(L° - m®), which is thus
a locally free Opi-module of rank d.
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4.11 Proposition (Type of the modified bundle). Let a; > -+ > ay
be the type of E and let F*& (a € 7Z) be the natural associated filtration
(cf. Exercise 4.8). Let a(L°) be the integer a such that L° C (FE)pme and
L° ¢ (FY"LE) 0. Let j = j(L°) be the smallest integer i such that a; = a(L°).
Then the type of &(L°m°) is

a1>-~->aj,1>aj+1:a(L°)+1>aj+12--~>ad.

Proof. Let us first be more explicit concerning the definition' of the integer
J(L?) from a(L°): it is the unique integer j € {1,...,d} such that there exists
/>0 with

a(l?)=a; = =aj4s, a(L®) <aj_1, a(L®) > ajtoq1.

We thus have a(L°) +1 < a;j—1 (by convention, ag = +00).

If d = 1, the result is clear because, in this case, the line L° is equal to the
fibre E,o and &(L°m°) ~ &(1).

For d > 1, let us choose, according to Theorem 4.4, a decomposition & =
@le.iﬂi where £, ~ O(a;). If L° = Lj 0 for some j, we similarly have
E(L°m?) = B, % ® Z;(1) and the result is clear.

In general, with the notation above,

1° Fa(L")EmO = Ll,mo DD LjJrl,mO

and
Lo¢ FAE) R o = Ly o @ - @ Lj_1 mo.

We can then modify the decomposition
Fa(LO)Em," =Limo® - ®Lj_1mo®Ljmo®- D Ljtgme

as
Fa(L )Emo =Limo® D Lj_1mo® L;,m" DD L;+e7mo
in such a way that L;7mo = L°. It is therefore enough to show that there exists

a corresponding decomposition

j—1 J+e d
(4.12) c=(@z)e(@s)e( @ 2),

i=1 i=j i=j++1
as this reduces to the previous situation, and thereby ends the proof.

In order to do so, let us choose an isomorphism .%; ~ Op1(a;m°), whence

a basis of each L;mo (i € {1,...,d}); let us choose a basis of each L}, .
(k € {1,...,£}); the projection p;y : L;+k7mo — Lj o is then the multiplica-
tion by some complex number oy, equal to zero if i > j + ¢. We consider the
homomorphism Op1 (a(L°)m?) — Op1(a;m°) obtained from the natural homo-
morphism by multiplying it by a;r. We thus get, by direct sum, an injective

LIt is taken from the proof that O.Gabber gives to Theorem IV.2.2.
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homomorphism Op: (a(L°)m?®) — @5:1 Op1(a;m°), which defines a subbun-
dle of this direct sum and hence a subbundle £/, of & (k € {1,...,(}). One
then verifies (exercise) that this family of subbundles satisfies (4.12). O

4.13 Definition (of the defect). Let & be a bundle of rank d on P! of type
ay = -+ = agq. The defect of E is the integer 0(E) = Zle(al —a;).

The defect is a nonnegative integer and the bundle E has “defect zero” if
and only if it is quasitrivial.

4.14 Corollary (Lowering the defect). If L° C E,, is not contained in
(F% )0, we have §(E) > 0 and 6(E(L°m?)) = 6(F) — 1.

Proof. This immediately follows from the inequality a1 > a(r0). O

4.d Algebraic and rational vector bundles

If one uses the Zariski topology instead of the usual topology on P!, one gets
the category of algebraic (instead of “holomorphic”) and rational (instead of
“meromorphic”) vector bundles. The functor which associates to each such
bundle its “analytization” is an equivalence between the algebraic categories
and the corresponding holomorphic categories (cf. [Ser56]).

In the algebraic framework, the bundles have a somewhat simple descrip-
tion in terms of cocycles. Let us denote as above Uy the chart of P! with
coordinate t centered at 0 and U, the chart with coordinate ¢’ centered at oo.

Recall the correspondence (cf. [Serb5] and §0.10.a) on any affine open
set U:

Vector bundles on U <= Free modules of finite rank over C[U]

where C[U] denotes the ring of regular functions on U, that is, if for instance U
is contained in Uy, the ring of rational fractions in ¢t which have poles in Uy\U.
Any algebraic vector bundle on P! can be represented by a cocycle relative
to the covering (Up, Uy, ), that is, an element of GL4(C[t,t71]).
The rational bundles which have a pole only at 0 and oo are the algebraic
bundles on the affine open set Uy N Uy, that is, the free modules of finite rank
over the ring C[t,t~!] of Laurent polynomials.

4.15 Proposition. Let M be a rational bundle of rank d on P* with poles at 0
and oo (i.e., a free C[t,t~]-module of rank d).

(1) The lattices of M correspond to the pairs (Eg,Ew), where Eg (resp. Ex)
is a free C[t] (resp. C[t'] )-module of rank d contained in M, such that

Clt,t V@ Eg=M and C[t',t'"!] ® Eew =M
C[t] C[t']

with t = t~1.
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(2) The following properties are equivalent:
(a) the lattice corresponding to (B, Eoo) is trivial;
(b) we have in M the decomposition Eso = (Eg NEwo) @ t'Exo;
(¢) we have in M the decomposition Eg = (Eg NEy) @ tEq;
(d) we have M = Eg ® t'Eo or also M = Eo, @ tEy.

Proof. Let us only indicate why one of the decompositions (b) or (¢) implies
triviality for the lattice E associated to (Eg, Es ). The remaining part is left
as an exercise.

We first identify I'(P',E) with Eq N E.,. The existence of the decompo-
sition (b) means that the natural restriction mapping I'(P*,E) — i E is an
isomorphism. Birkhoff-Grothendieck theorem (in its algebraic version), plus
Exercise 2.3-(4), enable us to conclude that the bundle E is necessarily triv-
ial. ]

5 Families of vector bundles on P!

5.a First properties

Let X be a complex analytic manifold, that we will always assume to be con-
nected in the following. A family of holomorphic bundles on P! parametrized
by X is, by definition, a holomorphic bundle E on the manifold M = P! x X.
For any € X, we can then consider the restriction E, of the bundle E to
the submanifold P! x {z} = P! (cf. §0.3.3). Each bundle E, has some type
ay(z) = -+ > aq(x). As this type consists of integers, one can imagine that it
remains constant when x varies in some dense open set of X. Such is indeed
the case. More precisely, one can show (see for instance [Bru85]), that there
exists a stratification of X with constant type of E,, namely, there exists a
partition of X into complex analytic (not necessarily closed) submanifolds,
above each of which the restriction of F has constant type; the closure of each
of these submanifolds is a closed analytic (possibly singular) subset of X; the
topological boundary of any submanifold of the family is a union of other
submanifolds of the family.

Notice that all the “degeneracies” are not possible. Corollary 5.4 (see be-
low) shows for instance that, if at some point of X the type is that of the
trivial bundle, the same property holds at any nearby point. Moreover, there
is a simple constraint on the type of the bundles E, for z € X (cf. for in-
stance [BS76, Chap. 3, Th.4.12] for the complex analytic case and [Har80] for
the algebraic case):

5.1 Proposition (In a deformation, the degree stays constant). If the

manifold X is connected, the degree function deg : x — Z?:l a;(x) is constant.
O
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When one replaces the Riemann sphere P! with a compact Riemann sur-
face, the Harder-Narasimhan polygon of the bundle indicates possible degen-
eracies (see for instance [Bru85] for a precise study on any compact Riemann
surface). For the Riemann sphere, one recovers the polygon of Figure I.2.

5.2 Example (of a nontrivial deformation). The non-split extension (2.7)
enables us to construct a family E of bundles of rank 2 on P!, parametrized by
the complex line X = C with coordinate z, such that Ey ~ Op1(—1) & Op1(1)
and E, ~ Op1 ® Op1 for any z € C \ {0}.

Let E’ be the trivial bundle of rank 2 on P! x C. The trivial bundle E}, on P!
contains a subbundle Fy of rank one isomorphic to Op1 (—1). Let then & be the
subsheaf of & whose local sections belong to Fy when restricted to z = 0. One
can check, as in Exercise 4.10, that & is locally free of rank 2. As E and E’
coincide away from z = 0, the bundles E, are trivial for any z € C ~\ {0}.

One can write & = % + 2&’ C &', if F is the pullback bundle of .% on
P! x C. Let us set % = &5/ Fo ~ Opi (1) and G = &' /.F. We will explicitly
give a homomorphism 4, — &y, the image of which only meets .% on the zero
section, thereby showing that &y = % ®%. In order to do that, let us remark
that we have a homomorphism

G =E)F 25 &)28

induced by multiplication by z, as 28" C & and z.# C z&. Moreover, the sub-
sheaf 2% has image 0, as z2&" C z&. We thus get the desired homomorphism

Go =924 =5 &)26 = &.

5.b Rigidity theorems

We will mainly consider the case where the restriction E, of E to P! x {x},
for x general enough, is isomorphic to the trivial bundle. We will use some
fundamental results of the theory of coherent sheaves, for which we refer to
[BS76, Chap. 3] or [Fis76]: the semicontinuity of the dimension of fibres of a
coherent sheaf and a criterion of local freeness, the coherence of direct images
by a proper morphism (statement for a family analogous to the finiteness
theorem 3.1) and the proper base change theorem. We will thus assume in
this section some familiarity with the theory of coherent sheaves?.

In particular, we will use the fact that the support of a coherent sheaf 77
on X is a closed analytic subset of X and that, at any point x of this support,
the fibre J# /m, . of this sheaf3, that is, the set of values at = of the germs
of sections of ., is not equal to zero (Nakayama).

2 The reader will find a direct proof (i.e., not referring to the theory of coherent
sheaves) of Theorem 5.3 and of Corollary 5.6 in [Mal83c].

3 We denote by m, the sheaf ideals equal to Ox on X \ {z} and with germ at =
equal to the maximal ideal of Ox .
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If E is a bundle of rank d on P! x X, the degree of its restriction to the fibre
P! x {2} does not depend on z, if X is connected, as follows from Proposition
5.1. If we still denote by Opiy x (1) the pullback by the first projection of
the bundle @p1(1) and & (k) = Opry x (k) ® &, we see that the degree of the
restrictions of &(— deg &) is zero.

On the other hand, if 7 denotes the projection P! x X — X and if .Z is a
locally free sheaf on P! x X, the sheaf R*7,.Z (k € N) is (see [God64, §4.17])
the sheaf associated to the presheaf

Vi— Hk(]P’l x V,.7).

It is a coherent sheaf on X (Grauert’s Theorem; see for instance [BST76,
Chap. 3, §2]). It is zero for k > 2: indeed, if .%, is a bundle on P! x {x},
we have H*(P',.%,) = 0 for k > 2, as mentioned in Theorem 3.1; we can then
apply [BS76, Cor.3.11]. Tt follows from this vanishing that the formation of
R'7,.7 is compatible with base change (see [BS76, Cor.3.5]). In particular,
the fibre at  of R'7,.7 is equal to H'(P',.%,).

5.3 Theorem (The nontriviality divisor). Let X be a connected complex
analytic manifold and let E be a holomorphic bundle of rank d on P' x X such
that, for any x € X, the restriction P* x {x} has degree zero.

(1) The support © of the sheaf R'm,&(—1) is the set of points v € X such
that the restriction of E to P! x {x} is not trivial.
(2) If © £ @ and © # X, then O is a hypersurface of X.

Proof. According to the preliminary remarks above, the first point is a
straightforward consequence of Exercise 4.7. It remains thus to show that
the support O, that we will assume nonempty and # X, is a hypersurface?.
Let us begin with some remarks on determinant bundles.

Let .# and ¢ be two locally free sheaves of &'x-modules having the same
rank d and let ¢ : F — ¢ be a non identically zero homomorphism. In local
bases of .% and ¢, the determinant of its matrix is a holomorphic function,
the zero locus of which is the set of points where ¢ is not an isomorphism.
In a more intrinsic way, we call determinant bundle of % the line bundle
det.# = AY.Z and det ¢ the homomorphism det.# — det% whose matrix in
a local basis of det .# and det¥ (obtained from a basis of F' and G) is the
determinant of that of ¢. It is also a section of the bundle det ¥ @ (det . %)Y,
where (det %)Y is the dual bundle of the line bundle det.% (it is also its
inverse in the sense of tensor product, cf. §0.7).

If ¢ : F — 9 is injective, the cokernel € of ¢ is a coherent sheaf on X and
its support is the set of zeroes of the section det ¢: if this set is not equal to X,
it is a closed analytic hypersurface of X, empty if and only if ¢ is everywhere
an isomorphism.

4 The proof which follows is inspired by that of [0SS80, p.214-217]. T learned it
from J. Le Potier.
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We will therefore show that the sheaf R'7,.&(—1) admits, in the neigh-
bourhood of any point x° of ©, a presentation of the previous kind, that is,
that there exists an exact sequence of sheaves on some neighbourhood of z°
in X

0— F —% — R'n.&(—-1) — 0,
with .Z and ¢ locally free and having same finite rank.

Let us first show that, up to replacing X with a sufficiently small neigh-
bourhood of z°; there exist an integer ¢ and a surjective homomorphism

(%) & = Opryx (@) — E(-1).

Indeed, there exists an integer r such that the restriction of &(r) to P! x {z°}
is generated by its global sections, that is, there exists a surjective homomor-
phism @0 : ﬁ]glx{zo} — &po(r) (if &0 has the decomposition EB?:l Op1(a;),
choose r such that r + a; > 0 for all 7).

For such an r, we also have R'w,. & (r) = 0: indeed, we have seen that,
in our situation, R'm, commutes with restriction to z°; with the previous
choice of r, we thus have R'm,&(r)zo = 0, by the vanishing theorem 2.10; as
R'7,&(r) is coherent, Nakayama’s Lemma implies that the germ of R'7,& (1)
at x° is zero, hence R'7,&(r) is identically zero in some neighbourhood of z°;
on such a neighbourhood, m, commutes then with restriction to x°; therefore,
any section of & (7). can be locally lifted to a section of &(r).

In other words, the surjective morphism ¢,o can be lifted, if X is suffi-
ciently small, to a morphism ¢ : ﬁgl «x — &(r). Using once more Nakayama’s
Lemma at points of P! x {2°}, and up to shrinking X once more, we get the
surjectivity of ¢. We now tensor ¢ with Opiy x(q), with ¢ +7 = —1, in order
to get the existence and the surjectivity of (x).

Let 2 be the kernel of (x). We will apply the long exact sequence of
cohomology for the functor 7., obtained from the exact sequence 0.6.2 by
passing to direct limit on neighbourhoods of z° € X.

Let us first remark that the sheaf m,&(—1) is zero: its restriction to fibres
P! x {x}, = & O, is zero as H* (P!, Op1(—1)?) = 0 for any k > 0 (see [BS76,
Cor. 3.11]); on the other hand, it has no local section supported in 6, as such a
section defines a section of the bundle & (—1) on an open set P! x V' supported
in 71O, hence is zero.

Moreover, for any coherent sheaf ¥ on P!, the cohomology groups
H¥(P, %) vanish for k > 2: we have mentioned this above for locally free
sheaves (see the proof of Theorem 3.1). The general case of coherent sheaves
follows, by using that any coherent sheaf on P' admits a finite resolution by
locally free sheaves (see for instance [BS76, Chap. 4, Cor. 2.6]).

Therefore, we have Rkﬂ*% =0 for k > 2, when 7 is one of the sheaves
A, & or &(—1) ([BST76, Cor.3.11]).

We finally get

Tl — m.E'
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and an exact sequence
0 — R'n,.# — R'n,& — R'm,&(—1) — 0.

Let us note that ¢ := R'7.&’ is locally free, as it is coherent (proper
direct image of a coherent sheaf) and its fibres have the same rank § =
dim H'(PY, 01 (q)?) (see [BS76, Chap. 3, Lemma 1.6)).

Similarly, .Z := R'7,.# is coherent and locally free of rank equal to 6 on
X \.6. Moreover, being a subsheaf of the locally free sheaf ¢, it has no torsion.
If X has dimension one, we conclude that .# is Ox locally free as, for any
z° € X, the ring Ox ;o is a principal ideal domain. If X has dimension n > 2
and if .% is not locally free, the dimension of the fibre of .# at x° is > ¢ (see for
instance [Fis76, p.54]). Then there exists, up to shrinking X, a system of local
coordinates (x1,...,2,) centered at x° such that the restriction of .# to the
x1-axis has a generic fibre of dimension § and a fibre at 2° of dimension strictly
bigger than §, that is, this restriction is not locally free. As the formation of
Z and ¢ commutes with base change® (properness of 7), this is impossible,
after the result when dim X = 1. Therefore, .# is locally free, with the same
rank as ¢, and the support of R'7,&(—1) is a closed analytic hypersurface
of X. |

The rigidity statement below will be essential. As B. Malgrange remarked,
it is basic for the Painlevé’s property of some systems of differential equations
considered later.

5.4 Corollary (Rigidity of trivial bundles on P!). Let E be a bundle of
rank d on the product P* x X. We assume that there exists x° € X such that
E° = Epiy (40} s trivial. There exists then an open neighbourhood V' of x°
in X such that the restriction of E to P! x V is trivial.

Proof. After Theorem 5.3-(1), there exists an open neighbourhood W of z°
such that Fjp1 (4 is trivial for any x € W. We thus have H* (P!, Eiprx{zy) =0
for any k > 1; therefore, as indicated before the statement of Theorem 5.3,
we have Rkﬂ*@“’ =0 on W for any k > 1. It follows that the formation of 7.&
commutes to base change. Hence, denoting m,. the maximal ideal of Ox o,
we have I'(P!, £°) = 7m,.&/mgom,.& and this space has dimension d. Let us
choose a basis €7, ..., e5 of it and let eq, ..., eq be liftings in (7, &) 0. We thus
get, for V sufficiently small, a homomorphism

. pd
e.ﬁplxv B HP’IXV'

In a local basis of &jp1 v/, its matrix A(t, x) satisfies det A(t, ) # 0 for any ¢

as, E'° being trivial, it admits ef,...,e5 as a local basis. It follows that, up
to taking a smaller V', we also have det A(¢,z) # 0 for any ¢ and any = € V.
Therefore, e is an isomorphism. |

5 As .7 may not be locally free, we have to use a resolution by locally free @pi 41~
modules to get the assertion for .# from [BS76, Chap. 3, Th.3.4].
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5.5 Remarks.

(1) We also get that & is locally free of rank d on X ~\ 6.

(2) The following analogy can be helpful in understanding the proof of this

corollary. Let H be a finite dimensional C-vector space and let d be an
integer < dim H. The Grassmannian Gr(d, H) of d-dimensional subspaces
of H is equipped with a “tautological” bundle & whose fibre at the point
[E] representing the subspace E C H is precisely this subspace (for d =1
and H = C?, we have Gr(1,C?) = P! and & = Opi(—1)). Let us fix
a d-dimensional subspace E° C H and a projection p : H — FE°, that
is, a decomposition H = E° @ F°. We deduce, for any F € Gr(d, H),
a morphism ¢ : E — FE° that we regard as a morphism ¢ from & to
the trivial bundle Og,q,z) ®c E° with fibre E°. This morphism is an
isomorphism away from the locus ©, where det ¢ = 0. We regard det ¢ as
a morphism from the line bundle det & to the trivial bundle of rank one,
that is, a section of the bundle det & dual to det &. Therefore, 6, is a
hypersurface of Gr(d, H) (which depends on the choice of p).
Condition (2d) in Proposition 4.15 suggests to extend the reasoning above
to the case of an infinite dimensional space (i.e., take H = M). This is
meaningful when H is a separable Hilbert space (cf. [PS86, Chap.7]), for
instance the space of L? functions on the unit circle. The proof of [Mal83c]
uses these kind of methods.

We can now be more precise concerning Corollary 5.4 in the neighbourhood
of a point of ©:

5.6 Corollary (Meromorphic trivialization). Let E be a bundle of rank d
on P! x X having degree 0. We assume that the support © of le*é’(fl) 18
a (possibly empty) hypersurface. Then, for any x € X, there exists an open
neighbourhood V' of x and a meromorphic trivialization

Epixy (x1710) ~ O, (x771O).
Proof. 1t is a consequence of the following lemma:

5.7 Lemma. Let ¥ be a Ox-coherent sheaf, locally free of rank d on X \ ©.
Then Ox (xO) @g, F is locally free of rank d as a Ox (xO)-module.

Indeed, Remark 5.5 enables us to apply this lemma to 7,.&. Let us pick
2° € © and let (eq,...,eq) be a basis of 7,8 (x60) 0. This basis defines thus a
homomorphism

€: ﬁglxv(*ﬂilg) - g(*ﬂilé)lﬂ"lxv

if V' is a sufficiently small neighbourhood of x°. As e induces a basis of each
bundle &jp1y .y for z € V \ O, it follows as above that e is an isomorphism.
O
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Proof (of Lemma 5.7). Let us pick z° € ©. As # is coherent, we have
dim %o /mmo%o 2 d.

Let us choose d independent vectors ¢f,..., ¢4 in this space. They can be
lifted in d independent local sections ¢1,...,¢4 of Z# on a sufficiently small
neighbourhood V' of 2°. These ones define a homomorphism ¢ : 0% — Ay -
The latter is an isomorphism on V \ © as .Z is locally free of rank d there
and as the determinant of these sections, regarded as a homomorphism from
Ox to NL.Z, does not vanish on V. The kernel # and the cokernel € of ¢
are coherent sheaves with support in @. If # = 0 is an equation of © in the
neighbourhood of x°, # and ¥ are killed by some power of #. In particular,
we have
Oy(x0) @ # =0 and Oy(xO) @ € =0.
Oy Ov

As Oy (x0) is flat over Oy (see for instance [Bou98]), we conclude that ¢
induces an isomorphism O (x@) — .7 (xO)|y . O

Let i and i be the zero and infinity sections from X to P! x X. Let us
consider both natural restriction morphisms

po i T8 — i5E  and  poo i T — 156
The mapping pg is given, for any open set V of X, by
(P x V,&) — ['({0} x V, &)
s(t,x) — s(0, x)

and po is defined similarly.

Let E be a bundle of rank d on P! x X. We assume that there exists 2° € X
such that E? := Ejp1, 0} is trivial. There exists then, after Theorem 5.3, a
(possibly empty) hypersurface © of X not containing x° and such that E, is
trivial for any x € X \ 6.

5.8 Corollary (Canonical identification between the restrictions to 0
and to oo). With this assumption, the restriction morphisms py and poo
induce isomorphisms after tensoring with Ox (x0); in particular, on X \ O,
the vector bundles m.&)x o, 56| x e and i3 E|x e are isomorphic via pg and
Poo- One also has, after applying the functor 7, isomorphisms of meromorphic
bundles

E(xr71O), TS rO) and THiHE(xntO).

Proof. Let us notice first that ij& and i & are two vector bundles on X
(restrictions of the bundle &). After Corollary 5.6, the bundle & (x7~1O) is
a meromorphic bundle trivialized on open sets P! x V. We want to verify
that the morphisms pg and p, are isomorphisms. It is enough to check this
property locally on X. We may thus assume that &(*m~10) = Op1 .y (¥0)4
and in this case the result is obvious.

The third part of the corollary is proved in the same way. O
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The Riemann-Hilbert correspondence
on a Riemann surface

In this chapter, M denotes a Riemann surface, i.e., a complex analytic man-
ifold of dimension one (cf. §0.2) which will always be assumed connected. A
general presentation of the properties of Riemann surfaces is given in [Rey89].
Their topological properties (that of their fundamental group in particular)
are analyzed with details in [Gra84, Mas67].

1 Statement of the problems

Let X be a discrete set of points of M and let o be a base point in M ~ Y. If
for instance M = P!, the set X' = {mg, m1,...,m,} is finite, as P! is compact,
and we have P \ X' = C ~ {my,...,m,} (by taking co = myg); therefore, the
fundamental group 71 (M ~\ X, 0) is the free group having as generators the
classes of the loops 71, ...,7, drawn in Figure IL.1 (where the point mg is at
infinity), or, in a more intrinsic way, the quotient of the free group with p + 1
generators 7o,...,7%p by the equivalence relation generated by the relation

fyp...fyO:]”

Fig. II.1.

Let us consider some representation 7 (M ~ X,0) — GL4(C). For in-
stance, when M = P! and X = {my, ... ,mp}, giving such a representation is
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equivalent to giving p invertible matrices 11, ..., T, without any other condi-
tion or, in an equivalent way, p 4+ 1 invertible matrices Ty, ..., T, satisfying
Tp---Tp =1d.

According to Theorem 0.15.8, there exists a locally constant sheaf .7 on
M ~. X corresponding to this representation. Moreover, according to Theorem
0.12.8, there is a holomorphic bundle with connection (&, V) on M ~ X' such
that EV = .7, namely & = Oy ®c,, -#. Recall that, as M has dimension
one, such a connection is flat; in higher dimension, one should not forget this
adjective for the analogous problem.

1.1 The very weak Riemann problem. Does there exist a meromorphic
bundle (A, V) with (flat) connection on M, whose restriction to M ~ X is
isomorphic to (&,V)?

1.2 The weak Riemann problem. Does there exist a meromorphic bundle
(A, ) with (flat) connection on M which has a regular singularity (cf. §0.14)
at each point of X and whose restriction to M ~ X is isomorphic to (8,V)?

1.3 The partial Riemann problem. Given a meromorphic bundle with
(flat) connection (Y/,YV) on some connected open set U of M ~ X, hav-
ing poles at a discrete set X' C U, assume that the inclusion U ~ X' —
M ~ (¥ U X)) induces an isomorphism of fundamental groups (for instance
U=M-\X).

e Does there exist a meromorphic bundle with (flat) connection (A ,V)
on M, whose restriction to U is isomorphic to (Y ,YV)?

e (Can one moreover choose (M ,V) with a regular singularity at each point
of X¢

We will show that the answer to these questions is positive. Moreover, the
solution is unique when one asks for the regular singularity condition at each
point of X: we thus get the bijectivity of the Riemann-Hilbert correspondence
between representations of the fundamental group 71 (M ~\ X, 0) and mero-
morphic bundles with (flat) connection having a regular singularity at each
point of X

When M is compact (for instance M = P!), one can deduce, by using
a GAGA! type theorem (see Remark 1.4.6) that the bundle with connection
can be chosen algebraic. This is one of the main motivations for these kind of
theorems.

A solution to the partial Riemann problem, in the case where M = P!,
Y ={oo}, X’ = {0} and U is a disc centered at the origin, as in the remark
above, enables one to algebraize the germs of meromorphic connections (see
§3.c).

When M = P!, any meromorphic bundle, whose set of poles is nonempty,
is isomorphic to the sheaf @p1 (xX)¢ (cf. Corollary 1.4.9), so that, by taking

! This means “analytic geometry and algebraic geometry”.
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a basis of this sheaf, one can translate the statements on the connection into
statements on meromorphic differential systems.

For the solution to these problems, we will need a precise local study of
regular singularities. The question of deforming Birkhoff’s problem, which we
will consider with details in Chapter VI, will involve a precise local study of
irregular singularities, which we will do in §§5 and 6.

In order to do so, we will take a classic point of view from linear algebra:
before solving a linear system of differential equations, we give it a “normal”
form, in such a way that its resolution becomes easier. We will first introduce
the possible normal forms, which we will call “elementary models”. Producing
the normal form will involve the resolution of a linear system of the same kind
to find the matrix of the base change.

2 Local study of regular singularities

In this section, the Riemann surface M is the disc D = {t € C | |¢t| <
r}, where r is arbitrarily small, so that 0 is the only possible pole of the
meromorphic functions that we consider. More precisely, we consider the germ
(C,0) of Riemann surface.

2.a Some definitions

Let us take up in a local setting the notions introduced in §0.14. We consider
the (germ of) trivial bundle of rank d on the germ (C,0), equipped with the
connection with matrix 2 = A(t)dt, where the entries of A are germs of
meromorphic functions with pole at 0.

The ring of germs of meromorphic functions with poles at 0 is the ring
C{t}[1/t] of converging meromorphic Laurent series. More precisely, it is a
field, that we will denote by k. The usual action of the derivation makes it
a differential field, with field of constant (elements killed by the derivation)
equal to the field C: a meromorphic Laurent series with zero derivative is
constant.

Therefore, a germ of meromorphic bundle with connection is nothing but a
k-vector space of rank d equipped with a derivation compatible to the deriva-
tion of k. It amounts to giving a square matrix A(t) of size d with entries in k
or also the matrix 2 = A(t) dt.

Two (k, V)-vector spaces are isomorphic if and only if the corresponding
matrices 21 and {25 are related by a meromorphic base change P € GL4(k),
via the relation

=P ' P+ P 'dP

and the matrices A; and Ay by the relation

(2.1) Ay(t) = PP A P+ PP
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A (k,V)-vector space M of rank d defined by a matrix A;(¢) has a reqular
singularity at 0 if there exists a matrix P € GLg(k) such that the matrix
Ay obtained after the base change (2.1) has at most a simple pole at t = 0.
Otherwise, the singularity is called irregular.

A lattice of this (k,V)-vector space is a free C{t}-module & C M such
that

k@ &=M.
c{t}

2.b Rank one

The classification of such systems is simple: if a(t) dt is the “matrix” of the
system, then a system of matrix b(t) dt is meromorphically equivalent to the
first one if and only if b(t) = a(t) + p'(t)/p(t) for some meromorphic germ
pEk.

2.2 Proposition (Regular singularities in rank one).

(1) A (k,V)-vector space of rank one has a regular singularity if and only if,
in any basis, the matriz a(t) dt of the connection has a simple pole. There
exists then a basis in which the matriz takes the form adt/t with o € C.
It admits a horizontal meromorphic section if and only if o € 7Z.

(2) Two (k,V)-vector spaces of rank one with reqular singularity, with matri-
ces ay(t) dt and as(t) dt, are isomorphic if and only if a1 —ag has a simple
pole with integral residue at 0.

Proof (Sketch,).

(1) One shows that a meromorphic function ¢(¢) can be written as p’/p with
p meromorphic if and only if ¢ has at most a simple pole at 0 with integral
residue.

(2) A homomorphism (M;, V) — (Mg, V) is an isomorphism if and only if it
is nonzero, as My and My have rank one. It is a horizontal section of the
(rank one) (k, V)-vector space Homy (M7, Ms). The matrix of V on this
space is (as — ay) dt. O

Let us pick o € C and let e be a basis of some (k, V)-vector space of rank
one with respect to which the matrix of V is aedt/t. A horizontal section on
an open set U of D\ {0} takes the form s(t) = u(t)e where u is a holomorphic
function on U satisfying Equation (0.12.7), which can be written here as

u'(t) + au(t) = 0.

If U is simply connected, Such an equation has a solution, namely u(t) =
e~logt if Jog is some determination of the logarithm on U. We denote by ¢t~
this function.
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2.3 Exercise (Lattices of (k,V)-vector spaces of rank one). Let M be
a (k,V)-vector space of rank one and let € be a lattice. Let e and e’ be two
bases of € and let a(t)dt and b(t) dt be the corresponding “matrices” of the
connection.

(1) Prove that there exists a germ p of invertible holomorphic function such
that b(t) = a(t) + p'/p.

(2) Show that a meromorphic function ¢ can be written as p’/p, with p holo-
morphic invertible, if and only if ¢ has at most a simple pole (at t = 0)
with a nonnegative integral residue.

(3) Infer from this a classification of lattices of a (k, V)-vector space of rank
one with regular singularity.

(4) Deduce more generally a classification of lattices of a (k, V)-vector space
of rank one.

2.c Models in arbitrary rank

We now consider a (k, V)-vector space (M, V) of rank d > 1 equipped with a
basis e = (eq,...,eq) in which the connection matrix takes the form

(2.4) () = A%

where A € My(C). There exists a constant matrix P € GLg(C) such that
J = P~ 1AP takes the Jordan normal form. The connection matrix in the
basis € = e - P can be written as

Q') = J%

as the term P~'P’ is zero, the matrix P being constant. One can remark
that the object we consider is the restriction to a neighbourhood of the origin
of a meromorphic bundle with connection on C with pole at the origin only
(because the coefficient of d¢ in the matrix {2 is a rational fraction with pole
at 0 only).

2.5 Definition (Elementary regular models). We define an elementary
reqular model as a (k,V)-vector space equipped with a basis in which the
connection matrix is written as

Q) = (a1d +N)%

where « € C and N is a nilpotent matrix. If N is a single Jordan block, we
denote it by Ng qg.

Note that the connection given in (2.4) is isomorphic to a direct sum of
elementary regular models: indeed, this is true after the base change P, as
the matrix {2’ is blockdiagonal, each block taking the “elementary” form of
Definition 2.5; this is thus also true before the base change.
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2.6 Exercise (Horizontal sections of elementary regular models). We
assume that the matrix N has a single Jordan block, of size d > 1.

(1) Prove that, on any simply connected open set U of D~ {0}, the horizontal
sections s of the elementary regular model with matrix (aId +N) dt/t are
obtained by taking the linear combinations with coefficients in C of the
columns of the matrix

log 1) log )
(@1dN) _ ja (Id—Nlogt+N2(O§,)+"'+(_N)d(0§') >,

that is, of the form s(t) = t~(“19+N) . 5 with ¢ € C%.

(2) Prove that the monodromy representation (cf. §0.14) defined by the hor-
izontal sections of an elementary regular model associated to the matrix
ald+N is given by

T = exp (—2ir(aIld+N)).
(3) Prove that the horizontal sections have moderate growth near the origin,
that is, for any horizontal section s on the neighbourhood of a closed

angular sector with angle < 27, there exist an integer n > 0 and a constant
C > 0 such that, on this closed sector,

sl < ™.
Deduce analogous properties for any model (2.4).

2.7 Exercise (Extensions of elementary regular models). Prove that,
if a — o’ is not an integer,

(1) any homomorphism of (k, V)-vector spaces ¢ : Ny g — Nos @ 18 zero;
(2) any (k, V)-extension of Ny g by Nos ¢ splits.

2.d Classification of (k, V)-vector spaces with regular singularity
at 0

Let (M, V) be a (k, V)-vector space of rank d with regular singularity. There
exists, by definition, a basis e of M in which the matrix of V is

dt

t

where A(t) is a matrix of size d with holomorphic entries®.

02(t) = A1)

2.8 Theorem (Normal form regular singularities). With these condi-
tions, there exists a matriz P € GL4(k) such that, after the base change of
matriz P, the matriz 2 of the connection takes the form

2'(t) = BO%

where By € My(C) is constant.

2 If A(0) = 0 the singularity is only apparent (in the sense given in Exercise IV.2.3).
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We then deduce from the results of §2.c:

2.9 Corollary (Sufficiency of elementary regular models). Any (k,V)-
vector space with regular singularity is isomorphic to a direct sum of elemen-
tary regular models. O

2.10 Important remark. The matrix By that one gets is not necessarily
equal (or conjugate) to the matrix A(0) (see however Exercise 4.5 for what
concerns the characteristic polynomial).

Moreover, the matrix exp(—2imBy) only depends, up to conjugation, on
(M, V), as it is the monodromy matrix of horizontal sections (cf. Exercise

2.6-(2)).

The proof of Theorem 2.8 is done in two steps (see for instance [Was65],
[Mal74]). One first constructs the matrix P(¢) as a formal series, then one
proves that this series has a nonzero radius of convergence.

We denote by k the field of meromorphic formal Laurent series, i.e., the
series Zn>_n0 a,t™, for which the series Zn>0 ant™ may have a zero radius
of convergence (we also denote by C[¢t] the ring of such series).

2.11 Proposition. Let 2 = A(t)dt/t, where A(t) has entries in C[t]. We
moreover assume that any two eigenvalues of the matriz A(0) do not differ by
a nonzero integer. There exists then a matriz P € GL4(C[t]) such that

P YAP +tP~'P = A(0).
This proposition is completed by:

2.12 Proposition. Let 2 = A(t) dt/t, where A(t) is a matriz with entries in
C[t]. There exists a matriz Q € GL4(C[t,t71]) such that the eigenvalues of
B(0), where B(t) is defined by
B(t) == Q' AQ +1Q7'Q),

do not differ by a nonzero integer.

We deduce from both propositions the statement of Theorem 2.8, if we
accept matrices P with possibly nonconverging entries. The matrix A(t) we
start with has converging entries, as does the (constant) matrix By we get,

but the matrix of the base change possibly not. It will thus be necessary, in
order to achieve the proof of Theorem 2.8, to show:

2.13 Proposition. The matriz of the base change P obtained in Proposition
2.11 has converging entries.

Proof (of Proposition 2.11). Tt follows that given in [Mal74] by B. Malgrange
(see also [Ganb9] or [Sab93, §1.5.2]). We search for a matrix P satisfying, if
we put A(t) = Ao +tA1 + -,

P7AP +tP7'P' = A,.
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One can regard this relation as a differential equation satisfied by ﬁ, namely
(2.14) tP' = PAy — AP.

We a priori set P=1d +tP, +t?Py + - - -, where the P, are constant matrices
to be determined. We will determine them in an inductive way: in degree ¢,
Equation (2.14) is written as

(215) Py = PgAO — Aopg -+ ng(Pl, - ,Pg_l; Ao, e Ag),
where @, is a matrix depending in a polynomial way on its variables.

2.16 Lemma. Let U € M,(C) and V € M,(C) be two matrices. Then the
following properties are equivalent:

(1) for any matriz Y of size ¢ X p with entries in C, there exists a unique
matriz X of the same kind satisfying XU — VX =Y;
(2) the square matrices U and V' have no common eigenvalue.

Let ¢ > 1. Let us assume that we have determined the matrices P
(k < £—1). The relation (2.15) can be written as in the lemma, with X = P,
Y =¢,, U =/0Id—Ag and V = —Aj. Because of the assumption on Ay, and
as £ > 1, the condition in the lemma is fulfilled, as it means that there does
not exist a pair (A, \') of eigenvalues of Ay with A — X = ¢. We can thus
determine a matrix Py which is a solution of (2.15) if we know the matrices
P, for k </ —1. O

Proof (of the lemma). Let ¢ : CI*P — C?*P be the linear map defined by
»(X) = XU -V X. One shows (for instance assuming first U and V' diagonal-
izable, then using a density argument) that the eigenvalues of ¢ are exactly
the A\; — p1j, where \; belongs to the set of eigenvalues of U and p; that of V.
Hence ¢ is bijective if and only if none of the differences \; — p; is zero. [

2.17 Remark. With the assumption made in Proposition 2.11, any solution
P € GLg(k) is in fact in GL4(C[t]). More generally, if u € k? is the solution
of a system of the kind tu/(t) + A(t)u(t) = 0 with A € My(C[t]) such that the
possible integral eigenvalues of A(0) are > 0, then u(t) € C[¢]?. Indeed, if u,
denotes the coefficient of #* in u, the term (¢Id —A(0))u, can be expressed in
terms of the u; for j < ¢; by induction, we deduce that u, = 0 for £ < 0 as, in
this case, £Id —A(0) is invertible.

Proof (of Proposition 2.13). It is thus a matter of verifying that, if A(¢) has
entries in the ring C{¢} of converging series, so does the matrix P. We will
not compute the radius of convergence of the series defining P: this would
lead us to annoying computations. Let us rather remark that Equation (2.14)
defines P as a horizontal section of a differential linear system of rank d? and
that the matrix of this system has at most a simple pole at 0 (the residue of
which is the endomorphism ad Ay of My(C), defined by ad Ag(X) = [Ag, X] =
ApX — X Ap). The proposition is therefore a particular case of Proposition 2.18
below. g
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2.18 Proposition (Any formal solution is convergent). Let A(t) be a
matriz in Mg(C{t}). Any vector u(t) with entries in C[t] which is solution of
the system tu'(t) + A(t)u(t) = 0 has converging entries (i.e., in C{t}).

Proof. We will use the method of bounding series®. Let us write

400
u(t) = Zuktk and A(t) = Ag +tA + -
k=0

so that the equation satisfied by u can be written as
¢
AQUO = 0, (gId —AQ)UZ = — ZAj’ug,j (Z > ].)
j=1

Let £y be such that £Id — Ay is invertible for any ¢ > £y. There exists then? a
constant ¢ > 0 such that H(Md —AO)*IH < ¢ for any ¢ > (g, if we set, for any
matrix B = (b;;), || B|| = max; >_ [bij|. As a consequence, for £ > o,

¢
luaell < ¢y 1A | lue—s
j=1

Let us set

[lee]| for £ < £y
0 = Vi
3 e 1A lue—j |l for €= o.

One checks by induction on £ that |Jug|| < ve for any £. Let us then show that
the series Y, vst’ is convergent: this will give the desired result. Let us set
o(t) = j:OT |A;| #7. This is a converging series.

2.19 Lemma. We have

oo Lo J
> vt = (1= el ol + 3 (Tl = e 3 14i) ug-il ) |
(=0 j=1 i=1

Proof. Exercise. O

As ¢(0) = 1, the function (1 — ¢p(t)) is invertible in the neighbourhood
of the origin; moreover, the term between the brackets is a polynomial. The
convergence of the series Y _,° vet? in the neighbourhood of t = 0 follows. [

3 At last, some analysis!
* Hint: Use that, for a matrix B such that |[|B]| < 1, the series log(ld —B) :=
_Zj21BJ /7 converges and deduce that, under these conditions, we have

[d-B)~" | < @B
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Proof (of Proposition 2.12). Using a base change with constant matrix, we
first reduce to the case where the matrix Ay is blockdiagonal, each block

corresponding to some eigenvalue \; (i =1,...,p) of Ag. Let us then write
AN 0 ;
A(t) = ( 0y | H DA
0 A =1

where A(()l) is the block corresponding to the eigenvalue A\; and A(()z) to the
eigenvalues \; # A;. Let us set

tld 0
Then the eigenvalues of the constant part By of the matrix B = Q 'AQ +

tQ71Q are A1 + 1, A2, ..., \,. By a finite sequence of such changes, we get a
matrix By satisfying the conclusion of Proposition 2.12. |

2.20 Exercise (Levelt normal form [Ganb9, Lev61]). It is a matter
of giving a normal form to the connection matrix after a holomorphic base
change, even when the connection matrix does not satisfy the “nonresonance”
conditions on eigenvalues, asked in Proposition 2.11.

Let 2 = A(t) dt/t be the connection matrix, with A(t) holomorphic. We
can assume that Ag is blockdiagonal, the blocks corresponding to the distinct
eigenvalues. We denote by D = diag(dy, ..., dq4) the diagonal matrix, the diag-
onal entries of which are the integral parts of the real parts of the eigenvalues
of Ag. We assume that 61 > o > - -+ > d,4: this is possible up to a permutation
of the order of the blocks. We set § = &1 — 64. We thus have the following
properties:

e The endomorphism ad D = [D, ] : My(C) — M4(C) is semisimple.
e The matrix Ay commutes with D and the eigenvalues A\ of Ay — D satisfy
Re(A) € [0, 1] (hence the only integral eigenvalue of ad(Ay — D) is 0).

(1) Prove that there exists a matrix By = Ag + By + -+ - + Bs € M4(C) with
ad D(B;) = —iB; for i > 1, and a matrix P(t) € GL4(C[t]) such that

(a) P(t) = Py +tPy 4+ t2Py + - -,
(b) tP'(t) = P(t)B(t)—A(t)P(t) with B(t) = Ag+tBy+t>By+- - -+t By =
t=PBytP.
[Use that ad(Ag — D) + kId commutes with ad D, hence preserves the
eigenspaces of ad D, and induces there an isomorphism if & # 0; then,
decompose the equation of (b) on the eigenspaces of ad D.]

(2) Show, by using Proposition 2.18, that the matrix Pis convergent. Deduce
that there exists a base change P € GL4(C{t}) after which the connection
matrix takes the form ”

B()5
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(3) By applying the meromorphic base change with matrix P(¢)t =% to the ma-
trix 2 = A(t) dt/t, show that the new matrix is (By — D) dt/t and recover
Theorem 2.8. Deduce that the monodromy matrix is exp(—2iw (B — D)).

(4) Give an example of a matrix A(t) in Ma(C{t¢}) such that the monodromy
of the system with matrix A(t) dt/t is not conjugate to exp(—2iwA(0)).

2.e Canonical logarithmic lattices

Let (M, V) be a (k, V)-vector space and let € be a logarithmic lattice. Let e
be a basis of & over C{t} and £2(¢t) = A(t) dt/t be the matrix of V in this
basis. Then the endomorphism of Ey having matrix A(0) in the basis e does
not depend on the choice of the basis: it is the residue of the connection at
the origin (see §0.14.b), that we will denote by ResV, or also by Resg V to
insist on the lattice which defines it.

We can now be more specific about Exercise 2.6 and construct canonical
logarithmic lattices (also called Deligne lattices) in any meromorphic bundle
with regular singularities. They are obtained by gluing local canonical loga-
rithmic lattices, as constructed below.

The local Deligne lattices enable us to reformulate the classification The-
orem 2.8 in terms of an equivalence of categories.

2.21 Corollary (Deligne lattices). Let (M, V) be (k, V)-vector space with
reqular singularity.

(1) Let € be a logarithmic lattice of M; if the eigenvalues of the residue Resg V
of the connection V on £ do not differ by a nonzero integer, there exists
a basis of € over C{t}, in which the connection matriz takes the form
Ao dt/t, with Ay constant.

(2) Let o be a section of the natural projection C — C/Z (so that two complex
numbers in the image Im o of o do not differ by a nonzero integer). There
exists a unique logarithmic lattice °V of (M, V) such that the eigenvalues
of Resoy V are contained in Imo. Moreover, for any homomorphism o :

M, V) — (M, V),
0(?V) =V(Imp, V) = VM, V') N Tm .

(3) Conversely, let T be an automorphism of C? (defining a local system of
rank d on some disc punctured D*). There exists then a unique (up to
isomorphism) bundle with meromorphic connection on D with logarithmic
pole at O for which
(a) the local system it defines on D* is thatl associated to T,

(b) the residue at 0 of the connection has eigenvalues in Imo.

(4) The functor which associates to any (k,V)-vector space (M, V) with regu-
lar singularity the vector space °H = 7V /t°V equipped with the automor-
phism T = exp (—2iw Resoy V) is an equivalence of categories.
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Proof.

(1)
(2)

This is exactly what gives Propositions 2.11 and 2.13.

The existence of a lattice 7V follows from Proposition 2.12. If € and &’ are
two such lattices, there exists, after (1), a basis e of € (resp. € of £) in
which the matrix Agdt/t (resp. Aydt/t) of V has eigenvalues in Imo. By
arguing as in Proposition 2.11, we see that the matrix of the base change
P € GL4(k) from e to €’ is constant and conjugates Ay with Af. Whence
the uniqueness.

As the image by ¢ of a lattice is a lattice of the image of ¢, the second
assertion follows from uniqueness.

One can decompose in a unique way C? = @@ \ F (Jordan decomposition
of T), where Fy is a direct sum of spaces C[T,T~']/(T — \)* and we
have a corresponding decomposition of the local system associated to T'
on D*. The desired bundle will be decomposed similarly and, to any term
C[T, T~ /(T — \)*, one associates the connection V on the trivial bundle
of rank k having matrix (ald+N)dt/t, with T = exp —2im(aIld+N),
where —2im« is the unique logarithm of A which belongs to 2iwr Im o, N is
a Jordan block of size k and t is a coordinate on D.

If we have two such bundles E and E’, the bundle with meromorphic
connection Jome, (&, &) also has a logarithmic pole at 0 and the eigen-
values of the residue of its connection are obtained as the differences of the
eigenvalues of Res V’ and of Res V. Therefore, the only integral difference
is 0, by assumption.

As the bundles have the same monodromy on D*, there exists an isomor-
phism of the associated locally constant sheaves on D* and hence we get
an invertible horizontal section of J#ome,(&,8") on D*. As the singu-
larity of (Fomg (M, M), V) is regular, this section has moderate growth
(after Exercise 2.6 and Theorem 2.8), and hence is meromorphic at 0. As
the unique integral eigenvalue of the residue of V on .#omg,(&,&") is
> 0, this section is holomorphic at 0 (see Remark 2.17). Its inverse satis-
fies the same property, whence the existence of an isomorphism between
both bundles with meromorphic connection.

Point (3) shows in particular that this functor is essentially surjective. For
full faithfulness, let us first remark that, if ¢ : (M, V) — (M, V') satisfies
e(“V(M)) C t- V(M) then, after (2), we have “V(o(M)) = t-7V(p(M))
and therefore ¢ = 0.

Lastly, let us show that the map induced on the Hom is onto. By choosing
suitable bases, we are reduced to showing that, if Ay and Af are two
square matrices, of size d and d’ respectively, having eigenvalues in Im o,
any matrix P(t) of size d’ x d satisfying PAy — A(P = tP’ is constant.
This follows from Lemma 2.16, as the only integral eigenvalue of the linear
operator P +— PAy— AyP is 0. O
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2.22 Remark (Algebraization of Deligne lattices). One can express the
corollary above in a slightly different way. For any a € C, let us set

M* ={eeM|3n, (tVo/o — ld)" e = 0}.

Then, the corollary implies (by first considering an elementary model) that
M“ is a finite dimensional C-vector subspace and multiplication by ¢ induces
an isomorphism from M® to M**1. Moreover, M® = 0 except if exp(—2ima)
is an eigenvalue of T

Therefore, M := @, M is a free C[t, ¢ !]-module contained in M, stable
under the action of V and which generates M over k. More precisely, the
natural mapping

E ® M—M
Clt,t—1)

is an isomorphism of (k, V)-vector spaces.

Let us set °V = @, 1m0 Dreny MTF. Then “V is the Deligne lattice of
M corresponding to ¢ and we have

C{t} ® V=5 7.
Cl

Lastly, let us notice that the natural mapping

(2.23) @ M — V)tV

aclmo

is an isomorphism compatible with the action of T, if one defines it on the
left-hand term by exp(—2imtVy,5;). One can thus identify M to the graded
(C[t,t71], V)-module

groyM = @ (tF v/t toy).
keZ

2.f Adjunction of parameters

The previous results can be extended without any trouble to a situation “with
parameters”. Although it is in fact not useful for what follows, we will indicate
how they are obtained, and we will take this opportunity to introduce useful
notions concerning irregular singularities. In the remaining part of this section,
the space of parameters X is a complex analytic manifold. Recall the notion
of regular singularity (cf. §0.14):

2.24 Definition (Regular singularities with holomorphic parameter).
A meromorphic bundle .#Z on D x X, with poles along {0} x X, equipped
with a flat connection V, has regular singularity if, in the neighbourhood of
any point (0,z°) of {0} x X, there exists a logarithmic lattice of (.#, V).



96 IT The Riemann-Hilbert correspondence

Let us denote by 5pxx the formal completion of the sheaf Opy x along
{0} x X. This is a sheaf on X = {0} x X. If U is an open set of X, the
space of sections I'(U, ﬁADXx) is the ring Ox (U)[t] of formal series in ¢ with
coefficients in the ring @x (U). The reader will verify that the presheaf U —
Ox(U)[t] is a sheaf on X. The germ ﬁADXx@,O is the subring of Ox .o [t] of
series Y, a;(z)t', where the germs of functions a;(z) € Ox 4o are defined on
the same neighbourhood of x°, i.e., which, as a series of x — z°, have a radius
of convergence bounded from below by the same positive number.

Let 2° € X and (x1,...,2,) be a system of local coordinates centered
at 2°. Let
dt =
_ o (i) .
Q= A(t,x) ; + <§—1 C\(t,x)dx;

be the connection matrix in some basis e of .# in the neighbourhood of (0, z°).
If the matrices A and C”) (i = 1,...,n) have holomorphic entries, (.#,V)
has regular singularity in the neighbourhood of (0, z°).

2.25 Theorem (Normal form of regular singularities with parame-
ter). There exists a basis of the germ .M g zoy in which the matriz of V can
be written as B dt/t, where B is constant.

Proof. Let us first assume that the eigenvalues of the matrix A(0,z°) do not
differ by a nonzero integer. So do the eigenvalues of the matrix A(0,z) for
any x in some neighbourhood U of z°. The endomorphism ad A(0,z) + ¢1d is
thus invertible on U, with a holomorphic inverse at z, for any ¢ € Z ~ {0}.
Formula (2.15) furnishes thus a matrix Pec GLd(ﬁApxUJD) such that

PYA(t,z)P + tP~'0P /ot = A0, z)

for z € U. Let us set ' = P~1QP + P~'dP. Then

~ dt = A
2= A0,2)5 + > Ot ) dx;.

i=1

As £ satisfies the integrability condition, so does 2’ (cf. Exercise 0.12.6).
We deduce that C'®(t,z) = C'@(0,z) := €' (z): indeed, the integrability
condition implies that

dA(0, z) taéf(“ B

(i)
o, gi (A0,

and, setting 0" = >k C’,/C(i)(a:)ﬁk’7 we get, for k # 0,
(ad A0, z) + k1d)(C (x)) = 0;

the choice of the open set U shows that C,;(i) (x) =0 on U for any k # 0.
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As the connection v/ with matrix ), C'®)(z) dx; is integrable, and as the
residue A(0,x) is horizontal with respect to 7 (cf. Exercise 0.14.6), there
exists a basis in which the matrix of 2’ is A(0, z) dt/t.

The argument of Proposition 2.13 can be extended to the situation above,
on the open set U. We deduce that P € GL4(Opxu,0,40))-

Lastly, it is enough to prove the analogue of Proposition 2.12, asking there
that the eigenvalues of the matrix B(0,z°) do not differ by a nonzero integer.
The proof is similar. O

2.26 Deligne lattices. We let the reader extend to the situation “with
parameters” the results of §2.e. Let us only indicate that, for any section o of
the projection C — C/Z, there exists a unique logarithmic lattice “¥" of the
meromorphic bundle (.#, V). The local uniqueness enables us to obtain, by
gluing, the global existence from the local existence.

3 Applications

3.a Riemann-Hilbert correspondence

We follow here [Del70]. Let M be a Riemann surface and let X be a discrete
set of points.

3.1 Theorem (The logarithmic correspondence). Given a locally con-
stant sheaf F on M ~ X, there exists a holomorphic bundle E on M and
a connection V : & — 2},(X) ®¢,, & with logarithmic poles, such that, on
M ~. X, the locally constant sheaf EV is isomorphic to Z.

Proof. On the open set M ~ X we put & = Oy s Q¢ F. It is thus a matter
of finding, for any point m € X, a sufficiently small open neighbourhood U
of m (in particular U N X = {m}) and a basis e of I'(U \ {m}, &) in which
the connection matrix of V has a logarithmic pole: this basis enables us to
define a bundle with connection on U, which coincides with & on U ~. 2. We
then construct the desired bundle by gluing.

Therefore, the problem is local and we can assume that U is a disc D
centered at the origin of C. If we restrict to D~ {0}, giving the locally constant
sheaf .7 = EV is equivalent to giving the representation of 1 (D~ {0},0) = Z
in GLy4(C), that is, an invertible matrix 7. We then apply Corollary 2.21-(3).

O

3.2 Corollary (The meromorphic correspondence). Given a locally con-
stant sheaf F on M ~ X, there exists a meromorphic bundle with connection
(A, N) on M with poles at the points of X and having reqular singularity at
these points, such that, on M~ X, the locally constant sheaf A~ is isomorphic
to F.
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Proof. 1t is enough to take .# = &(xX), where (&,V) is given by Theorem
3.1. (|

The correspondence which associates to any meromorphic bundle with
connection (.#,V) the locally constant sheaf of horizontal sections ///IX/I\ 5
is functorial: To a homomorphism 1 : .# — .#’ compatible with connec-
tions, that is, satisfying ¥(Vs) = V/(¢(s)) for any local section s of .Z, one
associates the restricted homomorphism

. v v’
¥ ///\M\z - ///\M\E

This correspondence at the level of morphisms is of course compatible with
the composition of morphisms.

3.3 Corollary (The Riemann-Hilbert correspondence is an equiva-
lence). This correspondence induces an equivalence between the category of
meromorphic bundles with connection, having poles at the points of X and
having reqular singularity at any point of X, and the category of locally con-
stant sheaves of C-vector spaces on M ~ X.

Proof. The corollary above shows that the functor is essentially surjective.
Let us show that it is fully faithful. Let ¢ : ///lg/l\z — (E\E be a homo-
morphism. It is a matter of showing that there exists a unique homomorphism
WV (M, V) — (A, V) which induces it. Let us regard ¢ as a horizontal sec-
tion of the bundle (ome,, (A, . #") v 5, V). It is a matter of verifying that
this horizontal section is the restriction to M ~\ X of a meromorphic horizon-
tal section of (#ome,, (A, #"),V). This follows from the lemma below, as
(HHome,, (M, #"),V) has a regular singularity at any point of X if (.#, V)
and (.#',V) do so. O

3.4 Lemma. Let (A,V) be a meromorphic bundle with connection, with
poles at the points of X and having regular singularity at any point of X.
Let s be a horizontal section of (N, V) on M ~ X. Then s can be extended
in a unique way as a meromorphic section of A on M.

Proof. The uniqueness of the extension is clear. Let us show the existence.
The problem is local, so that we can assume that M is a disc D centered at 0
in C and X = {0}. After Corollary 2.9, we can assume that .4 = 4, 4 for
some choice of a € C and d € N. There exists a horizontal section on D~ {0}
if and only if o € Z (horizontal sections have combinations of functions of the
kind ¢t~*(log t)? as coordinates) and, if o € Z, there exists a unique horizontal
section (up to a constant), which is meromorphic. O

3.b Partial Riemann correspondence

We take up the situation of the partial Riemann problem discussed at 1.3.
Let us consider the functor which, to any meromorphic bundle with connec-
tion (.#,V) on M, having poles at the points of X' U X’ and having regular
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singularity at the points of X, associates its restriction (Y#,YV) to the open
set U and similarly for the morphisms of bundles with connection.

3.5 Theorem. This functor is an equivalence of categories.

Proof. For the essential surjectivity, we begin by extending (Y#,YV) to M\ X
as a meromorphic bundle with connection: the holomorphic bundle with con-
nection (Y,YV);y_s» can be extended to M ~ (X U X’) as a holomorphic
bundle with connection, as so does, after the assumption made in Problem 1.3,
the locally constant sheaf of its horizontal sections (Corollary 0.15.10); this
enables us to construct the desired meromorphic bundle on M ~ Y. Its ex-
tension to M can be obtained as in Theorem 3.1. This gives the essential
surjectivity of the functor.

Now for full faithfulness. If U = M \ X, we argue as in Corollary 3.3.
Otherwise, we use the full faithfulness of the restriction functor from M ~ X
to U, obtained by means of Corollary 0.15.10-(3). |

3.6 Remark. Corollary 3.3 is of course a particular case of Theorem 3.5.

3.c Algebraization of a germ of meromorphic connection

This procedure has been introduced by G.Birkhoff [Bir09]. By applying The-
orem 3.5, taking for U some small disc centered at the origin X', we get:

3.7 Corollary (Algebraization is an equivalence). Let (M, V) be a k-
vector space with connection. There exists then a meromorphic bundle (A, V)
with connection on P!, having singularities at most at 0 and oo, the latter being
reqular, and with germ at 0 isomorphic to (M, V). Such a bundle is unique
up to isomorphism and this isomorphism is unique if one asks that it induces
the identity on M. g

Let us notice that Theorem 3.5 gives a canonical procedure to obtain this
globalization. This corollary has a more concrete expression:

3.8 Corollary (Algebraization of holomorphic differential systems).
Given a matriz A(t) of size d with entries in the field k of meromorphic
Laurent series, there exists a matric P € GLg4(C{t}) such that B(t) :=
P~YAP + PP’ has entries in the ring C[t,t=1] of Laurent polynomials and
such that the connection with matriz B(t)dt has a regular singularity at in-
finity.

Proof. Let us set (M, V) = (k%,d+ A(t) dt) and let us denote by & the lattice
C{t}?. We can then construct a meromorphic subbundle & (*00) of the mero-
morphic bundle .Z given by Corollary 3.7: the lattice & defines a lattice &|p
of .4 p on a sufficiently small disc centered at the origin; we glue it with the
meromorphic bundle .Z|p1. (o} according to the identification &jp« ~ . p-
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on D* = D ~ {0}. This meromorphic bundle has a pole at oo only. After
Corollary 1.4.9, it is isomorphic to @p: (x00).

Let us take some basis of & (x00), by using this isomorphism. In this basis,
the connection matrix of V has entries in the ring I'(P!, Op1 (x{0,00})) =

Cl[t,t~!]. The same property holds for the germs of these objects at 0. |

3.9 Remark (Another algebraization procedure). The base change, ob-
tained by the method above, from the given basis of M to the basis furnished
by the corollary, is not explicit. One can also show that the formal analogue
of this corollary, i.e., going from k to C[t, 1], is true (cf. [Mal91, Prop. 1.12,
p.49]). This base change is even more explicit, as it is enough to truncate at
a sufficiently large order the expansion of A(t). Nevertheless, it is not clear
whether this procedure always produces a regular singularity at infinity. On
the other hand, the procedure of Corollary 3.8 a priori only keeps from A the
most polar part, as the matrix P has no pole.

3.10 Exercise. Let A(t) be a matrix with entries in C[t,¢~!] such that the
system with matrix 2 = A(t) dt has a regular singularity at infinity. Prove
that any germ u € C{t} which is a solution to the system du + §2-u = 0 is
in fact a polynomial, i.e., belongs to C[t]%.

3.11 Exercise. When (M, V) has a regular singularity, compare Birkhoff’s
procedure of Corollary 3.7 with that of Remark 2.22.

4 Complements

4.a How to recognize a regular singularity

Given a germ (M, V) of meromorphic differential system, with matrix A(t) dt
in some basis e, where A has entries in k, it is not immediate, in general, to
check whether (M, V) has a regular singularity at 0. Indeed, it could happen,
for instance, that A has a double pole and that nevertheless (M, V) has a
regular singularity.

We will give some criteria which happen to be effective. The following
should be better regarded as an irregularity criterion; a proof of it is given as
an exercise (cf. Exercise 5.9).

4.1 Theorem (An irregularity criterion). Let us set A(t) = B(t)/t"*!
with B(t) holomorphic, B(0) # 0 and let us assume that r > 1. Then, if the
matriz B(0) is not nilpotent, the system with matriz A(t) dt has an irreqular
singularity at 0. g

The property of having a regular singularity can be easily checked when
the system is defined by a single linear differential equation (cf. [Mal74] for
what follows). Let

p(t,0;) = aa(t)0f + - - + ao(t)
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be a differential operator of degree d, with ag,...,aq € k and ag # 0, and let
us consider the associated linear differential system of rank d, with matrix

00 ... 0 —ao/aq
10... 0 —ai/aq

(4.2) ) =1. - .

00 ... 1 —ad_l/ad

Let us denote by v(a;) the valuation of a;, that is, the integer v; such that

4.3 Theorem (Fuchs condition, cf. for instance [Mal74]). The linear
system associated to the operator p has a regular singularity if and only if the
following condition is satisfied:

Vie{l,...,d—1}, i—v(a;) <d—v(aq). O

One can associate to the operator p a polygon in the plane, which is the
convex hull of the quadrants (i, —v(a;)) — N2. The condition means that this
polygon is also quadrant, having the point (d,d — v(ag)) as its vertex.

Let (M, V) be a (k, V)-vector space and let us pick e € M. We say that e
is a cyclic vector of M if

e,Va,e,...,Va, (- (Va,e))
N——
d—1 times

is a basis of M over k. Any (k,V)-vector space admits a cyclic vector
(cf. [Del70]); hence, the construction of a cyclic vector combined with Fuchs
criterion gives a method to check the regular singularity property of a system

(M, V).

Another method is given in [Var91], where the author uses a variant of a
method due to Turrittin.

4.4 Exercise (Lattices of arbitrarily large order). Set

k
Q(t) = (‘1) 8) % and, for k € Z, Py(t) = (to t(_)k) .

Compute the order of 2 = P~'2P 4+ P~'dP. Generalize to higher rank.

4.b Computing the monodromy of horizontal sections

Given a logarithmic lattice of a regular differential system (M, V), that is, if
we choose a basis, a holomorphic matrix 2(t) = A(t) dt/t,

o if A(t) = A(0) is constant, the monodromy of horizontal sections is given
by T = exp(—2imA(0)) (cf. Exercise 2.6),
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e if A(t) is not constant, the monodromy 7 is then conjugate to
exp(—2imBy), where By is constructed in Theorem 2.8. If the eigenvalues
of A(0) do not differ by a nonzero integer, one can choose By = A(0)
(cf. Propositions 2.11 and 2.13). Otherwise, it can happen that T is not
conjugate to exp(—2imA(0)) (see Exercise 2.20-(4)).

4.5 Exercise (The characteristic polynomial of the monodromy).
Prove that the characteristic polynomial of T is equal to that of
exp(—2imA(0)).

5 Irregular singularities: local study

We will now tackle the analysis of systems with irregular singularities. We will
straightly consider the case “with parameters”, letting the reader “forget”,
during a first reading, the parameter space. We will take up both steps that
we have followed for regular singularities, namely working first with formal
series and then proving convergence. Nevertheless, the second step will not be
as simple as in Proposition 2.13.

In the following, the parameter space is an analytic manifold X equipped
with coordinates x1,...,x, in the neighbourhood of a point x°. We consider
a meromorphic bundle .#Z on D x X with poles along {0} x X, equipped
with a flat connection V : .# — 2}, v ® 4. We will now denote by M its
germ at (0,2°) € D x X: this is a module over the ring ﬁDxX,(o,zo)[t_l] =
C{t,z1,...,z Ht71].

5.a Classification in rank one
Let us pick ¢ € C{t,z1,...,7,}[t7!] and let us denote by £ the germ
(M, V) = (C{t,z1,...,x,}[t7'],d — dyp)

(this is the system satisfied by the function e¥). For a € C, let N o be the

germ
(M, V) = (C{t,z1,..., 2, }[t ], d + adt/t)

(cf. Definition 2.5).

5.1 Proposition (Classification of irregular singularities in rank
one). Any germ (M, V) of rank one is isomorphic to some germ €9 @ Ny g.
Two such germs corresponding to (1, 1) and (@2, as) are isomorphic if and
only if o1 — @2 has no pole and oy — oy € Z.

Therefore, the class of ¢ in C{t,z1,...,2,}[t71]/C{t,z1,...,2,} deter-
mines the germ €¥. In the following, we will fix this class by considering
only germs ¢ without holomorphic part, i.e., of the form ZZ=1 ort™", where
or € C{z1,...,2,} for any k.
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Proof. A germ (M, V) of rank one is determined, up to isomorphism, by giv-

ing a 1-form w with coefficients in C{t,z1,...,x,}[t7!], satisfying dw = 0
(integrability condition in rank one). Two forms w; and ws determine the
same germ if there exists a function p(t,z1,...,2,) € C{t,z1,..., 2, }t7!],

with p(t,0) € k ~ {0}, such that we = wy + dlogp.

If w is such a form, one can write in a unique way w = w’ + w”, where w’
is the “nonlogarithmic” part of w and w” its logarithmic part: there exists
r € N* minimum such that

A
=t""(a(t,z)— + bi(t, ) d;
w (a )5 ; x)dz )

with a and b; holomorphic. The form w’ is obtained by replacing a and the b;
by their Taylor expansion in ¢ up to order r — 1.

The condition dw = 0 can thus be decomposed in dw’ = 0 and dw” = 0.
One can check, as in Proposition 2.2, that there exist p as above and o € C
such that w” = adt/t + dlog p. On the other hand, the adjunction of a term
like dlog p only modifies the logarithmic part w’ of w.

In order to end the proof, it is enough to check that there exists a unique ¢
without holomorphic part, such that dp = w’. To show this, let us set

W= Zt*k <wk + hk(x)@),

t
k>1

where the wy only contain the dz;. Denoting by dx the differentiation with
respect to coordinates x; only, we obtain

it
dw' = t”“(dqud hi + kw /\—):O.
; XWEk (Xk k) 1

We deduce that, for any & > 1, there exists ¢ € C{z1,...,2,} with
dxp = wy (cf. Poincaré Lemma 0.9.7) and there exists ¢, € C with hy =
—k(r + cg). If we put o, = 1 + ¢ and p = 2221 t=*py, we have w' = de.
Uniqueness is proved similarly. O

5.b Models in arbitrary rank

As in the regular case, we will first introduce some elementary models, to
which we will compare the germ M.

5.2 Definition (Elementary irregular models). We will say that a germ
of meromorphic bundle with connection (M, V) is elementary if it is isomor-
phic to some germ like (€%, V) ® (R, V), where (R, V) has regular singularity
along {0} x X (cf. §2.f).

5.3 Exercise (Comparison of elementary models). Let us fix » > 1 and
©=">1_,t Fp with ¢, # 0.
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(1) Compute the Poincaré rank of the meromorphic bundle with connection
(E2 @R, V) (cf. §0.14).

(2) Prove that there does not exist any nonzero horizontal section of the
meromorphic bundle with connection (£¥ @ R, V).

(3) Show that there does not exist any nonzero homomorphism ¥ @ R — R,
where R, R’ have regular singularity.

A model is a meromorphic bundle with connection (M, V) isomorphic to
a direct sum of elementary models. We will write this direct sum as

(5.4) P (E O R,)
]

where we assume that the meromorphic bundles with connection R, have
regular singularity and the ¢ € C{t,21,...,2,}[t™!] have no holomorphic
part and are pairwise distinct.

5.5 Exercise (Comparison of elementary models, continuation).

(1) By decomposing each R, into elementary regular models, give a simple
form for the connection matrix of a model.

(2) Check that any homomorphism between two models is diagonal with re-
spect to the p-decomposition, and that two models are isomorphic if and
only if the corresponding R, are isomorphic. Deduce that the decompo-
sition (5.4) is unique.

5.6 Definition (of goodness). We will say that a model (5.4) is good if,
for all ¢ # 1) such that R, Ry are nonzero, the order of the pole along ¢ = 0
of (¢ — ¢)(t,z) does not depend on x being in some neighbourhood of x°.

Ifop—p=>_t*(p—v)r(x) with (p—1)),(z) Z 0, the condition means
that (¢ — ¥),(2°) # 0. It may happen however that the order of ¢ or 1 is
strictly bigger than r. Let us remark that, if a model (M, V) is good then, for
any n € t 1C{x1,...,z,}[t7!], the germ &7 @ (M, V) = (M, V + dn) remains
a model, which is good.

5.7 Theorem (Formal decomposition). Let (M, V) be a germ of mero-
morphic bundle with connection, equipped with a basis in which the matrix {2
takes the form

dt =
N=t" [A(t, x)7 + Z C(t,z) dx;
i=1
with r > 1, A and the C% having holomorphic entries, and Ay := A(0,x°)
being reqular semisimple (i.e., with pairwise distinct eigenvalues). There exists
then a good model (M=°? V) and a “formal” isomorphism

Opxx.ze @ (M, V) <5 Opyx g0 @ (M, V).
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When the conclusion of the theorem is satisfied, we will say that the germ
(M, V) admits a good formal decomposition along {0} x X. A more general re-
sult due to Turrittin, and for which there exist various approaches (see [Tur55],
[Lev75], [Rob80], [Mal79], [BV83], [Var9l] for the case “without parameter”
and [BV85] for that “with parameters”), says that such a decomposition ex-
ists®, possibly not for (M, V), but for its pullback by some suitable ramifica-
tion t = 27 of order ¢ > 1. In the present situation, no ramification is needed.
Moreover, we will see that all the components R, occurring in the model
have rank one, which is not the case in general, even when no ramification is
needed.

dt ,
Proof. Let 2 =1¢"" [A(t, x)7 +3,CO(t, ) dacl} be the matrix of V in some

basis of M. Let us set -
= Ap(x)t?
p=0

As A(0,2°) is regular semisimple, so is Ag(z) := A(0, z) for any = nearby z°
and there exists a matrix Q € GLg(Ox z0) such that (Q 1AQ)(0,x) is di-
agonal with pairwise distinct eigenvalues®. We may therefore assume from
the beginning that Ag(x) takes the diagonal form diag(A(z), ..., A¢(z)). The
sheaf My(€x) of matrices of size d with holomorphic entries admits the de-
composition”

My(Ox) = Kerad Ag @ Im ad Ay,

and each term is a locally free sheaf of &'x-modules; moreover,
ad Ag : Imad Ay — Imad Ay

induces an isomorphism: indeed, Ker ad A consists of diagonal matrices and
Imad Ag of matrices having only zeroes on the diagonal.

For m € N, let us set P, = (Id +t™1T,,), where Ty, is a matrix of size d with
entries in Ox ;0. Let us consider the effect of the base change of matrix P,, on
the coefficient of dt/t in the matrix (2. If we write 2 = P, 'Q2P,, + P, 'dP,,
as we did for {2, we have

t7TA=P '(t"A)P, + P, - tP,

m?

which can be written as

A_ A= ZZ tp+ k+1)m[T A ]Tk +mz t(k+1)m+rT7lrcl
peEN k>0 k>0

5 Generically on the parameter space; in Theorem 5.7, genericity is implied by the
separation of eigenvalues.

5 Hint: Check that the projection from X x C to X induces, on the subset having
equation det(sId —A(0, z)), a covering map, in the neighbourhood of the pullback
of z° (i.e., the set of eigenvalues of A(0,z°)) and conclude with Example 0.2.2-(2).

" Recall that ad Ao(B) := [Ao, B].
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The coefficients ﬁp differ from A, only for p > m and we have
Am - Am + [Tmy AO]

Let us assume that, for any p < m, we found 7}, such that, after the base
change of matrix P, = H0<q<m P,, the matrix A, is diagonal for any p < m.

We then choose T}, in such a way that so is the matrix Ay = Ay + [T, Ao):
it is enough to kill the component of A,, in Imad Ag.

Lastly, after the formal base change of matrix [ P,,, we get a decom-

m>0
position of M into free €'[t~]-modules, stable by "1V, , where the matrix
of tVy, is diagonal, with dominant term ¢~ " Ag(z).

It remains to prove that this decomposition is stable by Va,, for ¢ =
1,...,n. In order to do so, we now use the integrability condition. Let us de-
note by C() = Ym0 i (z)t™ the matrix of t"Vj,  in the basis constructed
above. It is a matter of showing that C’f,f) is diagonal and it is enough to check
that [AO,CT(,L)} is zero or, what amounts to the same, that [AO,C%)] is also
diagonal. We will show this by induction on m. Let us write the integrability
relation as R

At—rCOY 9t TA)
t —
ot Oxy

=[t"CW 77 4],

that is, for any m,

0) 0Am—r . /4
(m - 2,'n)cvmf'r‘ - 8@ - Z [C;() )7Aq]'

ptg=m

Then [AO,C(SZ)] = 0, hence Cée) is diagonal. For m > 1, [AO,C%)] can be
expressed linearly as a function of the C’,(,e) and of the 0A,/0z, (p < m),
hence is diagonal (by induction). As Kerad Ag N Imad Ay = {0}, we must

have [4y, Cf,f)] =0, hence C,(,f) is diagonal.

We have thus proved that (JV[,@) is isomorphic to some model, all the
components of Wthh have rank one, and the exponents ¢; take the form
"N (x) (14 Zk 1 i (2)tF), where ); is an eigenvalue of Ag(x). By assump-
tion, the differences A;(xz) — Aj(x) do not vanish in the neighbourhood of z°
if ¢ # j, which implies that the model is good. O

5.8 Remark. The base change P belongs to GLd(ﬁDxX@o), hence has no
pole, neither does its inverse, along {0} x X.

5.9 Exercise (Decomposition with respect to eigenvalues). We con-
sider a matrix {2 as in Theorem 5.7. We only assume that there exist k& holo-
morphic functions Aj(x),..., \g(z) in the neighbourhood of 2° and integers
v1,. ..,y such that, for any = near x°, the characteristic polynomial of A(0, x)
is equal to Hle(s — \j(x))"; we moreover ask that the differences A; — \;
do not vanish.
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(1) Adapt the proof of Theorem 5.7 to show that the system (J?E, @) is iso-
morphic to a direct sum of systems of rank v; equipped with a connection
with pole of order r, for which the corresponding matrix A® (0, z) admits
only \;(z) as an eigenvalue.

(2) Prove that, if one of the eigenvalues \; is not identically zero, the formal
system (J\A/[, @) does not have a regular singularity along {0} x X in the
neighbourhood of z°.

(3) Deduce from this a proof of Theorem 4.1 (where the space of parameters
is reduced to a point).

5.c The sheaf &/

Unlike the case of regular singularities, the formal solutions of a system with
an irregular singularity can be divergent® and we cannot use the argument of
Proposition 2.13 to complete Theorem 5.7 and find an analytic isomorphism
with M#°°?. In fact, we will see later that such an isomorphism may not exist.
However, it does exist if one restricts to sectors around the origin. The sectorial
analysis will lead us to work with polar coordinates.

If D is an open disc with coordinate ¢ centered at the origin and of radius
r° > 0, we will denote by D the product [0,7°[ x S and by 7 : D — D the
mapping (7,e?) + ¢t = re?. In the neighbourhood of a point (0,6°) we will
use (r,0) € [0,7°] x ]0° —n,0° 4+ n[ as a coordinate system.

Let 6, o[« s1x x be the sheaf of C'> functions on the manifold |—e,r°[x

—e,r°

St x X, fore > 0. If
i:DxXe—]—er xS xX

denotes the inclusion, the pullback sheaf i_l‘gf_"e)w[xsl « x» denoted by %j%oxx,
is by definition the sheaf of C°° functions on_the manifold with boundary
D x X. In other words, a C* function on D x X in the neighbourhood
of (0,0°,x°) is a function which can be extended as a C°° function on a
neighbourhood of this point in | —&,7°[ x St x X.

By “working in polar coordinates ”, we can define the derivations t9/0t,

t0/0t, 0/0x; and 0/0%; (i=1,...,n) on €5  : we have

(09N L0 10 9
oo 2\ or 00)’ o 2\'or 00)°
5.10 Definition (The sheaf ). The sheaf of rings 75  is the subsheaf

of €5 of germs killed by t0/0t and 0/0z; (i =1,...,n).

® One will find in [Ram94] not only examples but also a survey on the use of
divergent series in analysis.
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5.11 Remark. The open set D* := D ~ ({0} x S') coincides with D* =
D~ {0} and, on D* x X, the sheaf 75, coincides with the sheaf &'p-, x of

holomorphic functions. A section of @5  on an open set of the kind DxVis
nothing but a holomorphic function on D x V', as it is holomorphic on D* x V'
and locally bounded.

On the sheaf 75  is defined the action of the derivation 9/9t (and not
only that of t0/0t): by using the vanishing of t9/0¢, we can set

)
a < o
The action of the d/dz; on C5. x keeps #p  stable. The sheaf 75
contains the subsheaf 7= '@py x: if f is holomorphic on D x X, fox is a
section of @ .
The Taylor expansion of a C*° germ in (6°,2°) along r = 0 can be writ-

ten as
ka(xla' . 'axnae)rka
k>0

where the f;, are C* functions on some fixed neighbourhood of (6°,z°). The

Taylor expansion of a germ of <75,  thus takes the form

ka(xl, ozt

k>0

where the f; are holomorphic on some fixed neighbourhood of z°. In other
words, if we denote by /g1, x the restriction to {0} x S x X of the sheaf
A« the “Taylor expansion” mapping defines a homomorphism

D1 X ,(0°,20) AN Opx X, zo
whose kernel® is denoted by M;{XO)}(’X(;(O’IO), or also %SiigX,(Go,mo)’ if one identi-
fies X to the divisor {0} x X of D x X. By construction, T' is compatible with
the action of the derivations 9/9¢,9/0x1,...,0/0x,. One can remark that it
is possible to “divide by t” as many times as wanted the sections of Msﬁf P
The Borel-Ritt Lemma (see for instance [Mal91]) states that T is sur-
jective'®. In terms of sheaves, we can express this result by saying that the

sequence of sheaves on S' x X
T 1
0 _)'Q{Sﬁ);x — dgiyx — T *0pxx — 0

is ezact (recall that ﬁADXx is a sheaf on {0} x X, hence w‘lﬁpxx is a sheaf
on St x X).

9 Here appears the main difference with Opx x, as the “Taylor expansion” mapping
T:O0pxx — Opxx is injective.

10 This is the other main difference with @px x; between ¢ and o7, the injectivity
of T has been replaced by the surjectivity.
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5.d Sectorial classification

The sectorial analogue of Proposition 2.13 is known as the “Hukuhara-
Turrittin Theorem”, although other mathematicians also have contributed,
in some particular cases, to its proof (Malmquist [Mal40] for instance). The
version with parameters that we indicate below without proof has been ob-
tained by Sibuya (see [Sib62, Sib74], see also [BV89D]).

If M is a germ at (0, z°) of a meromorphic bundle with poles along {0} x X,
we will set

~

M = Opyx.ao ® M

and, for any e’ € S,

3\7[90 = g1 x X,(0°,z°) ® M.

ODxX,(0,2°)

Right exactness of the tensor product and Borel-Ritt Lemma show that the
natural mapping Myp. — M is onto.

5.12 Theorem (Sectorial decomposition). Let M be a germ at (0,z°)
of a meromorphic bundle with poles along {0} x X. Let us assume that there
exist a good model M#*°* and an isomorphism )\ M —»Q)/[g""d There_exists
then, for any €’ € S, an isomorphism Ago Mgo — Mg lifting A\, that
is, such that the following diagram

~ )\90
Mgo 3 Mgood

L]

j\?{ % j\/\[good

>

commutes. O

We will apply this theorem to the situation described in Theorem 5.7 of
8I11.2.

6 The Riemann-Hilbert correspondence in the irregular
case

We will now try to give a description of a “topological” nature to the category
of germs of meromorphic bundles with connection. For regular singularities,
we have seen that this category is equivalent to that of representations of the
fundamental group. In the irregular case, a set of nontopological data is fur-
nished by the formal meromorphic bundle with connection that we associate
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to the bundle we start with. Indeed, the exponents ¢ which occur in any good
model are data of an analytic nature. The data which enable us to recover
the meromorphic bundle with connection from the formal meromorphic bun-
dle with connection are called a Stokes structure. It is in fact a sheaf on the
parameter space. We will see that this sheaf is locally constant.

At this stage, many developments are possible, that we will not address:
one can define a “wild” fundamental group and identify the category of mero-
morphic connections to that of the finite dimensional linear representations
of this group; one can also define a “differential Galois group” and consider
its representations (see for instance [Ber92, LR95, Var96, vdP98, SvdP03] for
an introduction to this approach, as well as the references given therein); one
can identify the category of meromorphic connections to that of filtered local
systems, in the sense of Deligne and give thereby a more geometric flavour to
the notion of Stokes structure (see [Mal91, BV89al); lastly, the theory of mul-
tisummability enables one to analyze in a finer way the Stokes phenomenon
(see for instance [BBRS91, MR92, LR94, LRP97]).

6.a The Stokes sheaf

Let X be a complex analytic manifold and let .Z*°°? be a meromorphic bun-
dle on D x X with poles along {0} x X, equipped with a flat connection
Veeed, We will assume that (2200, Veod) is a good model in the neighbour-
hood of any point x° of X, that is, that there exist pairwise distinct germs
Ol vy pp € 1710 1o[t '] and nonzero germs of systems with regular singu-
larity Z,,,...,%,, along {0} x X, such that we have, in the neighbourhood
of 2°, an isomorphism Z£°" ~ @y (&% ® X, ). According to goodness, as
the function ¢y — @y is not identically zero for k # £, the order of the pole with
respect to t of (¢ — we)(x,t) does not depend on z in some neighbourhood
of z°.

Let us consider on S' x X the sheaf of automorphisms of .#Z=°! :=
Ay, Q6pyx A5°°" which are compatible with the connection and are for-
mally equal to the identity, i.e., which induce identity on

M = Opxx & M.

Opxx
We denote it by Aut<{P*X ( gz} or, in short, Aut<X(/Z/\;°°d) (in this no-
tation, we think of X as the divisor {0} x X in D x X). It is a sheaf of (in
general noncommutative) groups on S' x X, that we will analyze later. Its
local sections are called Stokes matrices.

This sheaf enables us to define a sheaf 8tx (#=°?) on X, called the Stokes
sheaf. This is, by definition, the sheaf on X associated to the presheaf

U— HY(S' x U, Aut<% (La/=°)).

We will show in §6.c:
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6.1 Theorem (The Stokes sheaf is locally constant). The Stokes sheaf
Stx (A #°) is a locally constant sheaf of pointed sets.

We deduce that the Stokes sheaf is constant on any simply connected open
set.

6.b Classification (statement)

Let (. ,V) be a meromorphic bundle on D x X with flat connection, having
poles along {0} x X. We will say that (.#Z=°¢,Ve>>?) is a good formal model
for (A, V) if there exists an isomorphism of sheaves of &'px x-modules

Fo( V) = (dwoon, oo

compatible with the connections. R R

We will say that two germs (#,V, f) and (#',V', ') along {0} x X are
isomorphic if there exists an isomorphism g : (.#,V) — (.#', V') such that,
moreover, f: f’ og. It is important to remark that such an isomorphism is
then unique: indeed, in local bases of .# and .#", the Taylor expansion of the
matrix of ¢ is equal to that of f/~!f in these bases; the matrix of g is thus
uniquely determined.

The good model (Z#°?, V&) being fixed, let us consider the presheaf
A on X which, to any open set U of X, associates the set 7% (U) of isomor-

phism classes of germs (.#,V, f) defined on U, equipped with a distinguished
element, namely, the class of (.Z=°!, V!, 1d) .

6.2 Lemma. The presheaf 7 is a sheaf.

Proof. Let (U;);er be a family of open sets of X and let (s;);cr be a family of
sections s; € % (U;), which are compatible on intersections. Let us choose
for any ¢ a representative (///i,vi,ﬁ-) of s;. We wish to construct a germ
(A, V, f) on V = U;U; whose restriction to U; is isomorphic to (.#;, V;, ﬁ)
The uniqueness of isomorphisms enables one to glue them, hence, if such an
object exists, it is unique (up to a unique isomorphism). We argue similarly
for the existence: for all 7, j € I, we have a unique isomorphism

Gij - (%iaviaﬁ)\UiﬂUj - (///j,Vj,f;)WmUj

and, by uniqueness, we have g;;g;x = gir. on U; N U; N Uy, which enables us
to glue the (A;, Vi, f3). O

According to Theorem 5.12, we can construct a homomorphism of sheaves
of pointed sets

T — Stx(.//fgwd).
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Indeed, if (#,V, ]?) is defined on U, there exist an open covering 20 of S' x U
and, for any open set W; of 20, an isomorphism

oo (M) jw, = (M5, V)

such that ﬁ = f Then, (fjfi_l)iyj is a cocycle of the sheaf Aut<X(/Z/\;°°d)
relative to covering 20. If f! is another lifting of f on Wi, (f! fi_l)l- is a 0-
cochain of Aut<* (/Zlvg""d) relative to 20 and the cocycles associated to (f;) and
to (ff) are equivalent via the corresponding coboundary. One checks similarly
that, if (#,V, f) and (A", V', f’) are isomorphic, the corresponding cocycles
define the same cohomology class.

We have thus defined a mapping of pointed sets

L(U, #x) — HY(S* x U, Aut<X (#/))

from which we deduce a homomorphism of sheaves .#% — Stx (.##°), which
sends the class of (.Z#°¢, Ve>o4 1d)|; to that of Id.

6.3 Theorem (The Stokes sheaf classifies meromorphic connections
with fixed formal type, [Mal83b]). The homomorphism so defined #x —
Stx (A=) is an isomorphism of sheaves of pointed sets.

We deduce from Theorems 6.1 and 6.3 that the sheaf 7% is locally con-
stant. We also get:

6.4 Corollary (Analytic extension with fixed formal structure). If X
is 1-connected and if (#°,V°, f°) is a germ of meromorphic bundle on D

~

with pole at 0, equipped with a formal isomorphism ]?" s (0N —
it (=00, VEod) where i denotes the inclusion D x {2°} — D x X, then

~

there exists a meromorphic bundle with connection (M, ¥V, f) equipped with a
formal isomorphism f to (=°,V=°), such that i* (.#,V, f) is isomorphic
to (A°,V°, f°). Such an object is unique up to a unique isomorphism.

Proof. After Proposition 6.9 below, the germ of the sheaf Sty (.#Z5°?) at x° is
the Stokes set 8t(it.#="). Therefore, the initial data (.Z°, V°, fo) define an
element of 8ty (A##°°?),0. As X is 1-connected and as the sheaf 8tx (.#5°?)
is locally constant, there exists a unique section of 8tx (.#*°°) whose value
at x° is precisely this element (cf. Lemma 0.15.9). The corresponding section

o~

of #% defines an object (#,V, f), the restriction of which to z° is isomorphic
to (#2°,V°, f°).

~

Let (A ,V, ) and (', V', f’) be two such objects, with restrictions iso-
morphic to the object (.#°,V°, f") According to uniqueness of the section
constructed above, their isomorphism classes coincide; in other words, these
two objects are isomorphic and, as we have yet seen, this isomorphism is
unique. O
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6.c Local constancy of the Stokes sheaf

Let us now show Theorem 6.1 by analyzing first with more details the sheaf of
Stokes matrices Aut<X(///Ag°°d). The germs ¢y, are polynomials in ¢~! without
constant term, with coefficients in 0x ;.. An automorphism a of M on a
product I x U of an interval with a sufficiently small neighbourhood of ° can
be decomposed into blocks

akgt(;(aka ®<@k _)(?¢[®<%7€.

The term ag, thus takes the form e¥»~%¢by,, where by, is a homomorphism of
bundles with connection %), — %,. Let us assume that X is a ball. The C-
vector space Vj, consisting of multivalued horizontal sections of %) on D* x X
is finite dimensional and the space of horizontal sections of %, on an open
set like ]0,7[ x I x X, with I # S', can be identified to V4, this identification
depending on the choice of a determination of the logarithm on I. With such
an identification, bge induces a C-linear map Vj, — Vj, that we also denote
by bie. The matrix of by, with respect to bases of Vi, V; is thus constant, while
with respect to Opyx x [t~ 1]-bases of %y, %y, it has moderate growth.
For k # £, let us write

(or— e ta) = 4D oy 1,0)

with nge > 0, Yre(z) € O% .0 (i.e., does not vanish), u(t, ) holomorphic
in the neighbourhood of (0,2°) and u(0,0) = 1. We also choose some C*°
determination ng¢(x) of the argument of 1g,:

Ure(x) = [Ype()] . einke(a)
Let us remark that 1, = —ie.

6.5 Lemma. Let us pick ’° € S1.

(1) Fork # £, the matriz e?x~%tbyy in Opy x [t~1]-bases of @Ry, EP* R,
has entries in &%Sﬁ)iX in the neighbourhood of (e'°,z°) if and only if
bre =0 or COS(TLMQO — nké) < 0.

(2) The matriz by, —1d has entries in M;IXX in the neighbourhood of (ewa ,x°)

X
if and only if bg,, — 1d = 0.

The proof of the lemma is easy and left to the reader: for the first point,

it is enough to check that e?*~%¢ belongs to ﬂsﬁ)ﬁx in the neighbourhood of

(e” x°) if and only if Re(px — ¢¢) < 0 on a sufficiently small neighbourhood
of (e"”,x°), then to express this condition on the leading term of ¢y — ;.
Then, one notices that, as byy has moderate growth, it does not affect the
rapid decay or the exponential growth property. O
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Let V. = @, Vi be the C-vector space of multivalued horizontal sec-
tions of @@, #Zr on D* x X. Let us consider the subsheaf . of the con-
stant sheaf Aut(V), the germ of which at (¢??”,z°) is the space of automor-
phisms Id +(@ege), with ¢ = 0 and cge : Vi — V4 nonzero if and only if
cos(nyed° — nre) < 0. Let us note that any Stokes matrix (local section of .%)
is unipotent: if we suitably order the set of indices (an order which depends
on the chosen point 6°), we can assume that cxe = 0 for k < £ and the matrix
of Pcyyp is strictly uppertriangular.

We deduce:

6.6 Corollary (The Stokes matrices are constant). For any open in-
terval I # S, the restrictions to I x X of the sheaves Aut<X(/Zl\;°°d) and £
are isomorphic.

Let I # St be an open interval of S' such that, for all k # ¢, the function
t — cos(nret — Nee(x®)) does not vanish at the end points of I, and let V' be
a neighbourhood of x° such that the same property holds for t — cos(nget —
nre(x)) for any x € V. If a is any section of Aut=> (.#*°") on I x V, then
agr = Id for any k and, for all k, ¢ such that k # ¢, we have axy = 0 or
agy = 0. If age # 0, then cos(nget — nge(2°)) < 0 fort € I and in such a case
the matriz of by is constant in bases of Vi, and V. O

6.7 Corollary (Base change for horizontal sections). Ifi: S'x{z°} —
S! x X denotes the inclusion, the natural morphism

At () — Aut=0(it )
18 an isomorphism.

Proof. The question is local, and one can replace the sheaf i ! Aut<X (//7;{00‘1)
by Z. The result is then clear. a

The manifold of Stokes directions in S' x U, where U is a neighbourhood
of 2° on which the ¢}, are defined and satisfy the goodness properties'?, is the
union of the sets having equation

cos(nged — nre(z)) = 0.

The restriction of this set to S* x {z°} is a finite set of points, called the Stokes
directions at z°. A pair (k, ¢) contributes to the directions (nge+m/2+4j) /nke,
for 7=0,...,2ng — 1.

6.8 Exercise (Straightening the Stokes manifold). In this exercise, we
assume that the manifold of Stokes directions is a submanifold of S' x U and
that, through a Stokes direction at z°, passes only one connected component
of the manifold of Stokes directions.

' For a study of the singularities which can occur, in a more general situation, in
the Stokes manifold, the reader can refer to [Kos90].
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(1) Show that there exists a real analytic mapping ¥ from S x U into itself,
of the form ¥(6,x) = ((0,z),z), admitting an inverse mapping of the
same kind and sending the component of the manifold of Stokes directions
which goes through 0° at z° to {6°} x U.

o

UiVl

Fig. I1.2. The mapping ¥, with Stokes directions corresponding to a pair (k,¢).

(2) Prove that the sheaf Aut<~ (//A/;“’d) is isomorphic to the pullback by the
projection p; : St x U — S* of its restriction ¢ to S' x {z°}.

When the assumption of this exercise is satisfied, Theorem 6.1 is an im-
mediate consequence of Example 0.5.2 (the existence of a finite good covering
will be indicated in §6.e). Otherwise, the argument requires a more precise
analysis of the sheaf Stx (.Z=°°?). Let us begin by showing

6.9 Proposition (Base change for the Stokes sheaf). The germ
at x° of the Stokes sheaf Stx(.##°%) is equal to the Stokes space'?

H(SY, Aut<0(i:‘\g////g°°d)) of the connection it .##°°.

Proof. Let U be an open neighbourhood of z°, and let % be an open cover-
ing of S! x U. There exists then an open neighbourhood V of z° contained
in U and a refinement 7" of % such that the covering #{y of S! x V induced
by ¥ consists of open sets like I; x V, where I; is an open interval of S*,
and I; NI, NI, = @ if j,k,{ are pairwise distinct (one first refines the re-
striction of % to S! x {x°} and then one argues by compactness). It will be
moreover convenient to assume that Corollary 6.6 applies to any I; x V and
(I; N I1) x V. Consequently, H'(S' x U, Aut=* (_.#/*%)) is the union of the
HY(v, Aut<X(/Z/vg°”d)) over all coverings ¥ of this kind, and the germ at z°
of the presheaf W — H'(S! x W, Aut<X(/f/vg°°d)) (for W C U) is the union
of the germs at 2° of the presheaves W — H*(¥]y, Aut<X (a/=°)).
Let us note that, for ¥ and V as above,

H Yy, Aut <X (7)) = HY (] gyoy, Aut<O(it "))
after Corollary 6.6, which says that
LI % V,Aut=X (=) = (1, Aut=(i+ %),

12 The word “space” is used here as this set is equipped with a natural structure of
affine space, cf. Example 6.e.
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and similarly for intersections I; N I, which implies the equality of the corre-
sponding Cech complexes. Moreover, for W C V| the restriction morphism

H (jy, Aut =X (")) — H (Vo Aut=> (/)

induces the identity morphism on H 1(”//‘{,30}, Aut<0(i:\/;/g°“d)). Hence,
for ¥ and V chosen as above, the germ at z° of the presheaf
W HY (Y, Aut=> (ca=°°%)) is HY (V] (yoy, Aut=C(it.a/*>°")). Therefore,

Stx (M%) 4o = UHl(/Vl{mo}7Aut<0(iJ,-'7good))
v
= H'(S', Aut<C(it.a7=>o)). O

Proof (End of the proof of Theorem 6.1). The previous proof says more
precisely that, for any small enough neighbourhood V of z° and any
covering ¥ of S' x V of the form (I; x V);, where the open inter-
vals I; satisfy the previous properties, the sheaf associated to the presheaf

W Hl(”I/‘W,Aut<X(/Z/vg°°d)) is the constant sheaf on V, with germ

Hl(%{x},Aut<0(i:71g°°d)) for any x € V.
In order to conclude, it is enough to show that one can choose a finite
covering (I;); of S* such that, for any z € V,

H (g, Aut=> (o)) = H'(S" x {a}, Aut=> (/).

Indeed, the right-hand term is equal to the germ at x of 8tx (.##°°), accord-
ing to the previous proposition and Corollary 6.7 applied at the point x. The
previous equality WoulAd/ imply that the morphism of pgcv@sheaves on V defined
by Hl(”I/‘W,Aut<X(//lg°°d)) — HY(S' x W, Aut=* (L#/*>")) induces an iso-
morphism between the associated sheaves. The proof of this statement will be
indicated in §6.e. ]

6.d Classification (proof)

We will now show Theorem 6.3. As the homomorphism % — Stx (.4=°%)
is defined globally, showing that it is an isomorphism is a local problem
on X. It is thus a matter, after what we have seen above, of proving that

the map which, to the germ (M7V7f) at x°, associates the element of
HY(S', i ' Aut=X (L#/*°>")) obtained according to Theorem 5.12, is bijective.

o~

Consider (M, V, f) and (M’, V', f') which define the same element
A€ HY(SY i Aut<X (La=o)).

We can assume that there exist a finite covering (I;) of S and an open neigh-
bourhood V' of ° such that \ is the class of the cocycles (f;f; ') and (fj’vfi'*l)7
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where the f;, f/ are defined on I; x V. There exists thus a 0-cochain (g;) of
the sheaf Aut<X(/Z/;°°d) relative to the covering (I; x V') of S* x V such that,
n (Iz n IJ) xV
ff/ l_gjfjf ! 71

If we set 0 = f g; f “on I; x V, we get a horizontal section, on a sufficiently
small open set, [0, 7o x S x V, of the sheaf #om(.4', .4 ). By making explicit
the matrix of such a section in local bases of .# and .#’, we see, as in Remark
5.11, that o is a horizontal section of SFom(.#', #). It is moreover invertible
on D* x V, where D is the disc of radius rq, hence also on D x V. Lastly,
as the g; are asymptotic to identity, we have o o f = f Therefore (M, V, f)
and (M/, V', f’) are isomorphic. This gives injectivity for the homomorphism
in Theorem 6.3.

Let us now prove surjectivity. We will first give, as in [Mal83b], a neces-
sary and sufficient condition for a class A in H'(S',i~! Aut~* (L#Z*°")) to
come from an object (.Z,V, f) such is the case if and only if its image in
the set H'(S1,i7 Auty (%)) is the identity (we take here all the /-
linear automorphisms) Indeed, if A comes from a bundle with connection
(AN, f) there exist a covering (I;) of S' and isomorphisms of connections
f, M /// good inducing f such that A comes from the cocycle (\;;) with

Aij = fjfl on I; N I;. If we fix a basis of .# and a basis of .#Z%°¢, the
equality of the corresponding matrices shows that (\;;) is a coboundary of
GLg (5, [*X]) = Aut gy (A5).

Conversely, if for some suitable covering (I;) the cocycle (A;;) is a cobound-
ary with values in Aut . (.#%°°%), i.e., \ij = f;f; ", we define a new connection
V on Z#°°? by conjugating V&°°? by f; on I;. Because of the compatibility of
Aij with V#ood it is globally defined on some sufficiently small neighbourhood
D x V of (0,2°), hence induces a new structure of &pyy [*{0} x V]-module
with connection on the &pyy [#{0} x V]-module .Z=. Moreover f; = ]?J on
I; N1, so that the formal isomorphisms

fz

(j/guod V) (j/\good’vgood)

can be glued in an isomorphism f: (,/Z/\g"“d, V) — (/Zl\g(’“d, Veoed),
Theorem 6.3 is therefore a consequence of the Malgrange-Sibuya Theorem

below, for which we refer to [Mal83b, Appendice], [Sib90, Th.6.4.1], [BV89a,
Chap. 4]. O

6.10 Theorem (Malgrange-Sibuya). The image of the mapping
(Sl GL<X( _1&{5 X)) — H (Sl GLd( _1°Q{1~)><X))

is the identity. O
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6.e Some supplementary remarks on the Stokes space

The previous considerations imply that a local knowledge of the Stokes sheaf
consists mainly in knowing the fibre of this sheaf. Moreover, according to the
base change property seen in Proposition 6.9, we can, for that purpose, forget
about the parameter space. Therefore, we now assume that (M=e°? V#oo?) is
a good model in the neighbourhood of 0 in C and we will describe with more
details the space H' (ST, Aut<(Mz=4)).

(1) The first tool, complementing Exercise 0.5.1, is an analogue of Leray’s
Theorem 0.6.1 for the nonabelian H': let ¥ be a sheaf of groups on a
topological space S; if 4l is a covering of S which is 1-acyclic for ¥, i.e.,
such that H'(U,¥9) = {Id} for any open set U of i, then H'(4,9) =
HY(S,9); moreover, it is enough, in order that this equality is true, that
the restriction mappings H'(S,¥) — H'(U,¥) have the identity as image
(cf. for instance [BV89a, part II, Cor. 1.2.4]).

(2) Let r be the maximal order of the pole of differences ¢ — ¢y, where
the ¢; are the exponential factors occurring in the model M= (cf. §6.a).
Then (cf. [BV89a, part II, Prop. 3.2.3]) any open interval I’ of S of length
< 7/r, and whose boundary points are not Stokes directions for M=eed,
satisfies

HY(I', Aut =0 (M=°)) = {1d}.

(3) Let I’ C I be two open intervals of S! such that I — I’ does not contain
any Stokes direction of M#°°?. Then the restriction mapping

Hl(I, Aut<0(Mgood)) . Hl(II,Aut<0(Mg°°d))

is bijective (this follows from the fact that the sheaf Aut<C(M=e>?) is
locally constant on I — I").

We deduce from these results that any element of H'(S*, Aut<%(Veo4))
can be represented by a cocycle associated to a covering of S' by open intervals
of length € + 7/r, with ¢ > 0 sufficiently small (if I’ is as in (2), we can
enlarge I’ by “pushing” the boundary points of I’ up to the nearest Stokes
directions without changing the vanishing of H*, after (3)). Here is a way of
constructing such a covering (cf. [BJL79]):

e let us call main directions the Stokes directions corresponding to pairs
(k, £) such that the difference ¢ — ¢y has pole of maximal order r, and
secondary directions the other ones; let us fix such a pair (k°,¢°) and
a corresponding main direction 6g; the other directions corresponding to
(k°,£°) are the 05 =03 + an/r (a =0,...,2r — 1);

e let us denote by I’ the open interval of length 7 /r centered on the main
direction 62 (if both boundary points of some I/, are (main or secondary)
Stokes directions, we slightly move the center of each I, in the same di-
rection);
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e let us “push” the boundary points of each I’, up to the nearest (main or
secondary) directions, getting thus an open interval I, of length > 7 /r;
o lastly, let us consider the covering J of S' by the intervals I,.

Fig. I1.3. An example of a covering.

In the covering by 27 intervals constructed in this way, there is no three-by-
three intersection, as each interval contains only one Stokes main direction 69,.
There are also 2r pairwise intersections, each of which has length < 7/r, as
it contains no main direction 69. Let us also notice that each interval I,
contains, for any k, ¢, one and only one main direction of type HZ’Z.

The set of 1-cocycles Z'(J, Aut=%(M=>?)) is thus the direct product of
the groups G = HO(Iy N Iny1, Aut=0(M=°?)) (if we agree that o 4+ 1 = 0 if
a = 2r—1). Such a group G, is made of unipotent matrices. Foré,j =1,...,p
and 7 # j, the matrices of G, have some nonzero entry in their 4, j-block if
and only if Re(y; — ¢;) < 0 on each small sector with direction contained in
To N 1oy,

For each a = 0,...,2r — 1, the group HO(I,, Aut<°(M=°?)) is made of
unipotent matrices. For k,¢ giving main directions, the k,¢-block of these
matrices is zero, as I, contains some Stokes direction of type k,£. For i #£ j,
the ¢, j-block is zero if I, contains the corresponding Stokes direction or if
Re(p; —¢;) >0 on I,.

6.11 Example (The Stokes space in the case of a single slope). Let
us assume that all Stokes directions are main directions, i.e., that, for all 4, j
such that ¢ # j, the difference ¢; — ¢; has a pole of order r exactly. Then the
0-cochains of the covering J reduce to the identity and we have

HY (3, Aut=" (M=) = Z(T, Aut =0 (M=)).
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The Stokes space is therefore a product of 2r algebraic subgroups of the group
of unipotent matrices. It is in particular an affine space, as a group of unipotent
matrices can be algebraically identified to its Lie algebra by the logarithm.

In particular, if = 1, one can represent in a unique way an element of
the Stokes space by a pair of unipotent matrices, one upper triangular, the
other one lower triangular, with a block decomposition corresponding to the
decomposition of Meeod,

More generally, one can show that H'(S", Aut=<"(M=?)) has a natural
structure of affine space (cf. [BV89a], where the “ramified” case, which we
did not consider here, is also treated).



II1

Lattices

Introduction

We have given in Chapter II a classification of germs of linear systems of
one-variable differential equations, up to meromorphic equivalence. When the
singularities are irregular, we have only considered the simplest case where the
dominant part of the connection matrix is semisimple with pairwise distinct
eigenvalues.

In this chapter, we will consider the holomorphic equivalence, that is, the
classification of lattices of a (k, V)-vector space (M, V).

When M has regular singularity, we can extend the correspondence of
§I1.2.e
(M7 V) - (Hv T)

to a correspondence “with a lattice”
(Mvvvg) - (H7T7H.)

where H*® is a decreasing filtration of H.

This correspondence shows a particularly nice behaviour when restricted
to logarithmic lattices (and to filtrations stable by T on the other side): it
reduces then to the Levelt normal form (cf. Exercise I1.2.20) and translates in
a simple way duality for lattices, or their tensor product’.

More generally, this correspondence associates to any lattice a character-
istic polynomial, which is nothing but that of its residue when the lattice
is logarithmic. This characteristic polynomial determines that of the mon-
odromy.

One of the key results which will be used later concerns rigidity of loga-
rithmic lattices by integrable deformation.

! One will find in [Sim90] a variant of these results and in Appendix C of [EV86] a
generalization of these results for the many variable logarithmic lattices.
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The case of irregular singularities is much less clear in general. We however
extend the notion of characteristic polynomials to any lattice.

Moreover, some classification can be done when the most polar part of
the connection matrix is regular semisimple, and this classification can be
extended to integrable deformations of such systems. We will follow [Mal83c]
on this question.

In the following, the k- or C-vector spaces are finite dimensional.

1 Lattices of (k, V)-vector spaces with regular
singularity

In this section, we will assume, implicitly or explicitly, that the (k, V)-vector
spaces we consider have regular singularity.

Recall (see §II.2.a) that a lattice of a k-vector space M of finite rank is
a free C{t} submodule € such that k ®cyy; € = M. A lattice is logarithmic
(relative to the connection V) if it is stable by tVjs;.

Given a logarithmic lattice, the residue of the connection may not be
enough to reconstruct monodromy, when some pair of eigenvalues differ by a
nonzero integer (cf. Exercise 11.2.20-(4)). In other words, the correspondence
which associates to any logarithmic lattice € of (M, V) the pair consisting of
&/t€ and Res 'V is not an equivalence of categories. The classification of these
lattices will introduce auxiliary lattices, to which one compares the given
lattice.

1l.a Classification of logarithmic lattices

In order to formulate the classification statement, let us fix a canonical lattice
(cf. §11.2.e) by choosing ¢ as being the section of C — C/Z with values in

{s € C| -1 < Re(s) < 0}.

We will denote by V the corresponding canonical lattice.
We have seen that the functor which associates to any (k, V)-vector space
(M, V) the pair
(H,T) = (V/tV,exp(—2im Resy V)),
consisting of a vector space and of an automorphism, is an equivalence. How

to recover lattices in this description? If € is a lattice of (M, V), we will set
EF = t*E for any k € Z.

1.1 Theorem (The Deligne-Malgrange functor is an equivalence).
The functor F which, to any lattice € of (M, V), associates the vector space
H ="V/tV, equipped with the endomorphism T = exp(—2im Resy V) and with
the decreasing exhaustive filtration H® indexed by Z, defined by

H* =&eknv/ekntv
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is essentially surjective. When restricted to logarithmic lattices and to filtra-
tions stable by T, it induces an equivalence of categories.

Therefore, giving (M, V) is equivalent to giving (H,T'). The supplementary
datum of a logarithmic lattice € is equivalent to giving a decreasing filtration
of H stable by T. If £ =V, we have H® = H and H' = 0. Let us notice that
the filtration is ezhaustive (i.e., H* = 0 for k > 0 and H* = H for k < 0):
indeed, as € and V are two lattices of M, they can be compared, that is, there
exist ko such that € >V and k; such that & C ¢V.

Proof. Let us denote by R the endomorphism of H such that exp(—2irR) =T
and whose eigenvalues are in the image of the section o. Let us set M =
C[t,t7 '] ®c H, equipped with the connection V such that tVy,(h ® p) =
p® R(h) +tp'(t) @ h, for h € H and p(t) € C[t,t~!]. Let H* be a decreasing
exhaustive filtration of H, and let us denote by E the vector subspace of M
defined by
E= @t H"
keZ
As H* is decreasing, E is a CJt]-submodule of M. Moreover, as H* is exhaus-
tive, E is a C[t]-free lattice of M, a basis of which over C[t] can be obtained
by choosing, for any ¢ € Z, a family e, in H® inducing a basis of the quotient
H*/H**! and by considering the family (t~“e)ecz.
We define in that way a functor G : (H, T, H*) — (M, V, &) by setting

(M, V) = (kf ¢t -1 M, V) = (k ®c H, V) and €& = (C{t} Acry E.

By definition, the filtration “V,M is given by “V;M = t*C[t] ®c H, and
VM = C{t} ®cjy 7 ViM. We deduce that

FolG=1d.

This shows that the functor F' is essentially surjective.

If H* is stable by R (or T) for any k, then € is logarithmic. Similarly, if €
is logarithmic, then the filtration H*® associated by F is stable by R (or T)).

1.2 Lemma. Let & be a logarithmic lattice of (M, V) = (k&cH, V). There ex-
ists a unique decreasing filtration H* of H, stable by T, such that (M, V, &) =
G(H,T,H*). We have (H,T,H*) =F(M,V,&).

Proof. The second point and the uniqueness of the filtration H*® are clear, as
we have F oG = Id. The existence of H* is nothing but a reformulation of the
existence of the Levelt normal form (Exercise 11.2.20). Indeed, from any basis
of €, we can construct (I1.2.20-(3)) a basis € of M in which the connection
matrix is written as

dt dt
AYZ [(AofD)+A1+~~-+A5}7,
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where D is diagonal with integral eigenvalues, [D, A;] = —iA; for any i, and
Ao — D has eigenvalues in the image of o (the choice of o is different here
than that of Exercise I1.2.20, but the argument is the same). If E; is the
eigenspace of D with eigenvalue j, we have A;(E;) C E;_; for any ¢, hence A,
is nilpotent for 7 > 1. It follows that the eigenvalues of A are that of Ay — D.
As (Ap — D), has eigenvalues in the image of o, the basis € is contained
in H; it is thus a C-basis of H and A is the matrix of R in this basis. Let us
define the decreasing filtration H* by the formula

H*= @ E;.
J<—k
This filtration is stable by A, and the basis € is adapted to the direct sum
decomposition H = @j E;. Still according to Exercise 11.2.20, we know that
the basis e = € - tP of C[t,t~] @c H is a basis of €. This gives € the desired
form. O

Full faithfulness of the functor F is now clear: set (H,T, H*) = F(M, V, &)
and (H',T'",H'*) = FOW', V', &"); if f: (H,T,H*) — (H',T',H'*) is a mor-
phism, there exists, by the Riemann-Hilbert correspondence, a unique mor-
phism ¢ : (M, V) — (M, V') which induces it; it is a matter of proving that ¢
sends & into &’; this is immediate, as ¢ = G(f). More precisely, the inverse
functor of F'is G. g

1.3 Remarks.

(1) One should not confuse “filtration” and “flag”: a filtration consists in
giving a flag of vector subspaces and, for any space of the flag, in giving
an integer, the set of these defining a decreasing sequence.

(2) If one does not restrict to logarithmic lattices, the functor F is not an
equivalence. Let us assume for instance that H has dimension 2, with
basis €1, €2, and let € be the lattice of M = k ® H generated by (e1,es) =
(e1,€2)- P(t), where P(t) = ({ }). If the lattice & took the form G(H*), it
would admit a basis of the form (t41¢],t%2¢)), where (¢}, €}) is a basis of H.
There would exist thus a holomorphic invertible matrix Q(¢), a constant
invertible matrix C' and a diagonal matrix D = diag(d;, ds), such that
P(t) = C-tP-Q(t). One checks that this is not possible, hence there does
not exist a filtration H* such that (M, V, €) is isomorphic to G(H, T, H*).

1.4 Remark (dependence with respect to the section o). The choice
of the section o with image {s € C | —1 < Re(s) < 0} has only been done
for convenience. What is the relation between the functors °F for distinct
sections o? Let us notice first that we have a canonical isomorphism?

(1.5) TH =V/t7V =57Vt =H

2 Here, we assume that we have fixed a coordinate ¢. A change of coordinate would
give a nonzero multiple of this isomorphism.



1 Lattices of (k, V)-vector spaces with regular singularity 125

compatible with the action of T'. Indeed, Remark I1.2.22 shows that the terms
are canonically identified to @, , M® and @,/ iy o M. For any o/ €
Im o, there exists a unique a € Im o and a unique k € Z such that o/ = a+k.
The isomorphism M® -~ M®" is that induced by multiplication by ¢*.

If & is a lattice of M, let us denote by H*® and “H* the filtrations it defines
on °H and °H. A priori, the isomorphism (1.5) does not preserve filtrations.
However, when the lattice € is logarithmic, one can describe precisely the
behaviour of filtrations.

Indeed, as °H* and “H* are stable by T', we have

H*= @ °H, and °H°= @ °H.

a/.
aclmao a’elmao’

We then see that, if o/ = o+ k (k € Z), the image of H, by (1.5) is “H2 /.

Let us consider for instance the case of sections o’ and o with respective
images {s | —1 < Re(s) < 0} and {s | 0 < Re(s) < 1}, which will occur later
on. We can write “H = “Hyy ® °H; and similarly for oH , where the index
denotes some eigenvalue of T' (and not its logarithm). Then the isomorphism
(1.5) is induced by multiplication by ¢! on “H; and is equal to the identity
on “H, = “H,. Therefore, the image by (1.5) of "H3, is ”/H;;l and that
of °H} is “H;.

Let us give more details concerning the dictionary between lattices and
filtrations for a (k, V)-vector space (M, V) with regular singularity. Let &
be a lattice of M obtained through the functor G: (M, V, &) = G(H,T,H*).
Let R be the logarithm of T': H — H whose eigenvalues are in the image
of o, let R be its semisimple part and R,, its nilpotent part.

1.6 Proposition.

(1) The lattice & has order < r if and only if we have R(HF) ¢ H*~" for
all k.
(2) The lattice & is logarithmic if and only if the filtration is stable by R

(or T). If such is the case, the residue Resg V is semisimple if and only
if we have R, (H*) C H**Y for any k.

Proof. The connection on E can be written as

V(; tke_k) = [; ktke_r + ;the_k] %

We deduce the two first assertions. For the last one, we identify E/tE with
the direct sum @, (H*/H"**1). With this identification, the operator Resg V
acts as R — kId on H*/H**' It is thus semisimple if and only if R,, induces
the zero endomorphism on H*/H**1 for any k. O
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1.b Behaviour with respect to duality

Let us denote by M* = Homyg (M, k) the dual space of the k-vector space M,
equipped with its natural connection V* (cf. §0.11.b). If € is a lattice of M,
let us denote by £* = Homeyyy (€, C{t}) the dual module. We can identify in
an evident way €* to the set of ¢ € M* which send € into C{t}. This shows
that €* is naturally a lattice of M*.

Let us apply this to the Deligne lattice V. The residue of V* on V* is equal
to —Resy V (cf. Exercise 0.14.5), so that its eigenvalues have their real part
in [0, 1].

The natural mapping

V ® V' — C{t}
c{t)

e® pr— p(e)
induces a nondegenerate C-bilinear mapping

(V/£V) & (V*/tV") — C = C{t} /tC{t},

whence an isomorphism
(1.7) (V*/tV*, T*) ~ (Home (V/tV,C), ' T~1).

On the other hand, the isomorphism (1.5) identifies the pair (V*/tV*, T*) with
the pair (V(M*)/tV(M*),T). We thus have a canonical identification (if we
still denote by F' the functor (M, V) +— (H,T), and by H* the dual of H)

F(OW*,V*) = (H*,'T™H).

We can now extend this identification by introducing a lattice €. However,
as we have to use the isomorphism (1.5), we assume that &€ is logarithmic.
Here, the choice of the section o simplifies the presentation of the result. As
in Remark 1.4, let us denote by H) the generalized eigenspace of T" for some
eigenvalue A and Hy; = @/\#1 H,.

1.8 Proposition (The Deligne-Malgrange functor and duality).
Let € be a logarithmic lattice of (M, V). Then the canonical identification
F(M*,V*) = (H*,*T~1) can be extended to a canonical identification

F(M*7V*, 8*) _ (H*,tT_l,Hl.)
with H, = (HZ{)* and H{F = (H"+1)*,

Proof. Let us first show that, without assuming that the lattice € is logarith-
mic,

(1.9) VkeZ, {peM e nV)ctC{t}}=@"1er)+1ve.
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The inclusion D is immediate. In order to show the other one, let us choose,
for any ¢ € Z, a basis of the C-vector space
env
(EHINYV) + (E4NtV)

and let us lift it as a family e, C £ NV. The (finite) union of the e, forms a
C{t}-basis of V, after Nakayama’s lemma.

Let ¢ be such that p(€~*NV) C tC{t}. As, for £ > —k, we have NV C
E=F NV, it follows that p(es) C t C{t}. For ¢ < —k, we have

ELNV = (e NV = R (ER Ry c R Eek 0 )

and therefore p(e,) C t“HF+H1C{¢t}.
We then write ¢ = + 7, where

e)) ifl+k>0 0 0+ k>0
Bleg) = 4 e and n(er) = .
0 ifl+k<0 pley) fl+k<DO.

We have (V) C tC{t}, hence ¢ € tV*. On the other hand, we see, still
using Nakayama’s lemma, that the union of the t™e_j_,,, (m € Z) forms a
C{t}-basis of €7F. We have n(t™e_j_,) = 0 for m < 0 and, for m > 0, we
have

Nt™e_g—m) = pt"e__m) =t"ple_p_m) C t™ -t TIC{t},

which proves (1.9).
The equality (1.9) exactly means that (€*)k+1 N V*/(EX)k+1 N #V* is the
orthogonal space of the space €% NV/EF NtV through duality (1.7).
When € is logarithmic, these spaces are stable under the action of mon-
odromy and can be decomposed relatively to its eigenvalues. Remark 1.4 gives
the conclusion. ]

1.10 Definition (of a bilinear form). A bilinear form on (M,V) is a
k-linear mapping
(Y MM —k
k
compatible with the connection, that is, such that, for all e, e’ € M we have
Vie,e') = (Ve,e') + (e, Ve').
Giving such a form is equivalent to giving a morphism of (k, V)-vector spaces

M — M¥, er— (e — (e,€')).

The bilinear form is said to be nondegenerate if and only if this morphism is
an isomorphism.
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1.11 Exercise. The category whose objects are the (k,V)-vector spaces
(M, V) with regular singularity equipped with a bilinear form (,)
(resp. nondegenerate, resp. symmetric, etc.) and whose morphisms are
those which are compatible with bilinear forms, is equivalent to the cat-
egory whose objects are the C-vector spaces H equipped with a bilinear
form (, ) (resp. nondegenerate, resp. symmetric, etc.) and with a self-adjoint
automorphism 7', and whose morphisms...

Let now € be a lattice of M. We will say that a nondegenerate bilinear form
(,)on (M, V) has weight w € Z relatively to the lattice & if the corresponding
isomorphism M —— M* sends & into (£*)* = t¥&*. We deduce a nondegen-
erate bilinear form on & /t€, obtained by composing the isomorphisms

E/te T tver /retler s e /te* = Home(E/tE, C).
If € is logarithmic, the residue of V on & satisfies then
ResV + 'ResV = wld.
We deduce from Proposition 1.8 and from Exercise 1.11 above:

1.12 Corollary (With a bilinear form, the Deligne-Malgrange func-
tor is an equivalence). The functor F induces an equivalence between

(1) the category of objects (M,V,E&,(,)) consisting of a (k,V)-vector space
with regular singularity, of a logarithmic lattice and of a nondegenerate
bilinear form of weight w relatively to the lattice;

(2) the category of objects (H,T,H®,(,)) consisting of a C-vector space
equipped with a nondegenerate bilinear form, of a self-adjoint automor-
phism T and of a decreasing filtration H® stable by T such that, for any
k € Z, we have (denoting by H the orthogonal space of H with respect

to{,)) ., )
(Hil) :H;ffw and (Hf) = HhowL -

1.13 Exercise (With a sesquilinear form, the Deligne-Malgrange
functor is an equivalence). We fix some coordinate ¢ and we consider
the automorphism of the field k defined by f(¢) — f(—t). If M is a k-vector
space, we define the k-vector space M by modifying the action of k on M: if
f(t) € k and m € M we set f(t)-m = f(—t)m. Therefore, M and M coincide
as C-vector spaces. We will denote by 7 the element m “regarded in M”. In
other words, we have f(t)m = f(—t)m. We define similarly € if € is a lattice
of M. If V is a connection on M, we set V(m) = —V(m).

e Prove that V is the canonical lattice of M, that H = V/tV = V/tV and
that Resz V = Rese V.
e Show that the filtrations associated to & and & coincide.



1 Lattices of (k, V)-vector spaces with regular singularity 129
A sesquilinear form3 on (M, V) is a k-linear mapping

(LY MM —k
k

compatible with the connections.

e Prove that Corollary 1.12 still holds if one replaces in (1) “bilinear form”
with “sesquilinear form”.

1.c Characteristic polynomial of a lattice at the origin

Characteristic polynomial of a logarithmic lattice. Let € be a logarithmic lat-
tice of (M, V). The characteristic polynomial of the residue Resg V can be
computed with the filtration H*® associated to the lattice: this filtration is
stable by A = Resy V; in a similar way, the filtration induced by V¢ = t*V on
&/t€ is stable by Resg V. Multiplication by ¢* identifies the spaces

vkne d eFNV
VFng) L (VFknte) N EHTAY) 1 (EENtV)

and is compatible with Rese V (on the left) and Resy V (on the right); lastly,
the left-hand term above is the subspace of £/t€ corresponding to eigenvalues
of Resg V with real part contained in | — k — 1, —k].

1.14 Definition (of the characteristic polynomial of a logarithmic
lattice). The characteristic polynomial xe(s) of the logarithmic lattice &€
is the characteristic polynomial det (sId — Rese V) of the residue of V on €.

We can thus write

xe(s)=](s —p)

B
with

(1.15) vg = dim HY/H¥™ where A = exp(—2in3) and [~] = k,

if we denote by [—(3] the integral part of the real part of —3 and where HY is
as in §1.b.

General case. When the lattice € is not logarithmic, the residue is not defined
in general (see Remark 0.14.8). We can however take Formula (1.15) as an
model to define a characteristic polynomial x¢. It is nevertheless necessary to
give a meaning to the spaces HY when H” is not stable by T

In order to do so, let us begin, when the eigenvalues of T' do not have mod-
ulus equal to 1, by choosing a total order < on C subject to both conditions
below:

3 The need of such a notion will be clear in the chapter devoted to Fourier transform,
cf. in particular Formula V.(2.5).
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e it extends the usual order on R and
e it satisfies the property a < g & VkeZ, a+k < S+ k.

We can for instance use the lexicographic order
r+iy<a' +iy = v<a2’orz=2"andy <y

Let us fix such an order. We will denote by ]a, b] the subset of C consisting of
the complex numbers s such that a < s < b.

Fig. III.1. The set | — 1,0].

We can then filter H in a decreasing way by setting, for a € | — 1, 0],

H® = @ Hexp72i7r,3-
Bza

In an analogous way, we can interpolate the filtration V* by taking, for any
B € C, the lattice V? corresponding to the section o with image |3 — 1, 3].
For any a € | —1, 0], we identify the space Hexp —2ira to the quotient space
Ve V> by setting V> = Ugso V2.
With the lattice £ we define a decreasing exhaustive filtration of each
subspace Hy by setting, for any k € Z,

HY = (EF v /(EF nVv>*) = (H* n HY)/(HF n H>)

(by choosing o € | — 1,0] such that A = exp(—2ima) and taking care of the
ambiguity of notation in the right-hand term).
The characteristic polynomial xe(s) is then defined by Formula (1.15).

1.16 Definition (of the characteristic polynomial of a lattice). The
characteristic polynomial ye(s) of the lattice € is equal to

ENVs

xe(s) = [J(s - B)” with Vo = dim e e A V)

BeC
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1.17 Remark. The polynomial x¢(s) determines the characteristic polyno-
mial of the monodromy 7', which is equal to [[;(S — exp(—2irf3))"*.

1.18 Exercise (Behaviour of the characteristic polynomial by dual-
ity). Let (M*,V*) be the (k, V)-vector space dual to (M, V).

(1) Prove that, for any 8 € C, we have
VA(M*) = Homey (V7P C{t}).
(2) Deduce that the bilinear form, composition of both mappings

VI () ?}V*('B“)(M) - icqyy Residue o
C{t

induces a nondegenerate bilinear form

[V2 () v>P ()] @ [V D ) /v =D )] — .

(3) Show that the orthogonal space of t=1& N V~(F+D (M) is equal to
[€* NVZP (V)] + [te* N VP (M)
and deduce a nondegenerate bilinear form
X NVA (M)
[E* NV>B(M*)] + [tE* N VA (M*)]

t=re N V-G (n)
[€NV=EFDO] + [t N V> G (V)]

®
C
— C.

(4) Deduce that ye«(s) = (—1)%xe(—s), where d = dimg, M.
(5) Deduce that, if there exists a nondegenerate bilinear form on (M, V) of
weight w relatively to €, we have ye(s) = (—1)%ye(w — s).

Prove the analogous statements for M.

Remark (Various notions of exponents). There exists other ways to as-
sociate “exponents” to a lattice €. Let us indicate that of Levelt [Lev6l].
E. Corel [Cor99] has shown that these exponents correspond to the character-
istic polynomial of the residue of V acting on the largest logarithmic sublattice
of €. It could also be possible to consider the smallest logarithmic lattice con-
taining &, or also, with Gérard and Levelt [GL76], the lattice obtained from &
by saturating by tVy,5,. These exponents do not necessarily satisfy the dual-
ity property of Exercise 1.18, but in loc. cit. E. Corel has shown for them an
inequality which enables one, when one applies it to a lattice on P!, to obtain
inequalities analogous to that proved by R.Fuchs for differential equations.
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1.d Rigidity of logarithmic lattices

The proposition which follows shows that, locally, logarithmic lattices do not
produce any interesting theory of integrable deformations. This statement
happens however to be very useful in order to transform local problems into
global, hence algebraic, problems.

1.19 Proposition (Rigidity, [Mal83c, Th. 2.1], [Mal86]). Let (E°, V°)
be a bundle on a disc D equipped with a connection having a logarithmic pole at
the origin. Let X be a 1-connected analytic manifold with basepoint x°. There
exists then a unique (up to unique isomorphism) bundle E on D x X with a flat
connection having logarithmic poles along {0} x X, such that (E,V)|px{ze} =
(E°,V°).

1.20 Remarks.

(1) This result can be compared with that of Corollary 11.2.21 and §I1.2.26,
with the difference that the condition on the eigenvalues of the residue is
replaced here with the initial condition (E, V)| pyx 03 = (£, V?), which
gives the strong uniqueness.

(2) A more precise way to formulate Proposition 1.19 is by saying that the

restriction functor, from the category of holomorphic bundles on D x X
with logarithmic connection with pole along {0} x X to the category of
bundles on D x {x°} with logarithmic connection with pole at 0, is an
equivalence.
Indeed, if this equivalence is proved, any logarithmic (F, V) with restric-
tion equal to (E°,V°) is isomorphic to pT(E°,V°),if p: D x X — X
denotes the projection. Full faithfulness shows that there exists a unique
isomorphism inducing the identity when restricted to D x {z°}.

(3) If, in Proposition 1.19, we start from a triple (E°, V°, (, )°), where (, )° is
a nondegenerate bilinear or sesquilinear form of weight w € Z, a reasoning
analogous to that done in the proof of this proposition shows the existence
and the uniqueness of an extension (E,V, (, )): we indeed regard (, ) as
a homomorphism (E,V) — (E*,V*) or (E",V") and we apply the full
faithfulness of the restriction functor to D x {z°}.

Proof (of Proposition 1.19). We will prove that the restriction functor is an
equivalence. The essential surjectivity is clear, as we have seen in Remark 1.20-
(2): it is enough to take for (E, V) the pullback of (E°, V°) by the projection
p:DxX — D.

Let us show full faithfulness. Any horizontal section of the sheaf
Home, (E°,8'°) can be lifted in a unique way as a horizontal section
of Home,, (&,6") p-xx as, by assumption of 1-connectedness of X, the
inclusion D* x {z°} < D* x X induces an isomorphism of fundamental
groups. It is a matter of verifying that this section can be extended as a
section of Home,, (&,&"). This follows from the existence of the normal
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form given by Theorem I1.2.25: it implies indeed that any horizontal section
on D* x X is meromorphic along {0} x X and that, if the restriction of such
a section to D x {z°} is holomorphic, the section is also holomorphic along
{0} x X*. O

1.21 Remark. One can show in the same way that, if E° is a bundle on P!
equipped with a connection V° with logarithmic poles at all points of a subset
Y° C P! having cardinal p + 1, there exists a unique (up to a unique isomor-
phism) bundle E equipped with an integrable connection V with logarithmic
poles along X° x X which extends (E°, V°).

1.22 Remark. Let us now assume that the set X° varies analytically in P'.
In other words, let us be given a smooth hypersurface ¥ in P' x X, such that
the projection Y — X is a covering of finite degree p + 1. For any =z € X,
the set X, C P! is thus a configuration of p + 1 distinct points and we have
Yo = X°. If X is 1-connected, the statement given in Remark 1.21 still holds
in this situation, with the supplementary assumption that the inclusion

(P! 2°) x {2°} — (P! x X)\ ¥

induces an isomorphism of fundamental groups. This assumption is satisfied
for instance if the homology group Ha(X,Z) is zero®. As X is 1-connected, the
covering X — X is trivializable and there exists p + 1 holomorphic mappings
i : X — P! (i =0,...,p) such that X is the union of the graphs of ;. We
apply Proposition 1.19 to an open neighbourhood V; of each component X;
isomorphic to D x X to obtain a bundle (E;, V;). We get (E,V) on P! x X
by gluing the (E;, V;) with the holomorphic bundle with a flat connection on
P! x X\ X corresponding to the representation of 71 (P* x X\ %) = 71 (P X°)
defined by (E°,V°).

2 Lattices of (k, V)-vector spaces with an irregular
singularity

2.a Classification of lattices

The classification of (k,V)-vector spaces with an irregular singularity is not
as simple as for regular singularities (cf. §I1.5). Nevertheless, once the latter
is known, the classification of lattices reduces to that of formal lattices. Some
of these lattices can be classified. We will give some indications below.

4 One will take care that this property can be false for a nonhorizontal meromorphic
section.

® Indeed, as X is 1-connected, this group is equal to the group o (X); the homotopy
sequence of the fibration (P! x X)~ X — X gives the desired result.
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Fig. II1.2.

2.1 Lemma (Malgrange) Let M be a ﬁm’te dimensional k-vector space.
IfSF is a lattice ofJ\/[ = k ®r M, then J := FNM is a lattice of M C M and
we have C[t] ®cqn F = 7.

One will find a generalization of this lemma in [Mal96, Prop. 1.2].
Proof. Let us set F = FNM. The injection F — F induces a homomorphism

Clt] ®cqy T — F; we will show that it is an isomorphism.

Let us fix a lattice G of M and let us consider the lattice 9 Clt] ®cqt} G
of M that it defines. By taking a basis of § we see that § = 9 N M. On the
other hand, we can assume, up to changing § to ¢~ kG for some suitable k,
that § C F.

Let us consider the exact sequences

o~ —~

0 g F F/5 0

T T T

0—— Clt] ®@cpy § —— C[t] @cqry F —— Clt] ®cey F/G——0

We know that the left up arrow is an isomorphism. It is thus enough to show
the same property for the right one. In order to do so, let us remark that
M =M+ G. We deduce that

F=FnM+G) =F+G,

as Ej C F. We deduce that the natural injection F/G§ — ?/Ej is bijective
and, in particular, multiplication by ¢ is nilpotent on F/G. Therefore, we have

Clt] ®ciy F/5=3F/5 = §"/§, whence the result. O
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Deligne lattices. We will assume in the following® that the (k, V)-vector space
(M, V) admits a good formal model (M=, V). This model can be written
as @, (€9 ® Ry). Let V(M*) be the Deligne lattice of M=, that is, by
definition, the lattice B, (€2 ® V(R,)), where V(R,) is the Deligne lattice
of the (k,V)-vector space with regular singularity R,. We deduce a lattice

~

V(M). The Deligne lattice of (M, V) is by definition the lattice (cf. Lemma
2.1)

~

V(M) = V(M) N M.

Formal lattices. Let € be a lattice of (J\Af[, 6) This lattice is not necessarily
decomposed correspondingly to the components g‘”@fﬁ@ of (JV[, @) Therefore,
in general, the classification of (formal) lattices cannot be reduced to that
of lattices in (k, V)-vector spaces with regular singularity R,. However, if
the lattice has order equal to the Poincaré rank of (M, V), that is, if it has
minimal order among lattices of (M, V), the decomposition corresponding to
eigenvalues of the most polar part (cf. Exercise 11.5.9) preserves the lattice
(neither the base changes nor their inverses have a pole). In particular, if
there is rkM distinct eigenvalues (as in Theorem I1.5.7), the lattice can be
decomposed as a direct sum of lattices of rank one: we will come back to these
properties in §2.e.

2.b Characteristic polynomial of a lattice at infinity

For want of a general classification of lattices of (M, V) when the connection
has an irregular singularity, we will associate to any lattice a characteristic
polynomial. Two kinds of characteristic polynomials can be defined:

(a) By using the notion of Deligne lattice for irregular singularities introduced
above, we can proceed as in §l.c. The polynomial that we get in this
way determines the characteristic polynomial of the formal monodromy
of (M, V).

(b) By algebraizing the germ (M, V) as in §I1.3.c and by using the (regular)
Deligne lattice in the neighbourhood of infinity, we can follow an approach
analogous to that of §1.c. The characteristic polynomial that we get in this
way determines that of the monodromy of (M, V).

We will follow the latter approach. Let (M, V) be the free C[t, ¢~ 1]-module
with connection, with regular singularity at infinity and whose germ at 0 coin-
cides with (M, V) (cf. §§1.4.d and I1.3.c). There exists a unique C[t]-module E
which is a lattice of Ml and whose germ at 0 is equal to €. Let V' be a Deligne
lattice of the analytic germ M’ of M at oo (that we have already used above,
for instance), such that the eigenvalues of the residue of V have a real part
in | —1,0]. Let V' be the C[t'] submodule of M whose analytic germ at oo is

5 This assumption is made for simplicity; see [Mal83b] for the general case.
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equal to V. We have in an evident way V' /t'V' = V'/t'V’, a space that we
will denote by H’, equipped with its monodromy 7.
Let us consider the increasing filtration of M by the t ~*E = t'*E, for k € Z.
It induces an increasing filtration on H’ by the formula
Gl =V Nt E/(H'V') Nt'*E.
2.2 Lemma. The filtration G’ is erhaustive, i.e.,

o _Jo k<o,
k — 7 .
H  if k> 0.

Proof. Given V' and #*IE, we define a bundle %, on P! (cf. Proposition 1.4.15)
and we have

G =9 @ Op (k)
by setting &4 = %,. We deduce that

V' Nt'*E = HO(PY,4,) =0 for k<0

and therefore G}, = 0 for k < 0.
On the other hand, we have an isomorphism ' : V' N #'*=1E - (#V') N

t'*E, so that G, is identified to the quotient of H°(P*, %) by H°(P*,%_1).
If mg is a point of P!, the exact sequence
0— H'(PL, 92 0((k—1)mg)) — H° (P, 9 @ O(kmy))
— Gy — H' (P19 @ O((k — 1)mg))

and the fact that H! is zero for k > 0 (see the proof of Corollary 1.3.3) show
that dim G}, = d for k > 0. O

In an analogous way, if we fix a total order on C as in §l.c, we get an
increasing exhaustive filtration on each H} by setting

Gi(HY) =t *En V' /t *En V>,

2.3 Definition (of the characteristic polynomial at infinity). The
characteristic polynomial at infinity x2°(s) is defined by Formula (1.15) where
one replaces HY with G} (H}). We thus have

ENV?
ENV>8) 4+ tENVH)

vg = dim

2.4 Remark. This polynomial will reappear later in relation with Birkhoff’s
problem (cf. Remark IV.5.13-(1)).

2.5 Exercise. Recover the characteristic polynomial of the monodromy T’
on the space H' = V'/t'V’ from x2°(s) (see Remark 1.17).
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2.6 Example (Darkness at noon). If (M, V) has regular singularity and
if € is a logarithmic lattice of it, we have x2°(s) = x¢(s). Indeed, we can write
M = Dsec M? and E = Dsec E”. The multiplicity v5 of (s — ) in xe(s)
is equal to dimE”. We remark then that the residue at 0 of V on M? has
eigenvalue (3, while the residue at oo has eigenvalue —(.

The behaviour by duality is analogous to that of Exercise 1.18:

2.7 Proposition (Behaviour by duality). If £ is the lattice dual to &
and € is its “Hermitian” dual, we have Xex(s) = x5 (s) = (=1)4x 2 (—s).

Proof. Let us set xg°(s) = [[5(s — B)"" and xg(s) = [[5(s — B)5. Tt is
a matter of showing that v = v_g. For any v € C, let .#7 be the bundle
on P! constructed by gluing the lattices € (in the neighbourhood of the origin)
and V7 (in the neighbourhood of infinity). Let us denote similarly by #*7 the
bundle constructed with the lattices £* and V"7 (M*). As we have (cf. Exercise
1.18)
V/’Y(M*) _ [Vl>—('y+1)]*

we also have .#*7 = [#>~(0t1]* On the other hand, for k € Z, we have

FIE = Opi (—k) @ F7. Serre’s duality (cf. [Har80]) and the fact that 2}, ~
Op1(—2) (cf. Proposition 1.2.11) imply then the equalities

dim H'(P!,.7>~0+Y) = dim HO(P!, #*(0+2))
dim H' (P, .Z~0+Y) = dim HO(P', . *>(+2),
On the other hand,
dim H*(P', #7) = dimEN V" := 4,

so that

vg = (0p = 0p41) = (055 — 6>p41)-
We thus deduce that

vy = (dim H' (P!, Z> ) —dim H' (P!, 7> 7))
— (dim H'(P', 77t —dim H' (P!, 7 7))..
For any v we have an exact sequence of sheaves
0—F7 —F —G"—0

where G7 is the skyscraper sheaf, vanishing on P! \ {co} and with fibre
V7 /V’>7 at oo. This exact sequence induces thus a long exact sequence in
cohomology:
0 — HP', 7#>7) — H°(P', %) — GL,
— HY(PY, #>7) — H'(P',.77) — 0.
By considering the sequences above for v = —3 and v = —3+ 1, and by using
that dim G, = dim G2, we deduce the equality Vi =v_g. a
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2.8 Corollary (Symmetry of the characteristic polynomial at infin-
ity). If there exists a nondegenerate bilinear or sesquilinear form on (M, V)
of weight w relatively to &, then x°(s) = (—1)x(w — ). O

2.9 Exercise (Behaviour under tensor product, cf. [Var83]). Let
(M, V', &) and (M",V",E") be two k-vector spaces with connection,
equipped with lattices, and let (M, V, ) be their tensor product:

M=M %MH, eE=¢ (C({@} & and V=V'® Idyer 4+ Idoyr ®V".
t

(1) Prove that Ml = M’ ®¢s,,-1) M has regular singularity at infinity.
(2) Show that, if V denotes the Deligne lattice at infinity,

V() = V(M) @) VM),

(3) Prove that, for any 8 € C, we have, if we denote by (V?)sec the filtration
which interpolates the filtration (#*V)icz,

VA (M) /V>8 (M)
— QIG]Q?LO] ({Va' (MI)/V>0/(M')} %) [Vﬁfo/ (M”)/V>(ﬁo")(M“)})

(Compute M8 := @, ., ('*V/t'*1V) in terms of M"*& and M'"™¢ by
considering the analytic germs of M, M',M" at oo).
(4) Show that

Enviayc S ([Enveen)]s B nve mn)]).
a’€]—1,0]
Deduce that, for any g € C, we have
ITHEED DD ) ST
k=0 o’ €]—1,0] i>0 j>0

(5) We set (V' xv")g =35, 5 Vv Deduce that, for any 3, on a

PRZIE P e

d k>0 k>0
an
Ng := Zl/,y > (N'«N")g = Z(z/*z/’)ﬁ.
v=B v=B

Check that Ng = (N« N") for § < 0 or 5> 0.

(6) We moreover assume that (M, V') and (M”, V") are equipped with non-
degenerate bilinear (or sesquilinear) forms of weight w’ and w” relatively
to & and &£”. Prove that (M, V) is also naturally equipped with a nonde-
generate bilinear (or sesquilinear) form of weight w = w’ + w” relatively
to €. Deduce that, for any 3 € C,

vg=vy—p and V' xv")g= " *1")p_p.
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(7) Keeping the previous assumption, show that N3 = (N’ x N”)g for any 0
and deduce that vg = (V' x ") for any .

2.c Deformations

The main result of this section is Theorem 2.10 below, which is an analogue
of Proposition 1.19 for connections with pole of order one, and the proof of
which will occupy the remaining part of this chapter. We restrict ourselves
here to the case of poles of order one for simplicity and because only this case
will be considered in the following. The reader interested in a more general
situation can refer to [Mal83c].

In the following, X denotes a connected analytic manifold of dimension n
equipped with a base point x° and with holomorphic functions A1,..., Ag :
X — C. We will assume that, for any z € X and all i # j, the values \;(x)
and \;(z) are distinct. We will set A = X;(z°).

2.10 Theorem (cf. [Mal83c]). Let (E°,V°) be a bundle on a disc D
equipped with a connection with pole of order one at the origin, the
“residue” R§ of which admits \{,...,\ as eigenvalues. If the parameter
space X is 1-connected, there exists a unique (up to isomorphism) holomor-
phic bundle E on D x X, equipped with a connection having pole of order one
along {0} x X, such that

o for any x € X, the spectrum of Ro(x) is {1 (x),..., Aa(2)};
o the restriction (E,V)|py g0} 15 isomorphic to (E°,V°).

2.d Bundles of rank one with connection having a pole of order
one

Let (E, V) be a holomorphic bundle on D x X equipped with a flat connec-
tion V. We assume in this paragraph that the bundle F has rank one and, as
in Theorem 2.10, that the connection has a pole of order one. Let us begin
with the local classification of such objects.

2.11 Proposition. Let (E, V) be a germ at (0,2°) of bundle of rank one on
D x X, with a connection having a pole of order one along {0} x X.

(1) We can associate to (E,V) a unique pair (A, p), where pp € C and \ €
O (X), characterized by the property that, in any local basis of E, the polar
part of the connection form is written as

Wpol = —d ()‘(x)) + M@-

t t

(2) The germ of bundle (E,V) admits a non identically zero holomorphic
horizontal section if and only if \=0 and p € —N.
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(3) Two such bundles with associated pairs (X, i) and (N, ') are locally iso-
morphic if and only if X = X and p = p'.

Proof.

(1) Let w be the connection form in some local basis of E. The integrability
condition reduces to the condition dw = 0 as F has rank one. Moreover,
the polar part of the form w is not modified by a holomorphic base change,
which only adds some exact holomorphic form to w. The integrability
condition applied to the polar part of w gives the desired expression.

(2) This is analogous to Proposition I1.5.1. Let us begin by noticing that there
exists a basis of E in which the connection form is reduced to its polar
part: indeed, the connection form w in a given basis can be written as
W = Wpol + dy with ¢ holomorphic. The base change with matrix e™%
gives the existence. In this basis, the coefficient s(t,z) =37, sp(x)tF of
a holomorphic horizontal section satisfies the differential equation

83 Az) B
5 + (t +/J> S —0,

which can be written as

Z(k—i—,u)sk AR Zsk )t = 0.

k>0 k>0

If M(x) # 0, we deduce step by step that all coefficients s, are identically
zero. If A = 0, we see in the same way that the nonvanishing of at least
one coefficient sy is equivalent to u € —N.

(3) A homomorphism (E,V) — (E’, V') is a holomorphic horizontal section
of the bundle ##om(&, &"). This one still has rank one and its connection
still has order one, with form w’ — w. The existence of an isomorphism
between both bundles with connection implies therefore, after (2), that
A=) and p = p/. Conversely, if this equality is satisfied, both bundles
are isomorphic, as there exists for each a basis in which the connection
form reduces to its polar part. O

Let us now consider the global situation: the point (3) of the previous
proposition shows the existence of a holomorphic function A on X and of a
complex number p such that, in any local basis, the polar part wyo of the
connection form is equal to —d(\(z)/t) + pdt/t.

2.12 Proposition. There exists a locally constant sheaf € of rank one on X
and an isomorphism & ~ Opxx ®c & such that the connection ¥V can be
written as _

vV=V + Wpol

zf% is the natural holomorphic flat connection on Oy ®c E.
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Proof. It is enough to notice that the local basis of (£, V) in which the connec-
tion form reduces to its polar part is unique up to a multiplicative constant:
indeed, two bases in which the matrix is equal to wpo are related by multipli-
cation by an invertible holomorphic function v such that dlogy = 0, hence
1 is locally constant. O

2.13 Remarks.

(1) With the notation of §0.14.c, the endomorphism Ry is the multiplication
by A, the endomorphism R, is the multiplication by —u and @ = —dA.

(2) If X is 1-connected, it follows from Proposition 2.12 that the bundle E is
trivializable.

(3) The sheaf of automorphisms of (E, V) is locally constant of rank one on X:
as a matter of fact, such an automorphism must preserve the polar part
wpol Of the connection matrix of V, hence also the connection V (if one
prefers, the natural connection defined by V on J#om (&, &) has no pole
and it is also the natural connection defined by 6), as a consequence, it
is an automorphism of the flat bundle (E, %)

This sheaf is thus constant if X is 1-connected.

2.14 Exercise. Extend these results to the case of a connection of order r» > 1.

2.e Formal structure

When E has rank > 1, the structure of the bundle (F, V) is not so simple (this
is even so for the associated meromorphic bundle; see §11.5). Nevertheless, if
one only considers the associated formal bundle, everything is similar to rank
one.

Let @ be the formal completion of the sheaf Opy x along {0} x X: it is a
sheaf on {0} x X whose germ at any point (0,z°) is the set of formal series
Yoo ai(x)t!, where the a; are holomorphic functions defined on the same
neighbourhood of x° (cf. §I1.2.f).

Let E be a holomorphic bundle on D x X and let & be the associated sheaf.
We will denote by & the formal bundle associated to & along {0} x X: this is
the sheaf & @ &} it is thus a sheaf on {0} x X. The notion of formal bundle
with meromorphic connection remains meaningful and, if £ is equipped with
a connection having pole along {0} x X, then so is &.

In general, going from (E, V) to (&, V) loses much information, if (E, V)
does not have regular singularity along {0} x X.

Nevertheless, we notice that, when E has rank one and V has a pole of
order one, giving the formal bundle with connection (&,V) is equivalent to
giving a pair (A, 1) and, in this case, taking the formal bundle is an equivalence
of categories.

Let us resume the assumptions of §2.c.
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2.15 Theorem (Formal decomposition of a lattice of order one). If
(E, V) is a holomorphic bundle on D x X with connection of order one along
{0} x X and which “residue” Ro(x) has eigenvalues \;(z) at any x € X, then
the associated formal bundle with connection can be decomposed in a unique
way (up to a permutation) as a direct sum of subbundles of rank one

E.9) = D7)

which are locally pairwise nonisomorphic.

Proof. The restricted bundle ijE can be decomposed as the direct sum of
eigenbundles of Ry. It is a matter of lifting this decomposition to & ina way
compatible with V.

The local existence of the decomposition follows from Theorem I1.5.7 be-
cause, as we mentioned in Remark I1.5.8, neither the base change that we use
not its inverse has a pole. This decomposition also provides complex num-
bers ;.

Moreover, this local decomposition is unique: as a matter of fact, let us
consider another decomposition by (&7, 51 V) the projection & G (f 1nduced
by the local decomposition is zero if ¢ # j as A; # A; (Prop051t10n 2.11-(2))
and, arguing the other way around, we deduce that @’” (5”

Lastly, the summand (éal, V) is the unique subbundle of rank one of (g , @)
on which the polar part of V is equal to —d(A;/t) + p; dt/t: if (éﬁ',@) is
another one, we see as above that the sections of é/a\ have no component on
the summands é’A (j 7é i) of the decomposition, hence & e éi, having fixed
the residue p; implies c? Coﬁ

The uniqueness now gives the global existence of the subbundle (a?),, @)
Finally, the natural homomorphism @1(3‘;, @) — (é’A , @) is locally, hence glob-
ally, an isomorphism. (]

2.16 Remarks.

(1) The sheaf of automorphlsms of ((5" V) is locally constant: indeed, an au-
tomorphlsm of (6" V) preserves the decomposition of Theorem 2.15 as the

((5;, V) are pairwise nonisomorphic.

(2) When X is 1-connected, we deduce from what we have seen above that the
bundle & is trivializable and admits a basis in which the matrix {2 of V can
be written as diag(ws, ...,wq), where the w; take the form —d(\;(x)/t) +
w; dt/t. Such a basis is unique up to conjugation by a constant diagonal
matrix.

2.f Proof of Theorem 2.10

Step 1: construction of the formal connection. If the formal bundle (E,@)
exists, it must be trivializable, as X is assumed 1-connected and after Re-
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mark 2.16-(2). It admits thus a basis in which the connection matrix is
diag(ws, . ..,wq), with
i dt

where p; = pf is determined by (E°, V°). We equip the trivial formal bundle
with this connection, which is suitable, and we fix a formal isomorphism f?
of (E°,V°) with the former.

Step 2: construction of the meromorphic bundle. The meromorphic bundle
(A,V) = (&(x({0} x X)), V)

can be obtained by means of the Riemann—Hilb/e{t correspondence with pa-
rameter of §11.6.b. Indeed, the formal bundle (.7, V) = (&(+{0} x X),V) is
determined by Step 1. Moreover, Theorem I1.6.1 shows that the Stokes sheaf
is locally constant, hence constant as X is 1-connected. There exists therefore
a unique section o of this Stokes sheaf, the value /gf which at x° is the ele-
ment determined by (E°, V°, °). By means of (.#, V) and of the section o,
we can thus construct a meromorphic bundle with connection (., V, f) Tts
restriction to D x {z°} is isomorphic to (.Z°,V°, f°) = (&(x{0}), V°, f°).
Step 3: construction of the bundle (&,V). We can proceed in two ways. The
simpler method notes that, once the formal decomposition of Theorem 2.15
is obtained, the arguments of §I1.6 do not necessitate inverting the variable ¢
and can thus be applied to (&, V, f) as well as to (A4, V, f) We can therefore
gather Steps 2 and 3.

Another method involves constructing & as a lattice of the meromorphic
bundle .# obtained above and verifying that the connection V has a pole of
order one. Moreover, it is enough to construct the germ of & along {0} x X
as, away from this set, & must be equal to .. It is thus enough to show that
& = &N . is a lattice of .# which satisfies & Re & = 5 as a matter of
fact, if this equality is proved, the connection V on & has a pole of order one
along {0} x X as so has its formalized connection.

One will find in [Mal96, Prop.1.2] a proof of this result, which is an ana-
logue, with parameters, of Lemma 2.1.

Uniqueness. Let us employ the arguments of the first method above, by using
of course the simple connectedness of X. Let (£, V) and (E’, V') be two such
bundles with connection, which are isomorphic when restricted to D x{z°}
and let ¢g° such an isomorphism. On the other hand, let ]?and ]?’ be formal
isomorphisms of these bundles with some model (E=°°?, V=°°?) as in Theorem
2.15. Remark 2.16 shows that the automorphism h° = f° o g° o (‘)/"\0)*1

the restriction iT (Eg“"d, @g""d) can be extended in a unique way as an auto-
morphism h of (E#°¢, V=od) The restrictions to D x {z°} of (&,V,ho f)
and (&',V', f’) are then isomorphic via ¢g°. The constancy of the Stokes sheaf
implies that (&, V,ﬁ o f) and (&7, V', f’) are isomorphic. O



IV

The Riemann-Hilbert problem and
Birkhoff’s problem

Introduction

The question of the existence of logarithmic lattices, trivial as vector bun-
dles, in a given meromorphic bundle with connection on P!, is known as the
Riemann-Hilbert problem". This question takes for granted that the meromor-
phic bundle has only regular singularities.

There are various generalizations and variants of this question. Birkhoff’s
problem is one for which the meromorphic bundle has only two singularities,
one being regular, and where one fixes the lattice in the neighbourhood of the
other singularity, which can be regular or irregular.

We can also ask for the existence of a trivial lattice whose order in each
singularity is minimum among the orders of the local lattices of the meromor-
phic bundle at this singularity: it is a straightforward generalization of the
Riemann-Hilbert problem to the case of irregular singularities.

The case of bundles on compact Riemann surfaces has also been consid-
ered. One then tries to bound from above the number of apparent singularities
which are needed for making the bundle trivial. One could also, considering
Exercise 1.4.8, ask for the existence of logarithmic lattices which are semistable
as vector bundles (cf. [EV99]).

One will find in [AB94] and [Bol95] a detailed historical review of this
question (cf. also [Bea93]). Let us only note here that, although we have long
known examples giving a negative answer to Birkhoff’s problem (cf. [Gan59,
Mas59]), a negative answer to the Riemann-Hilbert problem has only been
given quite recently by A.Bolibrukh.

We will give here proof of the existence of a solution to the Riemann-
Hilbert problem and to Birkhoff’s problem with an assumption of irreducibil-
ity, a result which is drawn from Bolibrukh and Kostov. We will not, how-

! In fact, the original problem 1.1 shows up the monodromy representation, but this
amounts to the same, according to the Riemann-Hilbert correspondence 11.3.3.
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ever, exhibit examples for which the answer is negative, referring for this to
[AB94, Bol95] and to the references given therein.

We will also give a criterion, drawn from M. Saito, for a positive answer
to Birkhoff’s problem. This criterion happens to be more effective, as we will
mention in §VIL.5, when applied to differential systems associated to some
objects coming from algebraic geometry, than Corollary 5.7 below.

1 The Riemann-Hilbert problem

Given a finite set {ms,...,m,} of distinct points of the complex line,
we fix a base point o € C ~ {my,...,mp}. The fundamental group
T (C~{m1,...,mp},0) is the free group with p generators. Giving a

linear representation
p:m(C~ {mq,....,mp},0) — GL4(C)

is then equivalent to giving p invertible matrices 17, ..., T, € GL4(C).
On the other hand, let us consider a differential system

du

— = —A(t) - u,

o (t)
where A(t) is a matrix dxd with holomorphic entries on C\{m, ..., m,} and u
is a vector (u1,...,uq) of functions on an open subset of C~{mq,...,mp}.

Theorem 0.12.8 shows that this equation defines a linear representation as
above.

1.1 The Riemann-Hilbert problem. Given p invertible matrices
Ty,...,T, € GL4(C), do there exist matrices Ay, ..., A, € My(C) such that
the representation defined by Ty,...,T, is isomorphic to that associated to

the system
du P4
— = ! cu?
dt {z;t—mj “

1=

1.2 Remark. One should not believe that the matrices T} are related to the
matrices A; by relation 7; = exp —2imA;. Indeed, in the neighbourhood of
m;, the equation can be written as

du

2 A (.
7 (t) - u

. A;
with A (t) — ; “— holomorphic in the neighbourhood of m; and # 0 in

general. The situation of Exercise I1.2.20-(4) may thus happen here.

We will first consider an analogous problem, where representations do not
occur. Let (.#, V) be a meromorphic bundle with connection on the Riemann
sphere P!, with poles in p + 1 distinct points mg,my, ..., mp.
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1.3 The algebraic Riemann-Hilbert problem. We suppose that (#,V)
has a reqular singularity at mo, ..., my (i.e., that there exists in the neighbour-
hood of each m; a logarithmic lattice).

(a) Does there exist a global logarithmic lattice of (M ,V)?
(b) Does there exist such a lattice which is moreover quasitrivial
(¢) Does there exist such a lattice which is moreover trivial?

Let us first translate the questions in terms of differential systems. Recall
that (Corollary 1.4.9) when ¥ # &, the meromorphic bundle .# is isomorphic
to Op1 (xX)?. Let £2 be the connection matrix in some basis ey, . . ., e4 of global
sections of .Z , which exists according to this corollary. This matrix has poles
in X. The question (c) is then equivalent to

(¢”) Does there exist an invertible matrix P whose entries are rational functions
with poles contained in Y, such that the matrix

@2 =P 'QP+ P 4P

has a logarithmic pole at each m; € X and has no other pole in P'?

Indeed, the lattice & generated by the basis (¢1,...,eq4) = (€1,...,€q) - P
satisfies then Property (c) and, conversely, any basis of a lattice & satisfying
(¢) provides, through some base change, a matrix having the desired form.

Let us choose a coordinate ¢t on P!\ {mg} in such a way that mo={t=00}.
The question (c’) is then equivalent to the question

(¢”) Does there exist an invertible matrix P whose entries are rational functions
with poles contained in X, such that the matrix 2/ := P~'Q2P + P~'dP
can be written as

(1.4) = ——dt?

t—m;
i=1 v

We then say that the differential system defined by (2’ is Fuchsian. This
equivalence follows from the lemma below applied to the entries of (2:

1.5 Lemma. Let f be a holomorphic function on C~ {m1,...,mp} having
at most a simple pole at each m;, with residue f; € C at m;. The differential
form f(t) dt admits at most a simple pole at mo = oo if and only if

~
ftydt =Yy ———adt
1=1

t—mi

and the residue at infinity is — ) . f;.
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Proof. Let us consider the 1-form

o
t—mi

g(t)dt = f(t)dt =Y

By definition of f;, this form has no pole on C. Moreover, we have on UyNUy,
if we put t/ = 1/t,

fi —fi dt

t—mi di = 1—mit’ . t
so that this form has a simple pole at infinity, with residue — f;. Therefore,
the 1-form f(t)dt has at most a simple pole at infinity if and only if the 1-
form g(t) dt does as well. But saying that g(t) dt has at most a simple pole at
infinity is equivalent to saying that g(t) dt is a holomorphic global section of
the sheaf 23, (1 - 00) ~ Opi(—1) (cf. Proposition 1.2.11), which is equivalent
to g(t) dt = 0, after Exercise 1.2.3. O

We have a simple result giving a constraint on the residue matrices of the
solutions to Problem 1.3-(c).

1.6 Proposition. Let & be a trivial logarithmic lattice of a meromorphic bun-
dle with connection (#,V) on P'. Then > ¢_ tr Res,,, V = 0.

Proof. One chooses a coordinate ¢ on C such that the point {t = co} does not
belong to Y. Let e be a basis of & in which the matrix of V is

Q(t):zt_m_dt.
i—0 (3

We then have ). A; = 0 and therefore ), tr(A4;) = 0. O

1.7 Remark (The canonical trivialization of a trivializable bundle).
Let M be a connected complex analytic manifold and let & be a locally free
sheaf of rank d of &)/-modules. The restriction mapping provides, for any
m € M, a mapping I'(M,&) — &, which associates to any holomorphic
section of & on M its germ at the point m. We deduce an homomorphism of
sheaves

On %)F(M,g) — &L

We say that & is generated by its global sections if this homomorphism is sur-
jective. One can also show that, if M is compact (for instance M = P'), the
bundle E is trivializable (i.e., isomorphic to the trivial bundle of rank d)
if and only if this homomorphism is an isomorphism (the reader should
prove this: one could use that, if M is compact and connected, one has
I'(M, Oy;) = C). This homomorphism furnishes then a specific isomorphism-—
called canonical-—with the trivial bundle of rank d. It identifies thus all the
fibres E,, of E to the same vector space I'(M,&).
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When & is a logarithmic lattice of a meromorphic bundle with connection
on P!, having poles at X, the endomorphisms Res,,, V : E,,, — E,,, which
act on distinct fibres of F can, when F is trivializable, be regarded as en-
domorphisms of the same vector space I'(P!, &). The corresponding matrices
in some basis of this space are nothing but the matrices A; considered above
(if we set Ag = —>"_| A;).

1.8 Exercise.

(1) By using an argument analogous to that of Lemma 1.5, prove that, if w is
a logarithmic 1-form on P!, having poles at my, ..., m, and with integral
residue at each m;, there exists a meromorphic function f on P!, with
poles at my, ..., m,, such that w = df /f.

(2) Let 11, . .., T, be matrices with determinant equal to 1. Show that, if there
exists a solution Ay,..., A, to Problem 1.1, there exists another one with
matrices A, ..., A} having trace zero (i.e., belonging to the Lie algebra
5l4(C) of the Lie group SLg(C)). Check first that the A; have an integral
trace, then take

tr Az

0
Al = A; —

0
1.9 Exercise (Residue formula for a meromorphic form). Let w be a

meromorphic 1-form on P! having poles on a set X = {my,...,m,}. Consid-
ering the proof of Lemma 1.5, prove the residue formula

P
Z resy,, w = 0.
i=0
1.10 Exercise (Residue formula for a meromorphic connection).
Let & be a bundle of rank d on P! of degree deg &. The degree only depends
on the (rank one) bundle det &. Let V : & — 2}, (xX) ® & be a meromorphic
connection on &, having poles at the points of a finite set X' = {mq,...,m;}.
It is a matter of computing the degree of & by a residue formula from the
meromorphic connection V, namely

(%) deg& = — ZtrReSmi(V)

i=0
This computation can be generalized to any compact Riemann surface.

(1) Let e be a local basis of & in the neighbourhood of a point m; and let
£2; be the matrix of V in this basis. Let res,,, {2; be the residue of (2;
at m;, i.e., the coefficient of dz/z in (2;, if z is a local coordinate centered
at m; (cf. Remark §0.9.15). Prove that this residue does not depend on
the chosen local coordinate and that its trace does not depend on the
chosen local basis.
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(2) Show that the determinant bundle A?¢ can be naturally equipped with
a meromorphic connection, whose matrix in the local basis e; A --- A eg
at m; is tr £2;. Deduce that both terms in (%) only depend on (det &, V),
so that one can assume from the beginning that & has rank one.

(3) If the bundle & is trivial, write V = d 4 7, where 7 is a meromorphic
1-form and apply the classic residue theorem (cf. Exercise 1.9).

(4) If & is not trivial, it is the bundle associated to some divisor, that we can
assume to be equal to dmy, if § = deg & is the degree of &. Let s be a
meromorphic section of & defining this divisor. Prove that there exists a
meromorphic connection V” on & for which s is a horizontal section, i.e.,
such that V" fs = df ® s for any holomorphic or meromorphic function
f on an open set of P'. Show that this connection admits —§ as residue
at mg (if e is a local holomorphic basis of & in the neighbourhood of mg
and if z is a local coordinate there, set s(z) = z%u(2)e with u(0) # 0; show
that, in the basis e,

V'e=V"(s(2)/2°u(z)) = d(1/2°u(z)) ® s(z) = M ®e
with v(0) # 0 and conclude).
Consider then the connection V®Id —Id @ V" on the trivial bundle & ®&™*
to prove (x) in this case.

Let us come back to Problem 1.3 and let us first show a simple result.

1.11 Proposition.

(1) The answer to Question (a) is positive.

(2) There exists a trivial lattice of (A ,N) which is logarithmic at each m;
(i=1,...,p), but possibly not at mg.

(3) Questions (b) and (c) are equivalent.

Proof.

(1) Adapt the proof of Corollary 1.4.9 starting from local lattices which are
logarithmic, which is possible as (#, V) has regular singularity.

(2) Let us start from the logarithmic lattice & obtained in (a). It is possibly
not trivial, but the meromorphic bundle & (xmy) is trivializable (Corollary
1.4.9).

Let us then choose a basis e1, ..., eq of the meromorphic bundle & (xmg)
and let us consider the lattice & := ZZZI Oprey, of (A ,V). By as-
sumption, it coincides with & on P! \ {mg}, hence it is logarithmic at
mi, ..., my. By construction also, it is a trivial bundle. Nevertheless, the
connection matrix in the basis eq, ..., eq is possibly not logarithmic at my.

(3) Let us assume that we have answered Question 1.3-(b) positively. Then
let & be a quasitrivial logarithmic lattice of (., V). On the other hand, let
(Op1 (xmy), d) be the trivial meromorphic bundle of rank one having a pole
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at myg only, equipped with its natural connection d (usual differentiation
of meromorphic functions). The lattices Op1(k - mg) are logarithmic (the
reader should check this). We have in an evident way (cf. 0.11.b)

(ﬁ]}“ (*mo),d) ® ('//’V) = (%,V)

Therefore, when & is a logarithmic lattice of (.#,V), the lattices
Op1(k-mp) ® & also are logarithmic (cf. 0.14.b). If & is quasitrivial,
isomorphic to Op: (£)? for some ¢ € Z, the lattice Opi(—£ - mg) @ & is
trivial. O

1.12 Remark (The Riemann-Hilbert problem with a bilinear form).
Let wy,...,w, be integers. Let us set

p
widt
w = .

This is a I-form on P' with logarithmic poles at the points of X, with
residues w; at m; and — > w; at my = co. The trivial bundle is then a loga-
rithmic lattice of the meromorphic bundle with connection (Op: (xX),d + w).
The latter is isomorphic to the bundle (&p: (xX), d) via multiplication by the

rational fraction [[(t — m;)~"".
P

Let us set Aq,...,A4, € My(C) and 2 = ; tjl;nl dt. We denote by
(&, V) the trivial bundle ﬁgl equipped with the connection V having matrix {2
in the canonical basis. It is a logarithmic lattice of the meromorphic bundle
with connection (.#,V) := (0% (*X),d + 2). The matrix of V in another
basis of & takes the form C~1Q2C with C' € GL4(C).

The property

(¥) 3C € CLy(C), Yi=1,...,p, CrAC+1(C71AC) = w; 1d

is equivalent to the existence of a nondegenerate pairing
(&, V)® (&,V) — (Op1,d +w),

that is, of an isomorphism (£*,V*) — (&,V + wld). In order that this
property is fulfilled, it is necessary that we have an isomorphism

(M) 2 (MY + w]d)

and thus (#Z*,V*) ~ (.#,V). According to the Riemann-Hilbert correspon-
dence, this is equivalent to the existence of an isomorphism of the correspond-
ing local systems.

In other words, given matrices T1,...,T, € GL4(C), in order to solve the
problem 1.1 with the supplementary condition A; +*4; = w; Id, it is necessary
that the matrices T, ..., T, are conjugate, by the same matrix, to orthogonal
matrices (i.e., satisfying ‘7" = T~ 1)
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2 Meromorphic bundles with irreducible connection

2.1 Definition (Irreducibility). We will say that a meromorphic bundle
with connection (.#,V) is irreducible if there exists no proper (i.e., distinct
from .# and 0) meromorphic subbundle .4#", on whichV induces a connection,
i.e., such that V(4 C 24, ®g,, A .

The first part of the statement which follows is drawn from J.Plemelj
[P1e08] (see also [Tre83]) and the second one from A.Bolibrukh and V. Kostov
(see for instance [AB94, Chap.4]). The proof we give below is due to
O. Gabber. This theorem will be instrumental in giving positives answers to
Riemann-Hilbert and Birkhoff’s problems.

2.2 Theorem (Existence of a quasitrivial lattice). Let (.#,V) be
a meromorphic bundle with connection on P' having poles at the points
mo,...,my. Let & be a lattice of (M ,V) of order v, > 0 at each m;
(it = 1,...,p) and admitting a local basis in the neighbourhood of mg (co-
ordinate t) in which the matriz of V takes the form Adt/t with A € My4(C).
Let us assume that one of the two conditions below is fulfilled

(1) (Plemelj) the matriz A is semisimple;
(2) (Bolibrukh-Kostov) the bundle with connection (A ,N) is irreducible.

Then there exists a lattice &' C & which coincides with & when restricted to
P\ {mo}, which is logarithmic at mq and which is quasitrivial.

Proof (First part: Plemelj). It is a matter of exhibiting a sublattice of & having
defect zero (cf. Definition 1.4.13). We will make a sequence of modifications
like those of Proposition 1.4.11 and apply Corollary 1.4.14. As the residue
Resy,, V is semisimple, there exists a one-dimensional eigenspace L° C E,y,
for this residue which is not contained in (F*¢*1E),, . The bundle &(L%my)
satisfies the same properties as & does: if L° contains for instance the vector
ea(mp), a local basis of &(L°myg) is e1,...,€4-1, €4/t and the connection ma-
trix in this basis and with this coordinate is A’ dt/t, where A’ is the diagonal
matrix (ai,...,aq-1,aq + 1) if A is the diagonal matrix (a1, ..., aq).

If we have §(E) > 0, Corollary 1.4.14 shows that the defect of &(L%my) is
<I(E).

By a simple induction, we get in this way a lattice & contained in & (§(E)),
which is logarithmic at my and which has defect zero, i.e., is quasitrivial. The
lattice 8" = &"(—4d(E)) is then a solution to the problem. O

2.3 Exercise (Adjunction of an apparent singularity). Let (.#,V) be
a meromorphic bundle with connection having pole at X' = {my,...,m,}. Let
us pick my11 € P\ 2. Show that the conclusion of Theorem 2.2 holds for the
bundle with connection (A4, V) := (A (+*mp11), V) and any lattice & of A
(one can apply Plemelj’s Theorem at the point myy1). We say that mpyq is
an apparent singularity of the bundle with connection (A4, V).
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Proof (Second part: Bolibrukh-Kostov). The main point is that the irreducibil-
ity condition provides an a priori upper bound for the defect of any lattice &
which coincides with & when restricted to P* \ {mq} and which is logarithmic
at mo. Let us set r = =2+ >Y ((r; + 1) with ro = 0, and R = d(d — 1)r/2.
Let us begin with a general result, without assuming r¢ = 0.

2.4 Proposition (A priori upper bound of the defect). Let us assume
that (A, V) is irreducible. Then, for any lattice & having order r; = 0 at m;
(i=0,...,p), we have the inequality §(E) < R.

Proof. We can assume that d > 2, otherwise both terms of the inequality
vanish. If a3 > -+ > ag4 is the type of E, we have an isomorphism & ~
@Z:l Op1(ay, - mg). There is a meromorphic connection d (with pole at mg
only, this one being logarithmic) on each summand. Let us set § = V — d. Its
components 0y are Opi-linear morphisms

0
ﬁ[pl (ak . mo) L _Q]%,l <Zf:0(ri + 1)m2> ®ﬁpl ﬁ]pl (ag . mo).

The right-hand term is isomorphic to &pi(ay + ), after Proposition 1.2.11.
Hence, after Exercise 1.2.3, we have

Oke #0 = a < ag+ .

If there exists k such that a —ay4+1 > r, we have 0, = 0 for any j < kand £ >
k+1 and therefore the subbundle F** E := @, ;. Op1(a;) (cf. Exercise 1.4.8) is
stable by 6 and thus by the connection V, which is impossible according to the
irreducibility assumption. We thus have ay —agy1 < rforanyk=1,...,d—1
and we immediately deduce the inequality on the defect §(E) = ZZ:2(Q1 -
ak).
Lastly, let us note that the hypothesis of the proposition implies in par-
ticular
d=1 or r>0. O

2.5 Remark (The semistability condition, cf. [GS95]). Let (.#,V) be
a (not necessarily irreducible) meromorphic bundle with connection, having
poles at the points of X. A lattice & of .Z is said to be semistable (as a
bundle with meromorphic connection) if any subbundle # of & satisfying
V(F) C 24 (xX) @ F has slope u(F) < u(&) (cf. Exercise 1.4.8). The previ-
ous proposition shows in fact that the inequality on the defect is satisfied for
any semistable lattice of order r; > 0 at m;. When (., V) is irreducible, all
lattices are semistable.

End of the proof of Theorem 2.2. By assumption, there exists a local basis
of & in the neighbourhood of mgy and a local coordinate ¢, such that the
connection matrix takes the form A dt/t with A constant. Up to a base change
with constant matrix, we can moreover suppose that A = Res,,, V takes the
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Jordan normal form. Let us denote by (eq,¢) this basis, where o belongs to a
finite set indexing the Jordan blocks and, for any «, the integer ¢ belongs to
a finite set I, = {1,..., v }. If A(a) denotes the eigenvalue associated to the
Jordan block «a, we have

a1 HL>=2
A—XNa)Id) (eqr) = ’
(4= M@ 1) (e, {O e

Let us set as above R = d(d — 1)( — 2+ Y% (r; + 1)) /2. We choose, for
any «, a strictly increasing sequence of integers N, > 0 (¢ € I,) such that,
for any o and any £ € {1,...,v,}, we have Ny > Nyo—1 + R (if we set
Na ,0 — 0)

We then set e, , = tNete, 4. The e/ w.¢ generate a local lattice of (7, V),
which is contamed in & in the nelghbourhood of mgy. We can extend it as a
global lattice & by gluing this local lattice with &jp1_ {01 -

Let us note that, whatever the choice of the sequences (Nq ) is, the defect
of the lattice &’ is bounded from above by the number R, after Proposition
2.4.

It is clear that the lattice &’ has order r; at any m; # my, as it coincides
with & in the neighbourhood of such a point. We moreover have

tVosot€n.e = (M) + Nao)eq, o + tN“"Z_N"’Zflela,zfu

so that, for the lattice &”’, the connection matrix in the neighbourhood of mg

takes the form "
Q' (t)= (D +t"C(t)) n

where D is diagonal and constant and C(t) has holomorphic entries. The
situation is now analogous to that of Plemelj’s Theorem, up to a perturbation
of order R.

The modification of the lattice &’ done in the proof of Plemelj’s Theorem
replaces here the connection matrix with a matrix (D; + t2C,(t)) dt/t, with
D, diagonal, so that we can iterate R times such a modification if needed, the
connection matrix keeping at each step the form

dt

(Dy, + tH PO () — :

(Dy, diagonal). As 6(&8") < R, we can get, by at most 6(&”) modifications, a
lattice with defect zero. 0

2.6 Corollary (Existence of a trivial lattice). Let (.#,V) be a meromor-
phic bundle having X as its set of poles and having at mg a regular singularity.
If one of the following conditions is fulfilled

(1) (Plemelj) the monodromy at mg is semisimple,
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(2) (Bolibrukh-Kostov) the representation m (P*\ X, 0) — GL4(C) associated
to (M ,V) is irreducible,
(3) the meromorphic bundle (A ,N) is irreducible,

there ewists, for any lattice & of M, a lattice & of M such that

(a‘) éaﬁP‘l\{mo} = ‘DQIIP’I\{W)}’
(b) & is logarithmic at mo,
(¢) & is trivial.

Proof. Let & be a lattice of .#. As (.#,V) has a regular singularity at my,
there exists a logarithmic lattice &y on some neighbourhood A of mg. When
restricted to A \ {mo}, it coincides with €A fme} = A {mo}- We can
therefore construct a lattice & which fulfills Properties (a) and (b), by gluing
Ept{mo} With & on A\ {my}, due to the previous identification.

We can moreover, after Exercise I1.2.6 or Corollary I1.2.21, suppose that,
in a suitable local basis of &, the matrix of V takes the form Adt/t with A
constant.

If the monodromy T is semisimple, we can choose for A the semisimple
matrix log7T (with respect to any choice of logarithms of eigenvalues of T')
and we conclude by means of Plemelj’s Theorem and of Proposition 1.11-(3).

If the representation associated to the holomorphic bundle with connection
(A ,V)p1_x is irreducible, so is that associated to the meromorphic bundle
(A, V) (the reader will verify this, but with some care, as the converse may
not be true); therefore, Condition (2) is stronger than Condition (3). We
conclude, in cases (2) and (3), by means of the Bolibrukh-Kostov Theorem
2.2-(2) and of Proposition 1.11-(3). O

3 Application to the Riemann-Hilbert problem

Let (.#,V) be a meromorphic bundle on P! having poles at the points of X.
Let us moreover suppose that .# has a regular singularity at each point of X.

3.1 Corollary. If one of the two following conditions is fulfilled

e the monodromy of (A ,V) at mg is semisimple,
e the monodromy representation attached to (A ,V)p1_x is irreducible,

there exists a solution to Problem 1.3-(c).

Proof. Indeed, we construct a logarithmic lattice & of .# by gluing local
lattices. We apply Corollary 2.6 to this lattice. |

3.2 Remark. According to the equivalence of categories given by Corollary
I1.3.3, both following conditions are equivalent when (.#, V) has only regular
singularities:

e the monodromy representation attached to (.#, V)1 x is irreducible,
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e the meromorphic bundle with connection (., V) is irreducible.

The Riemann-Hilbert Problem 1.1 can now be translated as follows. Given
a locally constant sheaf .# of rank d on P! \ ¥, does there exist on the trivial
bundle E of rank d a connection V with at most logarithmic poles at the
points of X, such that, on P' \ X, we have EV ~ .Z?

We say that .# is irreducible if there exist no locally constant subsheaf
F' C F of rank d' € ]0,d[. It amounts to asking for the representation
attached to .# to be irreducible.

3.3 Theorem. If one of the following conditions is fulfilled

e one of the monodromy matrices Ty, ..., T, is semisimple,
o the representation w1 (C ~\ {m,...,mp},0) — GL4(C) is irreducible,

the Riemann-Hilbert Problem 1.1 has a solution.

Proof. Let us start with an irreducible locally constant sheaf .7. Let us as-
sociate to it, by the Riemann-Hilbert correspondence 11.3.3, a meromorphic
bundle with connection (.Z, V) having regular singularity at the points of X.
Under the second hypothesis, it is irreducible in the sense of §2.1, as the
Riemann-Hilbert correspondence is an equivalence of categories. We then ap-
ply Corollary 3.1 to it in order to conclude. ]

3.4 Remark (The position of singularities has influence on the ex-
istence). Without any irreducibility or a semisimplicity hypothesis, one can
also show (cf. [Dek79]) that the answer to Problem 1.3-(c) is positive when
the rank of the bundle is 2 (the answer in the case of rank one is trivially pos-
itive). We give below (as an exercise) the solution suggested by A.Bolibrukh,
more elegant than the original solution of Dekkers.

Nevertheless, starting from rank d = 3, there exist nonirreducible exam-
ples for which the problem has no solution. One can refer to [AB94] for a
description of some of them.

One should note that the existence or nonexistence of a solution to Problem
1.1 may depend on the position of the points my, ..., m, in P*. Recall that we
can, by an automorphism of P!, put mg, m1,ms at 00,0, 1 respectively. The
position of the other points is then the analytic invariant of the configuration
of points; for instance, the cross-ratio is the analytic invariant of the position
of four points in P'.

However, if there exists a solution to Problem 1.1 for some position of
the points my,...,m,, there exists also one for any nearby enough posi-
tion. Indeed, let p° : 7 (P* \ 2° 0) — GL4(C) be a representation. Let U°
be a union of discs centered at the points of X°, pairwise disjoint and not
containing the point o. If ¥’° is a configuration of points of P! having ex-
actly one point in each component of U?, there exists a natural isomorphism
m (P X 0) ~ 7 (P! \ X° 0) obtained by composing the isomorphisms
induced by the inclusion morphisms

T (PN 27, 0) —— 11 (P N\ U°, 0) < 7 (P \ 2°,0).
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We deduce a representation p : m (P! \ £7°,0) — GL,4(C).

Fig. IV.1. The open set U°.

Then, if there exists a solution to Riemann’s Problem 1.1 for the repre-
sentation p°, there exists also one for the representation p, as soon as U? is
sufficiently small.

Indeed, let X be the product of p + 1 copies of P! minus the diagonals
m; = mj. In P! x X, let us consider the hypersurfaces (see Fig.I11.2)

Ei :{(m7m07"-amp) ‘ m:mi}.

They are smooth and pairwise disjoint. Let X' be their union. The points of X°
define a point x° = (mg,...,mg) of X. There exists by assumption a trivial
bundle (E°,V°) on P! x {2°} equipped with a logarithmic connection having
poles at the points of 2°, which associated representation is p°. We can then
apply Remarks I11.1.22 and II1.1.21 to construct a bundle (E,V) on U x P!
with logarithmic connection along X' which restricts to (E°,V°) if U = [[U?
is a contractible open neighbourhood of z° in X. The rigidity theorem for
trivial bundles 1.5.4 shows that, up to deleting from U some hypersurface ©
not containing x°, the bundle F, is trivial for any x € U \ ©.

3.5 Exercise (Other examples of solutions to the Riemann-Hilbert
Problem 1.1, [Bol95, Dek79]).

(1) Prove that, if the monodromy representation p is abelian, i.e., if the ma-
trices T; = p(~;) pairwise commute, there exists a solution to Problem 1.1
(show first that the logarithms of the matrices T; pairwise commute).

(2) One now assumes that the representation p has rank 2 (i.e., takes values
in GLy(C)).

(a) Prove that, if the representation p is reducible, the matrices T; have a
common eigenvector. Deduce that there exists a basis in which each
matrix is upper triangular.
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(b) Moreover show that if none of the 7T; is semisimple, the T; pairwise
commute.
(c) Conclude that there exists a solution to Problem 1.1.

4 Complements on irreducibility

We will give a matrix interpretation to the irreducibility condition.

We will say that a p-uple of matrices Mj, ..., M, € My(C) is irreducible if
there exists no proper vector subspace of C?, which is stable by the M;. The
classic Schur Lemma shows that this condition is equivalent to the fact that
the only matrices which commute to M, ..., M, are scalar matrices.

4.1 Theorem. Let (#,V) be a meromorphic bundle of rank d with connec-
tion on P, having poles at X and having reqular singularity at any m; € X.
Let us consider the following properties:

(1) (A ,V) is irreducible;

(2) for any choice of generators of w1 (P* \ X, 0), the p+ 1-uple consisting of
the monodromy matrices Ty, ..., T, is irreducible;

(3) if we choose some coordinate t on P*~{mq}, there exists a basis e1, ..., eq
of the space I'(PY, . #) in which the connection matriz 2 takes the form
(1.4), where (Ax1,...,A,) is an irreducible p-uple,

(4) there ezists a logarithmic lattice & of (M, V), trivial as a Opr-module,
such that the endomorphisms Resy,, V (i = 1,...,p) acting on I'(P*, &)
(¢f. Remark 1.7) form an irreducible p-uple.

Then we have (1) & (2), (3) & (4) and, lastly, (1) or (2) = (3) or (4).

Proof. The equivalence between (1) and (2) has been indicated in Remark
3.2. On the other hand, Remark 1.7 shows that (3) and (4) are equivalent.
(1) = (4): if (A, V) is irreducible, Corollary 3.1 furnishes a trivial loga-
rithmic lattice. If the residues of the connection on this lattice at mq,...,m,
do not form an irreducible p-uple, any subspace of I'(P!,&) invariant by
these residues is also invariant by the residue at mg, as we have Res,,, V =
— > | Resyy, V, and we can then construct an eigenbundle of E stable by the
connection, which then has logarithmic poles at each m; on this bundle, as it
does so on E. By tensoring this subbundle by &'(xX), we get a meromorphic
subbundle with connection of (.#,V) of rank < d. This is in contradiction
with the irreducibility assumption. O

4.2 Remark. The converse implication (4) = (1) is false. The reason is that
Condition (4) means that E has no logarithmic trivial subbundle stable by
the connection, while Condition (1) for E means that there is no logarithmic
not necessarily trivial subbundle stable (in the meromorphic sense) by the
connection (use a Deligne lattice). The exercise below gives a counterexample;
I learned it from A.Bolibrukh. One can also refer to [Bol95, Prop.5.1.1].
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4.3 Exercise (According to A.Bolibrukh). We consider three matrices

(70 () 4=

and, on the trivial bundle of rank 2 over C, the 1-form

2= (% + tj%l * tﬁi)dt'

(1) Prove that the meromorphic bundle with connection (.#,V) that it de-

fines has a pole at mg = 0, m; = 1, ms = —1 only (and not at infinity)
and that it is reducible (i.e., nonirreducible).
(2) Set

P(t) = <3/14t ?) € GLy(Clt]).

Compute the connection matrix after the base change of matrix P.

(3) Show that the new basis of .Z generates a trivial logarithmic lattice and
compute the residue matrices at the poles m;.

(4) Prove, by computing the eigenspaces of these matrices, that the latter
form an irreducible triple and conclude.

5 Birkhoff’s problem

5.a Local analytic and algebraic Birkhoff’s problems

Let us begin with the local problem and let us consider a disc centered at the
origin of C, equipped with the coordinate? 7. Let us be given, on this disc, a
meromorphic connection of order r > 0 on the trivial bundle. In some basis
of this bundle, the connection matrix takes the form A(7)dr, where A(7) is
a square matrix of size d such that 771 A(7) has holomorphic entries, one of
which at least does not vanish 7 = 0.

5.1 Local analytic Birkhoff’s problem. Does there exist a matriz P(T) in
GL4(O), where O is the ring of converging series at 0 (i.e., P has holomorphic
entries and its determinant does not vanish at 0) such that the matriz B(t) =
P~ YAP + P~'P’ can be written as

(5.2) B(r)=7"""B .y +--+77'B,
where B_1, ..., B_(,41) are constant matrices?

We then say that the matrix B takes Birkhoff’s normal form: its Laurent
expansion at 0 has no coefficient with positive index.

2 Changing the name of the coordinate will enable us, in the following, to better
distinguish the objects and their Fourier transforms.
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Remarks.

(1) If one only asks for the matrix B(7) to be a rational fraction with pole
at 0 at most, that is, if one also accepts a finite number of coefficients By,
with & > 0, the problem has a solution (see Corollary I1.3.8). This is the
result proved by Birkhoff in [Bir09] (see the proof of Birkhoff in [Sib90,
§3.3]).

(2) In the statement of Birkhoff’s problem, there is no hypothesis on the germ
of the underlying meromorphic bundle: it may or may not have a regular
singularity (if it has a regular singularity, the matrix B_(,41) is nilpotent).
It is quite easy (cf. [Gan59, vol.2], see also [Mash9]) to give examples
where the problem has no solution (unlike what Birkhoff thought having
proved): when r = 0, the problem reduces to asking whether any germ of
logarithmic lattice admits a basis in which the connection matrix takes
the form B_;/7; if the monodromy is not semisimple, there exists Levelt
normal forms which are not of this kind (choose a nontrivial decreasing
filtration of H which is stable by monodromy, cf. §III.1.a).

(3) On the other hand, Turrittin ([Tur63], see also [Sib90, §3.10]) proved that,
when the eigenvalues of A_(, ;1) are pairwise distinct, there exists a matrix
P € GL4(O[r71]) such that B takes the form (5.2) (with the same index r,
which is not evident, as P may have a pole at 0).

We will also consider the problem in its algebraic form. In this case, we
assume that A(7) has entries in the ring C[r,77!] of Laurent polynomials.

5.3 Algebraic Birkhoff’s problem. Let us suppose moreover that the
connection with matriz 2 = A(T)dr has a reqular singularity at infinity. Does
there exist a matriz P € GLq(C[7]) such that B(t) := P~YAP+ P~1P’ takes
the form (5.2) 7

Let us begin by noticing that the algebraic problem is nothing but a par-
ticular case of the local problem analytic: as a matter of fact, in the algebraic
situation, assume that we have found a matrix P € GLy(C{7}) giving to the
connection matrix the form (5.2). Then P is a germ at 0 of solution of the
system P’ = PB — AP, which is algebraic and has a regular singularity at
infinity. This implies that P has polynomial entries (cf. Exercise 11.3.10). One
can show similarly that P~! has polynomial entries.

Let us also notice that, in the local analytic problem 5.1, we can suppose
that the matrix A(7)dr is as in Corollary 5.3: it is indeed enough to apply the
base change given by Corollary I1.3.8.

Let us formulate the algebraic problem in an equivalent way:

5.4 Algebraic Birkhoff’s problem (bis). Let (.#,V) be a meromorphic
bundle of rank d on P!, with pole at 0 and oo only, equipped with a connection
having a regular singularity at oo and admitting, in the neighbourhood of 0,
a lattice of order r > 1. Does there exist a lattice of (A, V) which coincides
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with the given lattice in the neighbourhood of 0, which is logarithmic at infinity
and which is isomorphic to the trivial bundle of rank d?

Using Zariski topology and Proposition 1.4.15, we obtain the following
formulation:

5.5 Algebraic Birkhoff’s problem (ter). Let (M, V) be a free Clr,77]-
module of rank d equipped with a connection having a pole at O and co only,
with a regular singularity at co. Let Eg C M be a free Clr]-module which is
a lattice of order r > 1. Does there exist on Uy, a lattice Eo, C M, which is
logarithmic at oo, such that we have Eg = (Eg NEqx) ® 7Eq ?

Lastly, we can formulate the equivalence between the local Birkhoff’s Prob-
lem 5.1 and the algebraic Birkhoff’s Problem 5.3 or 5.5 in the proposition
below, the (easy) proof of which is left to the reader.

Let (M, V) be a (k, V)-vector space of rank d and let (.#,V) be a mero-
morphic bundle on P!, having a pole at 0 and oo, with a regular singularity
at 0o, whose germ (.#,V) is isomorphic to (M, V); we know (cf. Corollary
I1.3.7) that such a bundle is unique up to isomorphism. Let & be a lattice
of M.

5.6 Proposition (The various Birkhoff’s problems are equivalent).

(1) If e is a basis of € in which the matriz of V takes the form (5.2)

o the C[r,77]-module M := C[r,771]-e C M is stable by the connection
V and it has singularity at 0 and oo only, the latter being regular;

o the C[r]-module Eg := C[r] - e C € is a lattice on Uy, with analytic
germ & at the origin;

o the C[r~Y-module Eo, := C[r71] - e is a logarithmic lattice at infinity,
which gives a solution to Problem 5.5 for Ey.

(2) Conversely, if Eqy is a lattice of M on Uy, with analytic germ & at 0 and
if Ex s a solution to Problem 5.5 for Ky, a basis of the trivial bundle
defined by (Eg,Es) induces a basis of € in which the connection matriz
takes the form (5.2). O

If d = 1, there exists a solution to Problem 5.1 (cf. Remark I11.2.13-(2)).
On the other hand, Corollary 2.6 implies immediately:

5.7 Corollary (Solution to Birkhoff’s problem in the irreducible
case). If (.4, V) is irreducible, or if the monodromy of (M ,V)|c- is semisim-
ple, the Problem 5.3 has a solution. O

5.8 Remark (Birkhoff’s problem with a sesquilinear form). Let (&, V)
be a lattice which is a solution to Problem 5.4. There exists a nondegenerate
bilinear (resp. sesquilinear) form of weight w € Z on (&, V) if and only if, after
conjugating by the same constant matrix C' € GL;4(C), the matrices B_y are
skewsymmetric (resp. (—1)F-symmetric) for k > 2 and B_; +'B_; = wld. In
order that such a form exists, it is necessary that we have (A4*,V*) ~ (.#,V)
(resp. ~ (A ,V)).
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5.b M. Saito’s criterion

We will now give an existence criterion for Birkhoff’s problem as stated in
Problem 5.5, a criterion which is due to M. Saito (in a slightly different way
however; cf. [Sai89] and also [Sab06]). Let us take up the situation and the
notation of §I11.2.b.

Let V' be a Deligne lattice of the germ M’ of .Z at oo, for instance that
used in Chapter III, such that the eigenvalues of the residue of V have their
real part in | — 1,0]. Let V' be the C[r']-submodule of M, the analytic germ
of which at oo is equal to V. We have in an evident way V' /7'V' = V' /7'V’,
a space that we will denote by H’, equipped with its monodromy 7.

Let us consider the increasing filtration of M by the 7=*Eq = 7/F¥E,, for
k € Z. Tt induces an increasing filtration on H’ by the formula

Gl =V n7*Eo/(7'V) N T/FE.
This filtration is still exhaustive (cf. Lemma I11.2.2).

5.9 Theorem. Let G, be the filtration of H' associated to Eq. Then, any
decomposition H' = @, ., H, with respect to which T' is lower triangular
(i.e., T'(H,) C H,® H, .y @ for any p) and compatible with the filtration
G, (i.e., G}, = @, H, for any k) defines a canonical solution to Birkhoff’s
Problem 5.5.

It will be useful to formulate the condition in the theorem in terms of a
pair of filtrations:

5.10 Lemma. There exists a decomposition as in Theorem 5.9 if and only if
there exists an exhaustive decreasing filtration H'® of H' which is stable by the
monodromy T' and which is opposite to the increasing filtration G, that is,
such that y
H*NG,
(ARG + (171G,

=0 fork#L.

Proof. Tt is clear that the condition in the theorem implies the condition in
the lemma, by setting H"' = @p>£ H),.

Conversely, if the condition in the lemma is fulfilled, we first show by
decreasing induction on ¢ — k that H'* NG}, = 0 if £ > k: this is clearly
true for £ — k > 0 and we then use that, for £ > k, we have H N G}, =
(H'*' N GY) + (H" N Gj_y). We deduce that, if we put H), = H N G, we
have H, N H, = 0 for p # g. Lastly, we show by increasing induction on j > 0
that the intersection H*~9 NG/, can be decomposed as a sum (which is direct,
after what precedes) Hj, + --- + H,’ij. O

5.11 Example. Let us assume that dim H’ = 2 and that 7” is not semisimple.
There exists thus a single eigen line L for T”. If a nontrivial decomposition
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H' = H), ® H exists, with p < ¢, we must have i, = L and, consequently,
G, # L. In other words, the filtration G, defined by
GI_IZO, G/OZL, Gllel

does not fulfill the condition in the theorem. On the other hand, if G, # L,
the condition of the theorem is satisfied, as in the case where T is semisimple.

5.12 Exercise. Give an explicit form to the condition of the theorem for
dim H' = 3.

Proof (of Theorem 5.9). Let us begin with a result concerning opposite filtra-
tions. Let V be a finite dimensional C-vector space equipped with an exhaus-
tive decreasing filtration V'* (all filtrations are indexed by Z). We denote by
grV = @,(V*/V* 1) the graded vector space. We moreover assume that V' is
equipped with two filtrations F,V (exhaustive increasing) and F’*V (exhaus-
tive decreasing). They induce on grV the following filtrations

RV =@ [(F.nV2)/(F. N Viy)]

FlarV = @ [(F" Vo) J(F" N Viga)]-

Lemma. Let us suppose that F,grV and F'*grV are opposite. Then F,V and
F'*V are so and, for any k, we have gr(F,V N F'*V) = FerV N F'kgrV.

Proof. We will give a “geometric” proof of this result. In order to do so, let us
introduce a new variable u. The C-vector space F = @0, u*F},V is naturally
equipped with the structure of a Clu]-module, as F, is increasing. Similarly,
F' = @, u"F'*V is naturally equipped with the structure of a Clu~!]-module.
Both are contained in the free Clu,u~!]-module C[u,u~!] ®c V. One checks
(by taking a basis adapted to the corresponding filtration) that F is Clu]-free
of rank dim V, and F’ is C[u~!]-free, of the same rank. Moreover,

Clu,u™] @ F=Clu,u']®@V = Clu,u™"]
c

® F.
Clu] w—1

Clu—1]

These data enable us to define, by a gluing procedure, a vector bundle
F(F,V,F"V) on PL.

Exercise. The filtrations F,V and F’*V are opposite if and only if the vector
bundle .#(F,V, F'*V) is isomorphic to the trivial bundle (of rank dim V).

The lemma can be shown by induction on the length of the filtration V°.
One is reduced to the case of a filtration of length two, that is, to an exact
sequence

0 —V=g'V—oVvV=V'—V/V =gV —o.



164 IV The Riemann-Hilbert problem and Birkhoff’s problem

By definition of the induced filtration on the graded pieces, one has an exact
sequence of vector bundles on P':

0— F(F,gr'V,F*er'V) — F(F,V,F"V) — F(F,gt°V, F"*gt°V) — 0.

The assumption means that both extreme terms are isomorphic to trivial
bundles. Using an argument analogous to that of Theorem 1.2.8, the previous
extension is split, hence the filtrations F,V and F’*V are opposite.

For any ¢ and any k, the map

(*) e (FiVNF*V) =V nEBVNE*Y)/ (VA N EV N FMY)
— Frgr'V N FRgrtv c gr'v
is injective. Therefore,
() dim gr*(F,V N F*V) < dim(Frgr'V n F*erfv).
On the other hand, dim(F,V N F'*V) = dim gr(F,V N F’*V). Therefore

dimV = Z dim(F,V N EF*V) (opposite filtrations)
k

= dimgr(FV N F*V)
k

=> Y dimg/(KV N F*V)
k¢

< Z Z dim(Fpgr’V 0 FFgrtV) after ()
kool

= Z dim(FygrV N F'*grV) = dimgrV  (opposite filtrations)
k
=dimV,
whence the equality in (*x). Consequently, () is also surjective. g

Let us come back to the proof of Theorem 5.9. We will construct a C[7']-
module E.,, which is a solution to Problem 5.5 for Eq. Let us consider the
Cl7’, 7"~ !]-module

MYes -— @ (T/kV//T/kJer/) ~ C[T/,Tlil} ®H/
keZ ()

It is equipped with a natural connection induced by that of M and, if e is a
basis of H’, hence a C[7’,7'~!]-basis of M, the connection matrix in this
basis is nothing but Resy: V - d7'/7’. Let us note that M'®® has a regular sin-
gularity at co and at 0. This module can be identified, as mentioned above,
to the C[r, 7 !]-module with connection gry,M that we have yet considered
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in 11.2.22. When M does not have a regular singularity at 0, one cannot iden-
tify M with M*°8, as the latter module is regular at 0. On the other hand,
if Ml has a regular singularity, both modules are isomorphic.

The filtration H'® enables us to construct a logarithmic lattice EL8 of
Mree: we set

EXE = @ 7" H' 7"
kEZ
On the other hand, the lattice Eg of M enables us to construct a lattice Eg™®
of M™&: we set
E® = @ (Eo N 77V /(Eo N 7/FF1V).
kEZ

The condition of the theorem (or, more precisely, that of the lemma) exactly
means that EX%8 is a solution to Problem 5.5 for the lattice Eq™ of M 8.

As M has a regular singularity at infinity, we can regard M'% as a
C[r,771] submodule of M’ (cf. Remark I1.2.22). The lattice E® defines a
lattice €0 C M if we put €. = C{7'} @[] 8. There exists then a unique
lattice E of M on the chart Uy, the germ of which at oo is equal to €. By
construction, we have

gryEoo = gry € = ELE.

Let us consider the filtrations Ej, = 7*Eq and EX, = 7/*E_,. The assump-
tion is then that the filtrations induced on V9/V'! are opposite. Multiplying
by 7/7, this implies that they induce opposite filtrations on V7 /V7*+1 for any j.
It follows from the previous lemma that, for any ¢ > 1, the filtrations they
induce on V'°/V’ are opposite and that, using the notation of Lemma 5.10,

dim [(Ex NV + V) N (BE N V0 + V) mod V] = Z dim( NH* ).

But, as k is fixed, we have E; N V¢ = 0 and V" ¢ EF_ for £ > 0, hence the

left-hand term above is nothing but E;, N EX N V’? and, multiplying by 7/,

we get

dim(Eg N Eoe NV'™F) = dim(E, NEE V") = " dim(G},_; n H*).
J=0

For k> 0, this gives
dim(Ep NEy) = dim(V?/V") = 1k E,.

In order to conclude, it is enough to show (cf. Proposition 1.4.15) that the
natural map EgNE. — Eq/7Eq is injective, as it will then be bijective. Using
oppositeness once more, we get, for any k,

V*N71Eg NEs C VFH,
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hence
V*N71EyNEy C VI NrEyNEL.

Iterating the assertion, we deduce that, for any k, V’* N 7Eq N EL is zero,
hence (taking k < 0) TEg N Ey is zero, whence the desired injectivity. O

5.13 Remarks.

(1) One can show (see for instance [Sai89, Sab06]) that, if one fixes an order
as in §IIL.1.c and if for any A one can find a decomposition of Hj as in
Theorem 5.9 compatible with the filtration naturally induced by G, on H,
then the characteristic polynomial of B_; for the canonical solution to
Birkhoff’s problem given by Theorem 5.9 is nothing but the characteristic
polynomial xZ (s) associated to the lattice &y as in §IIL.2.b.

(2) Proposition II1.1.6 applied to the lattice EX%8 shows that, for the canoni-
cal solution to Birkhoff’s problem given by Theorem 5.9, the matrix B_
is semisimple if and only if the unipotent part T, of T” is lower trian-
gular with respect to the decomposition @©H,, that is, (T, — Id)(H,,) C
H, ,® .

(3) Assume that we are given a nondegenerate bilinear or sesquilinear form
of weight w on Eq. It amounts to giving a basis of £y in which the matrix
of V takes the form

1 —r k
(T (AL, "4+ A) + ZAIT )dr

k>0

where, for k # —1, A is skewsymmetric (resp. (—1)¥-symmetric) and
A_q satisfies A_, +'A_; = wld.

We wish to give a condition in order to find a Birkhoff normal form with
the same property. It is a matter of extending to E the nondegenerate
bilinear (or sesquilinear) form defined on Eg. Let us note that this form
can be extended in an evident way as a form of the same kind on the
meromorphic bundle (M, V) and defines thus, by the Riemann-Hilbert
correspondence (cf. Corollary II1.1.12 and Exercise 111.1.13), a nondegen-
erate bilinear form on H'.

It immediately follows from this Corollary that the form can be extended
as a form of weight w on E if and only if, with respect to the bilinear form
(, ) on H', the filtration H'® of Lemma 5.10 satisfies

(HE): = HEE and (HS = HiEot,

Indeed, these conditions are equivalent to the fact that the form on (M, V)
induces on E., a nondegenerate form of weight w, whence the existence,
by gluing, of the desired form on E.
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Fourier-Laplace duality

Introduction

The Fourier transform exchanges functions of two real variables z, y with rapid
decay at infinity as well as all their derivatives and functions of the same kind
in the variables n, . If we put ¢ = x + iy and 0 = £ + in (variable denoted
by 7/ from §2 on), it is expressed by the formula

85(77,5)2/ o(z,y)e? 1 dt A dt.
RZ

The inverse transform is expressed by an analogous formula by using the
kernel e?~*?. One extends these transforms, by the usual duality procedure,
to temperate distributions.

If the temperate distribution ¢ is a solution to a linear holomorphic dif-
ferential equation with polynomial coefficients

d
lt) (57) o+ a0 + ooty =0

then the distribution @ is itself a solution to the differential equation
aq(—0/00) (0°%) + -+ a1(—0/00)(03) + ao(—0/00)% = 0.

In this chapter, we will extend the algebraic aspect of this transform, as
it appears in the differential equations above, to lattices of (C(t), V)-vector
spaces. We will thus make a correspondence, under some conditions, between
the solutions of Birkhoff’s problem and the solutions of the partial Riemann-
Hilbert problem.

The Fourier transform also exhibits a local variant, the microlocalization,
which will be useful to analyze duality on lattices and its behaviour by Fourier
transform.
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The Fourier transform does not induce a correspondence between
(C(t), V)-vector spaces and (C(f),V)-vector spaces: as a matter of fact,
torsion phenomena may occur because, in the case of temperate distributions
for instance, the Fourier transform of a constant function is a distribution
with punctual support.

The Fourier transform naturally acts on modules over the one-variable
Weyl algebra. One will find a detailed study of this transform in [Mal91]. We
will only consider the properties which are useful for the study of the Fourier
transform of lattices.

1 Modules over the Weyl algebra

We will not give complete proofs for the following results. The reader can
refer for instance to [Bjo79, Bd83, Cou95, Ehl87, Kas95, Sab93, GM93, Mal9l,
Sch94].

1.a The one-variable Weyl algebra

This is the quotient algebra of the free algebra generated by the polynomial
algebras C[t] and C[9;] by the relation [0y, t] = 1. We will denote it by C[t](0}).
It is a noncommutative algebra. Its elements are the holomorphic differential
operators with polynomial coefficients. Such an operator can be written in a
unique way as

P(t,0;) = ag(t)9 + - - + a1 (t)9; + ao(t)

where the a; are polynomials in ¢, and ag # 0. We call d the degree of the
operator. The product of two such operators can be reduced to this form by
using the commutation relation

(1.1) dra(t) = a(t)d + d'(t).

Its degree is equal to the sum of the degrees of its factors. The symbol of
an operator is the class of the operator modulo the operators of strictly lower
degree. The set of symbols of differential operators, equipped with the induced
operations, is identified to the algebra of polynomials of two variables with
coefficients in C; it is thus a Noetherian ring. This enables one to prove that
the Weyl algebra is itself left and right Noetherian.

The Weyl algebra contains as subalgebras the algebras C[t] (operators of
degree 0) and C[0;] (operators with constant coefficients).

The transposition is the involution P +— ‘P of C[t](d;) defined by the
following properties:

(1) (P-Q)="'Q-'P for all P,Q € C[t](0y),
(2) 'P = P for any P € C[t],
(3) tat == —(9t.
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1.b Holonomic modules over the Weyl algebra

There is an equivalence between C[t](9;)-modules and C[t]-modules equipped
with a connection: the Leibniz rule for connections is translated to Relation
(1.1) in the Weyl algebra, when acting on the left on the C[t]-module M, ex-
tending thus the natural action of C[¢]. In the following, when saying “mod-
ule” over the Weyl algebra, we will usually mean left module of finite type

over C[t](Dy).
Left to right, right to left. If M? is a right module over C[t](d;), equip it
canonically with a structure of left module M by setting, for any m € M,

P-m:=m'P.

Conversely, to any left module is canonically associated a right module.
Any module has thus a presentation

(12) Ct)a” —4 i@ — M — 0,

where A is a p x ¢ matrix with entries in C[t](0;). The vectors are here written
as line vectors, multiplication by A is done on the right and commutes thus
with the left action of C[t]{(d;).

We will say that a module M over C[t](0;) is holonomic if any element
of M is killed by some nonzero operator of C[t](J;), i.e., satisfies a nontrivial
differential equation. This equation can have degree 0: we will then say that the
element is torsion. A holonomic module contains by definition no submodule
isomorphic to C[t](d;). In an exact sequence of C[t]{0;)-modules

0—M —M-—M—0
the middle term is holonomic if and only if the extreme ones are so.

1.3 Exercise (Products of operators and exact sequences of mod-
ules).

(1) Prove that, in the Weyl algebra C[t](9;), we have
PQ=0 = P=0o0r@Q=0

(consider the highest degree terms in 9;).
(2) Show that, if @ # 0, right multiplication by @ induces an isomorphism

Ct)(a)/(P) < (Q)/(PQ),

if (R) denotes the left ideal C[t](d;) - R.
(3) Prove that the sequence of left C[t](0;)-modules is exact:

0 — Tl (0)/(P) — 2 Clt)(0)/(PQ) — CIH(@0)/(@) — 0.
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Given § = (01,...,94) € Z9, let us call 6-degree of an element (P, ..., P;)
of C[t](9,)? the integer maxy—1, . 4(deg P, —0y). Let us call good filtration any
filtration of M obtained as the image, in some presentation like (1.2), of the
filtration of C[t](0;)? by the d-degree, for some ¢ € Z9.

The graded module of M with respect to some good filtration is a module
of finite type over the ring of polynomials of two variables.

1.4 Proposition.

(1) A module is holonomic if and only if its graded module with respect to
some (or any) good filtration has a nontrivial annihilator.
(2) Any holonomic module can be generated by one element. |

We deduce that a holonomic module has a presentation (1.2) with ¢ = 1.

1.5 Examples.

(1) If P ¢ C is an operator in C[t](J;), the quotient module M of C[t](9;) by
the left ideal over C[t](0;) - P is a holonomic module: it has finite type, as
it admits the presentation

0 — CJt)(8:) —L= C[1](8,) — M — 0.

The graded module with respect to the filtration induced by the degree
is equal to the quotient of the ring of polynomials by the ideal generated
by the symbol of P; its annihilator is nontrivial, hence the module is
holonomic.

(2) If 6o denotes the Dirac distribution at 0 on C, the submodule of temperate
distributions generated by & is holonomic: it has finite type by definition;
moreover we have tdy = 0, whence an isomorphism of C-vector spaces

C[a:] = C[t](8r) - bo;

lastly, it is easy to check that t“0F§y = 0 as soon as ¢ > k. This module is
thus a torsion module. It takes the form given in Example (1) by taking
for P the degree 0 operator equal to t.
(3) More generally, any torsion module is a direct sum of modules isomorphic
to modules of the kind C[t]{d;)/(t — t°) (the reader should check this).
(4) Any holonomic module M can be included in a short exact sequence

0 —K—C[t](0)/(P) — M — 0

where K is torsion: in order to do so, we choose a generator e of M (Propo-
sition 1.4-(2)) and we take for P an operator of minimal degree (say d)
which kills e; it is a matter of seeing that the kernel of the surjective
morphism C[t](8;)/(P) — M which sends the class of 1 to e is torsion;
if we work in the ring of fractions C[t,a '], in which we can invert the
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dominant coefficient aq of P, we can use the Euclidean division algorithm®
of any operator by P, and the minimality of the degree of P shows that
C[t,a;'1(0:)/(P) — Mla;'] is bijective; we deduce that K has support in
the finite set of zeroes of ag. O

1.6 Proposition (Localization preserves holonomy). Let M be a holo-
nomic module. There exists a minimal finite set X = {p(t) = 0} such that the
localized module?
M(*X) := C[t,1/p(t)] ® M
Clt]

is a free module over the ring of rational fractions in t with poles contained
in X, i.e., M(xX) defines a meromorphic bundle on P, with poles at X U oo,
equipped with a connection. Moreover, for any finite set X', the localized mod-
ule M(xX") is still holonomic. Conversely, any meromorphic bundle on P!,
equipped with a connection, is a holonomic module. O

The set X is the set of singular points of M. We will call rank of M that
of the associated meromorphic bundle. Thus

tkM = dimc(t) C(t) (C(X[i] M.

Lattices. A lattice of the module M is a C[t] submodule which generates it
over C[t](d;), that is, such that

M = i OFE.
k=0

1.7 Proposition. A lattice E of a meromorphic bundle M is also a lattice of
the corresponding C[t](0r)-module.

Proof (Sketch). Let mq,...,m, be generators of E as a C[t]-module. By as-
sumption, there exists a polynomial p(t) such that M = Ukepr(t)k]E. It
is then enough to show that, for any m € M (for instance, one of the m;),
there exists an integer j < 0 such that, for all k& < j, p(t)*m belongs to the
C[t](8;)-module generated by the p(t)‘m, with i € [4,0].

This result can be shown by using Bernstein’s relation: there exists a
nonzero polynomial b(s) such that b(s)p(t)*m = Q(t, 0, s)p(t)*T1m3. One
chooses for j an integer less than the real part of any root of b. Then, for k < j,
Bernstein’s relation for s = k shows that p(t)¥m belongs to C[t](d;)-p(t)*+1m,
hence, by induction, to C[t](d;) - p(t)?m. ]

1 Although the noncommutativity of the Weyl algebra! What is important for the
Euclid algorithm is that the degree of the commutator [Q1, Q2] of two operators
is strictly smaller than the sum of the degrees of Q1 and Q2.

2 By “localized”, we mean “localized away from 7.

3 This relation has to be understood as an algebraic relation, obtained by formally
differentiating p(¢)*™*, and then dividing both sides by p(t)°, where s is a new
variable.
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1.c Duality

If Ml is a left C[t](0;)-module, then Homcy(a,) (M, C[t](9;)) is equipped with a
structure of right C[t](d;)-module (by (¢ - P)(m) = ¢(m)P). More generally,
the spaces Extgyy s,y (M, C[t](0;)) are right C[t](d;)-modules*.

1.8 Proposition (Duality preserves holonomy). If M is holonomic,

(1) the right modules Ext(ic[t]<3t>(M, C[t]{D:)) are zero for i # 1;
(2) the left module DM associated to the right module Ext(lc[t]<at>(M, C[t](0r))
is holonomic;

(3) we have D(DM) ~ M.

Proof. By using the long Ext exact sequence associated to the short ex-
act sequence 1.5-(4), we are reduced to showing the proposition for M =
C[t]{d¢)/(P). This module has the resolution
-P
0 — C[t){0y) —— C[t](0y) — M — 0

and, applying the functor Homgy(a,) (s, C[t](0:)) to this resolution, we get the
exact sequence

0 — Homey(a,) (M, C[t])(04)) — Clt](04) - C[1)(2y)

— Extgyg,) (M, C[t](8;)) — 0

in which we see that Exté[t]@t) (M, C[t](0r)) = C[t](Or)/(P) (here, (P) denotes
the right ideal generated by P) and that all other Ext vanish. We thus have
here

DM = C[f)(0,)/(‘P). 0

Let Ml be a meromorphic bundle with poles at Y, equipped with a con-
nection. If p(t) is a polynomial whose roots are the o € X, the bundle M is
a free Cl[t,1/p]-module of finite rank. It is also a C[t]{d;)-holonomic module
(cf. Proposition 1.6). Its dual DM as a CJ[t](d:)-module is holonomic, but is
not necessarily a meromorphic bundle. We will see that the module (DM)(xX)
is a meromorphic bundle with connection, i.e., X' contains the set singular of
DM.

On the other hand, the dual M* = Homcp 1/, (M, C[t, 1/p]) of the mero-
morphic bundle M is naturally equipped with a connection (cf. 0.11.b).

We will compare the meromorphic bundles with connection M* and
(DM) (xX).

1.9 Proposition (Localization is compatible with duality). We have
a canonical isomorphism M* ~ (DM)(xX).

4 The reader can refer to [God64] for the elementary homological algebra used
below.
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Proof. Let us introduce the algebra Cl[t, 1/p]{d;) of differential operators with
coefficients in C[t, 1/p]. Then M is also a C[t, 1/p](0;)-module. By considering
a resolution of M by free CJt](0:)-modules, we see that

DM(+X) = C[t, 1/p] Ce% DM = Ext{y, 1 /100,y (M, C[t, 1/p](04))".

We will now construct a free resolution of M as a C[t, 1/p](J;)-module. In order
to do that, let us forget for a while the connection on the module M and let
us consider it only as a free C[t, 1/p]-module. Then C[t, 1/p](0;) ®cfs,1/, M is
a free C[t, 1/p](0;)-module. It can be identified with C[0;] ®c M. Any element
can be written in a unique way as ), - OF @ my,, and the (left) action of
C[t,1/p](0:) is given by the formulas

(1.10) at(z 5‘f®mk) =Y o omy,

k>0 k>0
k—1
(1.11) FE)(OF @my) = 0F @ f(t)me + ) 0f @ ge(t)mu,
£=0
where we have set [f(t),9F] = i:é d¢ge(t) in the Weyl algebra C[t](0;).
Let us consider the homomorphism
h®1—-1®09
Clt,1/pl(0) ® M — = Clt,1/pl(0) © M
Clt,1/p] C[t,1/p]
(1.12)
> oF @my, > 0F @ (my—1 — (9ymn)),
k>0 k>0

where we now use the action of 9; on M. Let us show that the morphism
(1.12) is CJt, 1/p]){D¢)-linear; we will for instance check that

f@)- (0 21-100)(1am)=(0:®1—-120)(1& f(t)m),
letting the reader check the other properties as an exercise; we have

fO)-@e1-100)1em) =08 f(Om—16 f/(Hm -1 f(H)dm
=0, @ f(t)ym — 1@ 8;(f(t)m).

Let us show the injectivity of (1.12): let 3=, - 9f @my, be such that my,_ —
(O¢my) = 0 for any k > 0 (by setting m_; = 0); as my = 0 for k > 0, we
deduce that my = 0 for any k.

We then identify the cokernel of (1.12) to M (as a C[t, 1/p](0;)-module)

by the mapping
Z@f ® my, — Zafmk.
k>0 k>0
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Let us now come back to the computation of Ext! with this resolution.
A left C[t, 1/p]{0)-linear morphism C[t, 1/p](0;) @ Ml — C[t, 1/p](0y) is deter-
mined by its restriction to 1 ® M, which must be C[t, 1/p]-linear. We deduce
an identification

Homcyt,1/p)(0,) ((C[at] ®c M, Cl[t, 1/p]<8t>) = M~ % Cloy,

where the structure of right C[t,1/p](0:)-module on the right-hand term is
given formulas analogous to (1.10) and (1.11). Therefore, applying the functor

Homgy, 1 /)0, (+, C[t, 1/p](0y))"

to the complex (1.12), we get a complex of the same kind, where we have
replaced M with M*. Taking up the argument used for (1.12), we deduce an
identification

EXt(%Z[t,l/p](Bt)(Mv (C[tv 1/p]<8t>)l ~ M.

In doing so, we also have proved that Ext(lc[t,l/p]<at>(M,(C[t, 1/p)(9:))! is a
meromorphic bundle. O

1.13 Exercise (An explicit form of the isomorphism of Proposition
1.9). We assume that M has the presentation C[t,1/p](0;)/(P), where P =
Bf—l—zz.tol a;0} is a differential operator with coefficients a; in C[t, 1/p] and (P)
denotes the left ideal that it generates. We denote by ey, the class of 9F in M.
Hence e is a C[t, 1/p](D;)-generator of M and (ey, ..., eq—1) is a C[t, 1/p]-basis
of M. The matrix of the connection in this basis takes the form

00... 0 —ap
10...0 —aq

00... 1 —Qq—1

The dual module M := DM(*X) is therefore isomorphic to C[t, 1/p](d;)/(*P).
The isomorphism of Proposition 1.9 amounts to the existence of a nondegener-
ate Cl[t, 1/p]-bilinear pairing S : M®c,1/,) M" — C[t, 1/p] which is compatible
with the connection (cf. Definition II1.1.10).

(1) Prove that the matrix of the connection on M* in the dual basis
(€, .., €5 ;) takes the form

0-10 ... 0
0 0 -1 0 0
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(2) Prove that eq := €}_; satisfies ‘Pey = 0. Conclude that the morphism
M’ — M* sending the class of 1 to g¢ is an isomorphism of Cl[t, 1/p]{0;)-
modules.

(3) Equip M* with the basis (g, ...,eq4_1) with e = (—=0;)¥eg. Prove that
the natural pairing S : M ®cy,1/,) M* — C[t, 1/p] is given by the following

formulas:
0 ifi+j<d-—1,
S(ei,ej) = ifiti;ﬁdik
_[(_at)kad_1+-~-+ad_k—1} .f{l <k<d—£'

1.d Regularity
A differential operator with coefficients in CJ[t]
P(t,0;) = aqg(t)0 + - + a1 (t)0; + ao(t)

is said to have a regular singularity at one of its singularities ¢° (i.e., some
root of ag) if it fulfills Fuchs condition at t° (cf. Theorem 11.4.3)

(1.14) Vie{l,....d—1}, i—wp(a;) <d—vplag),

where v denotes the valuation at t° (i.e., the vanishing order at ¢°).

Let us set t = 1/t' and 9; = —t"?0y and let P (t',0y) = P(t,0;) be the
operator with coefficients in C[t,t71] = C[t/,#~!] obtained from P by this
change of variables. We will say that P has reqular singularity at infinity if
P, does so at t/ = 0.

1.15 Exercise (Regular singularity at infinity).

(1) Prove that the operator P has a regular singularity at infinity if and only
if its coefficients satisfy the inequalities dega; — i < degag — d for any
i < d (we define dega; = —cc if a; = 0).

(2) Show that the regularity condition at t° (for t° € C or t° = 00) is stable
by transposition.

1.16 Proposition. Let us fiz t° € CU {0}, and let us set

C{t —t°}[(t —t°)~ Y ift° € C,
C{t'}[t' if t° = oo.

Let M be a holonomic module and M = k ®cyy Ml be the associated (k,V)-
vector space with connection. The following properties are equivalent:

(1) any element of M is killed by some operator P € C[t|(0;) with regular
singularity at t°,
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(2) the (k,V)-vector space (M, V) has a reqular singularity (in the sense of
§11.2.a). |

When the conditions of the proposition are fulfilled, we say that M has a
reqular singularity at t°. Exercise 1.15-(2) shows that this property is stable
by duality.

2 Fourier transform

2.a Fourier transform of a module over the Weyl algebra

The relation [9;,t] = 1 defining the Weyl algebra can also be written as
[(=t),8¢] = 1, so that we have an isomorphism of algebras

C[t]{0) — C[r'|(0r)
t— —0p

O — 7'

denoted by P +— P.

Any module M over C[t](0;) becomes ipso facto a module over C[7'](0;);
we denote it then® by M: this is the Fourier transform of M. It is immediate
that M is holonomic if and only if its Fourier transform is so. Similarly, if M
is holonomic, the module

M, '] == C[dy, 9, '] ®cpa,) M

—
~

is still holonomic: we have indeed M[9; '] = M[7'~!], a module which is holo-
nomic after Proposition 1.6. Moreover, the kernel and the cokernel of the
natural morphism M — M][d; '] are isomorphic to modules of the kind C[t]?
(with the usual action of 9;): as a matter of fact, the kernel and the cokernel of
the localization morphism M — M][7/~1] are holonomic modules with support
in 7/ = 0, hence take the form (C[7'](0./)/(7"))?; we deduce the assertion by
the inverse Fourier transform. In particular, the singular points of Ml are also
that of M([9; ).

2.1 Example. The Fourier transform of M = C[t](0;)/(P) is C[T’]<67/>/(ﬁ).
If P =1t—t° (we then identify M with C[0;] - §;0), we have P = —(0, + 1°)
and M is identified to the space of entire functions C[r'] - e~

2.2 Proposition (Relations between M and M, cf. [Mal91, Chap.V,
§1]). Let us assume that the C[t](0:)-holonomic module M has a regular sin-
gularity at infinity. Then,

5 This notation is traditional and one should not confuse it with the—also
traditional—mnotation that we have used for formalization.
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(1) its Fourier transform M has a singularity only at 7/ =0 and 7" = oo. The
former is reqular and the latter has Poincaré rank (cf. §0.14) less than or
equal to 1;

(2) the kernel and the cokernel of the left action of 0y : Ml — M have finite
dimension and we have

dim Coker 9; — dim Ker 0; = rk M — rk M.
In particular, if moreover M = M[; '], we have rk Ml = rk M.

Proof.

(1) We reduce, according to Proposition 1.16, to the case where M =
C[t](0r)/(P), where P has a regular singularity at infinity. It will be con-
venient to write P = Y, dja;(t) with a; € C[t] and aq # 0. The regular
singularity condition says that dega; < degaq — (d — i) (Exercise 1.15).
Let us set a;(t) = 3 a; it/ and d = deg aq. We thus have

P = Cld 38,?1&34— Z am'@titj
j<d
i<d
with a; ; # 0 only if j—i < d—d. The degree of Pin 0y = —tis equal to d
and the coefficient of 82, is (—1)%a, ;7'?, which shows the nonexistence

of a singularity away from {0, 00}. Moreover, the Fuchs condition (1.14)
at 7/ = 0 is clearly satisfied. Lastly, in the coordinate 7 = 1/7’, one can

write
. i . .
(%) P = adﬁ(TQaT) + Z a; ;7 (r%0, ).
j<d
i<d

This shows that M[r'~1] = C[r,7~1](8,)/(P) is a free C|r,7]-module
having as a basis the classes of (720;)7 (0 < j < c’f) In this basis, the
matrix of 720, has polynomial coefficients in 7, which shows that the
Poincaré rank is < 1.

(2) Let us first notice that, if M’ is a submodule of M and M” is the quotient
module M/M; then M and M" also have a regular singularity at infinity.
Moreover, if the assertion is true for M’ and M", it is also true for M (use
the snake lemma). It is thus enough to show it for modules of the kind
C[t](0r)/(P). After the computation above, we have in this case rkM = d

~

and kM = d. We can write

4P = b(r'0,) + T'Q(r, 7'D,) i d > d,

P =7 b(r'0,) + 7Q(,70,)] ifd>d,
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where b is a non identically zero polynomial of degree min(d, @ and Q
is an operator of degree < d with Arespect to 7 and of degree < d with
respect to 0, When P = 7% or P = 9%, (k € N), the assertion of the
proposition is easy to check directly. After Exercise 1.3, it is enough to
show this assertion when P = b(7'0,/) + 7/Q(7/,7'9.), where deg_, P =
degy P = degd. It is matter here of proving that the C-vector spaces
Ker 7' and Coker 7 have the same finite dimension.

In order to avoid any computation, we will use a notion similar to that of
a “Deligne lattice”. To this end, let us set, for k € Z,

TIRIC[7")(7' B,1) if k<0,

Vk(C[T/]<a~,-/> =
S 8CI)(r 0, ik 0.
We have 7'Vj, C Vi—1 with equality if k < 0, and 0.+ Vy C Vi41. Moreover,
Vo/V_1 = C[1'0,]. Let us also set

UkM = Vk(C[T/] <87—/>/(ﬁ) n VkC[T,] <a7—/>.

According to the form of ﬁ,
UxM/Uy 1M = C(7'0,1) /(b(7' 07 + k)

for any k € Z. In particular, all the spaces Uy /Ui_1 have the same finite
dimension. Lastly, the mapping

!
(2.3) Uk /Uk—1 SAEN Uk—1/Uk—2

is bijective as soon as 0 is not a root of the polynomial b(s + k + 1), as
the composition (on the right and on the left) with 9,/ : Ug—1/Ug—o2 —
Uy /Uk—1 is then bijective. There exists thus ko > 0 such that (2.3) is an
isomorphism for any k > ko and k < —kq. N

One can show (cf. for instance [Sab93, §4.2.4]) that 7/ : M/Uy, —
M/Up,—1 and 7/ : U_p, — U_p,_1 are bijective (the only delicate point is
the injectivity of the latter mapping).

We deduce that the kernel (resp. the cokernel) of 7/ : M — M is also that
of 7 Uy /U-ke — Ukg—1/U—ko—1. As the source and the target of the
latter linear mapping are spaces having the same finite dimension, so are
the kernel and the cokernel. 0

2.4 Remark. The Fourier transform depends on the choice of an origin on the
affine line with coordinate ¢. Translating the coordinate amounts to tensoring
the Fourier transform with an exponential factor, as in Example 2.1.
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2.b Fourier transform and duality
The coordinate t being fixed, let us consider the involution
Cl(o) — Cle(dr)
P(t,0r) — P(t,0) := P(—t,—0y).
The Fourier transform and the transposition are related by the formula

‘(P) = iP

¢

By reading §1.c “with a hat”, we get an isomorphism

(2.5) D(M) ~ DM.

2.6 Corollary. Let M be a holonomic module with a regular singularity at
infinity. We suppose that there exists a morphism DM — M, the kernel and
the cokernel of which are isomorphic to some power of the module C[t] equipped
with its usual derivation. The meromorphic bundle M[T/’l] is then equipped
with a nondegenerate sesquilinear form.

Proof. Let us apply Fourier transform: we get a morphism

DM —s M,
the kernel and the cokernel of which are supported on 7" = 0. After localizing,
the morphism becomes an isomorphism

D(M)[7'~1] =5 M[r-1].
According to Proposition 1.9, we get an isomorphism

(M[r'~1])* = M[r/—1]. O

2.c Fourier transform of a lattice

The Fourier transform does not induce a correspondence between lattices of M
and lattices of M for the very reason that 7/ = 9, does not act on a lattice
of M. We will see however that, under some conditions, it transforms a lattice
of M to a lattice of M[7'~!] in the variable 7 = 7/~!. In other words, at the
level lattices, the natural kernel to consider is not g\_”/, but e~ t/7.

Let M be a C[t]{J;)-holonomic module and let M be its Fourier transform
(cf. §2.a), which is a C[7']{9,/)-holonomic module. We will assume in the fol-
lowing that M has a reqular singularity at infinity. We then know that M has
a singularity at 77 = 0 (regular singularity) and at 7/ = oo (possibly irregular
singularity) only. The localized module M[T’ ~1 is still holonomic and it is a
free C[7’,7~!]-module of finite rank. We can consider it as a meromorphic
bundle on the Riemann sphere @1, covered by the charts with respective co-
ordinates 7/ and 7, related by 7 = 77! on their intersection. It is therefore
also a free C[r, 7~ !]-module.
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2.7 Theorem. With these conditions, let E be a C[t] submodule of finite type
of M. Let E be the image of E by the natural localiza@n\morphz’sm M —
M8, Y]. Let E be the Clr]-module generated by E in M[8;'] = M[+'~Y], in
other words,
E=> 0,"E=Clr] E.
k>0
Then

(1) E s a free C[T]-module of finite type;

(2) if E generates M over C[t](8,), E is a lattice of the C[r,7—]-module
M[T/_l];

(3) the meromorphic connection V on E has a pole of order at most 1 at
T=0.

Proof.

(1) If we know that E has finite type, we deduces that it is free, as it has no
C[7]-torsion (see for instance [Lan65, Chap. XV, §2]), being contained in
M[T’ ~1]. The finiteness is the essential point. Let us begin by showing it in
a simple case: we suppose that M = C[t](9;)/(P), where P is an operator,
that we write as in the proof of Proposition 2.2

d
P = Z 82%(15),
i=1

with a; € C[t] and aq # 0. Let us first consider the lattice E generated by
the class e of 1, which satisfies

74P -e=0,

an equality which shows (cf. (x) in the proof of Proposition 2.2) that
e,...,t%7 e is a system of generators of the C[r]-module E, whence finite-
ness in this case.

Let us notice now that, for any & > 1, we have
(2.8) (C[T]~(IE+~--+8§E):E+...+T/k]§:T/kE

as 7“E c 1'*E for ¢ < k. Therefore, finiteness is satisfied for lattices
Er, =E+---+ 9FE.

Lastly, any lattice of M is contained in some lattice Ej, for a sufficiently
large integer k. We deduce that its Fourier transform also has finite type
over C[r] (as C[7] is Noetherian).

After Proposition 1.4, any holonomic module M is the quotient of a module
of the kind M" = C[¢](9;)/(P) by a torsion module. It follows in particular
that P has a regular singularity at infinity if M does so. Any lattice E of M
is contained in the image of a lattice Ej, of M. Therefore, E is the quotient

of IEZ, hence also has finite type.
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(2) We apply (2.8), true for any lattice E.

(3) It is a matter of proving that E is stable under the action of 720, alias t.
This follows from the fact that E is stable by t. a

We will have to use Theorem 2.7 in the following form:

2.9 Corollary. Let E be a free C[t]-module of rank d, equipped with a mero-
morphic connection V having poles in some finite set Y. Let us suppose that

(1) the connection V has a regular singularity at infinity;
(2) any element of E admits a unique primitive, i.e., 0{1 acts in a natural
way on E .

Then, if we denote by B the C-vector space E equipped with its structure of
(C[afl]—module and if we set T = 8*1

(1) the C[7]-module E is free of rank d=d,

(2) the operator Vo = (Va,)%t is a meromorphic connection on E having a
pole at T = 0 only, this one being of type 1, and having a reqular singularity
at infinity.

Proof. We consider the C[t](0;)-module M’ = E(xX). As E is free over CJt],
the natural morphism E — M’ is injective, and E is a lattice of the mero-
morphic bundle M’. On the other hand, we know (cf. Proposition 1.6) that
the connection V on E makes M’ a C[t](9;)-holonomic module, with a regular
singularity at infinity and, by Proposition 1.7, E is a lattice as such. Let us set
M = M'[9;!]. This is also a C[t](d;)-holonomic module, with a regular singu-
larity at infinity. Then the second hypothesis of the corollary implies that the
natural mapping E — M induced by the localization mapping is injective and
thus E = E = E. We now deduce Properties (1) and (2) of the corollary from
Theorem 2.7. N

The equality d = d is a consequence of Proposition 2.2. O

We will now consider a converse statement of this corollary. In other words,
let E be a free C[r]-module of rank d equlpped with a meromorphic connec-
tion V. Let us assume that the connection V has a pole at 7 = 0, this being
of type 1, a regular singularity at infinity, and no other pole. Let us define the
action of t on E as that of 72V, . Therefore, E becomes a C[t]-module, that
we then denote by E. R

Let us set M = E[r~!] and 7/ = 7~!. Then M is a C[r'](8,-)-holonomic
module, having a regular singularity at 7" = 0 and possibly an irregular one at
7' = 00. As E is free over C][r], the natural morphism E — M is injective. Let
us denote by M the inverse Fourier transform of M. We have then M = M([9; ],
and E is a C[t]-submodule, stable by 8; ', which generates M over C|[t](d}).
Tt is not clear, in general, whether it has finite type over C[t]. We will give a
criterion in order that such is indeed the case.
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2.10 Proposition. Let us assume that E has a basis € in which the matriz
N B d

of V takes the form (—0 + BOO>—T, where Boo + k1d is invertible for any
T T

k € N (in particular (I/li, 6) has type 1 at 7 = 0, the only singularities are
7 =0 and T = o0 and the connection can be extended with a logarithmic pole
having residue —Bs, on the trivial bundle of rank d on P*). Then

(1) the inverse Fourier transform E is a free C[t]-module of rank d = d, the
action of 77 defines a meromorphic connection ¥V on this bundle, all the
singularities of which (even att = oo) are reqular;

(2) The poles of the connection are located at the eigenvalues of By and the
connection can be extended with a logarithmic pole att = oo on the trivial
bundle on P';

(3) the bundle with meromorphic connection (E, V) is logarithmic if and only
if By is semisimple with distinct eigenvalues.

The inverse Fourier transform gives thus a one-to-one correspondence be-

tween (trivial) bundles of rank d on the affine space, equipped with a connec-
B d

tion, the matrix of which can take the form (—0 + Boo) a with B + k1d
T T

invertible for any k£ € N, and that for which the matrix can take the form

(Boo — Id) (t1d —By) ™" dt. Let us notice however that we do not obtain in

this way all the trivial bundles on P! with logarithmic connection. On the

other hand, if needed, we can add mZ to the connection, for a suitable m,

in order that B, + kId is invertible f(;-r any k € N.

Therefore, a solution to Birkhoff’s Problem IV.5.1 for r = 1 gives a solution
to a partial Riemann problem analogous to Problem IV.1.3 and, when the
eigenvalues of By are simple, to the Riemann-Hilbert Problem IV.1.3.

Proof. 1t will be convenient to write the basis € in a column. By definition,
t-e=("Bo+ 7 -Bx) e,
whence, for any k > 1, using the assumption on By,

k—1
e = T [+ 1) (10 =150)] -6
£=0

This shows that E is generated by e over C[t]. We will now show that M C
C(t) ®cyy E. For that purpose, it is now enough to check that, for any & > 1,
7% C C(t) @cpy E. We can write the relation defining ¢ as

e = (7'7”30 + tBOO) -€

(if the basis € is written as a column); from the commutation relation 71t =
tr—! 4+ 1, we deduce

(t1d —='Bo)7™' - e = ('‘Boo —1d) - &,
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and thus
(%) 77l e=(t1d—'By) }('Bs — Id) - €.
Iterating the process gives the assertion, and therefore
C(t) ®cg M = C(t) ®cyy E.

As the rank of M is equal to d (Proposition 2.2), the rank of E (i.e., the
dimension of C(t) ®cpy E over C(t)) is equal to d. Tt follows that E is free of
rankAcZ as a matter of fact, the generating set e gives a surjective morphism
C[t]* — E, which induces an isomorphism after tensoring with C(¢), as the
C(t)-vector spaces have the same rank; its kernel is then torsion; the latter
must be zero, as C[t]? has no torsion submodule. This proves the first point.

The matrix of V in the basis € is (B, — Id)(tId —Bg) ! dt: indeed, this
is exactly what gives the relation (x). The poles of this matrix are located at
the eigenvalues of By. If these ones are simple, the poles are simple.

Lastly, if we extend E as a trivial bundle on P!, the connection matrix
of V in the coordinate t' = 1/t is equal to —(Bs — Id)(Id —t'By)~tdt' /t'. Tt
has thus a simple pole at ¢’ = 0. O

3 Fourier transform and microlocalization

In this section, we assume that M is a C[t](J;)-holonomic module with regular
singularities including at infinity, and that F is a lattice of it’. Let G be the
localized Fourier transform of M and let F be that of F, as in Theorem 2.7.
The connection V on G has a pole of order at most 1 at 7 = 0. We will analyze
the formal structure of (G,F) at 7 = 0. First, it is easy (by considering the
example of C[t](9:)/(P)) to check that the eigenvalues of the most polar part
of the connection matrix are exactly the singular points of M. We will give
a more precise statement by considering the formal decomposition of G—
a decomposition that can be obtained with the method of Turrittin (Exercise
I1.5.9)—to the germs of M at each of its singularities. This is nothing but an
algebraic version of the classic stationary phase method.

3.a Formal microlocalization

Let 2 be the sheaf of holomorphic differential operators on C (coordinate ¢): a
section of 2 on an open set U of C is a polynomial Y=, a;(t)d;, where the a;
are holomorphic on U. It is a sheaf of noncommutative rings, the commutation
relation (1.1) determining the product.

Let us also introduce the sheaf of formal microdifferential operators &:
by definition, this is the sheaf on C (coordinate t), the sections of which on

5 The need of a change of notation will soon be clear.
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an open set U C C are the formal Laurent series Z@io a;(t)7%, where the
coefficients a; are holomorphic on U. This is a sheaf of noncommutative rings.
If we write the factors 7/ on the right, the product is determined by the
relation”

1) r ) = Y1 O

k=0
We deduce in particular that [7, f(¢)] = —7 - f/(t) - 7, that is,
(3-2) [r=LF®] = 1),

The sheaf & is a sheaf of left and right Z-modules: the right action of 0;
is right multiplication by 7! and the left action of f(t) is the multiplication
in &; the left action of 9; is left multiplication by 7~!, that one computes
using Relation (3.2); lastly, the right action of f(¢) is right multiplication by
f(t) in &, that one computes using (3.1).

Any element of &(U) can also be written in a unique way as

The subsheaf of rings consisting of operators without pole at 7 = 0 is
denoted by &(0). This is a sheaf of left and right &-modules, if & denotes the
sheaf of holomorphic functions on C.

Let M be as above and let .#Z = 0 @c;)M be the associated left Z-module.
The microlocalized module of .Z is the left &-module

MY = E Qg M.

Tiai (t)

12140

3.3 Lemma. The microlocalized module 4" has support in the set of singular
points of M .

Proof. 1t is enough to check that the microlocalized module of & is zero, as,
in the neighbourhood of any nonsingular point, .# is isomorphic to ¢¢. We
have 0 = 2/9 - 0;, and therefore O* = &/& - 771 = 0. O

Let .##* = image[£(0) ®¢ -F — "] be the microlocalized module of
the lattice # = 0 ®cpy F of .. This is a lattice of .Z" (a coherent &(0)-
module which generates .#" as a left &-module). We will denote by k the
field C[r][r~!] and by V the connection induced by 8/87 on k (here, the
“hat” has a double meaning: it indicates that we work with the coordinate 7
of the “Fourier” line, and with formal series in 7). For any ¢ € C, the ring &.
is a left module over E<8T> if 720, acts by left multiplication by ¢. Similarly,
M s a (@, %)-Vector space with connection. We will denote (according to
the notation of §I1.5.b) by £/ @ .#" the k-vector space " equipped with
the connection for which 720, acts as left multiplication by ¢t — ¢ (we thus
have “translated ¢ to the origin”).

" This relation is best understood if one regards 7 as the “primitivation” operator
a7t
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3.4 Proposition. At any singular point ¢ of M, the germ /T @ M is a
(k, V)-vector space with a reqular singularity and £/7 @ Fis a lattice of it,
stable by T°Vg_.

Before beginning the proof, let us establish a result which will also be
useful later on:

3.5 Lemma. For any c € C,

(1) &. (resp. £.(0)) is flat as a left and right module over P, (resp. over O.);
(2) & is flat as a left and right module over k(0;).

The first assertion of this statement, for instance, means that, for any short

exact sequence
0 — M — M — M —0

of Z.-modules of finite type, the corresponding sequence

0—&EQM —EQM—E QM —0
De De De

is also exact.

Proof. Let us notice first that, for any open set U, the ¢'(U)-module &(0)(U)
is flat, as it is flat over €(U)[7] and as the latter ring is flat (being free) over
o).

Let us show that &.(0) is flat over & it is a matter of checking (cf. [AMG69])
that, if f1,..., f, € O, satisfy a relation > %_| P;f; = 0 with P; € &.(0), then
the vector (P, ..., P,) is a combination with coefficients in &, (0) of vectors of
relations in O, between f1,..., fp; but the f; and the P; are defined on some
open neighbourhood U of ¢, on which the desired assertion is true, as &(0)(U)
is flat over &(U); by taking the germs at ¢, we get the desired assertion for
&.(0).

Once this result is proved, the flatness of &, over Z. is a consequence
of general (and easy) results concerning flatness over filtered rings (see for
instance [Sch85, Prop.11.1.2.4]): we consider the 7-adic filtration on &; this
is a Zariskian filtration, that is, if P_; € 78(0), then 1 — P_; is invertible in
&.(0) (checking this is easy here, as we do not ask any convergence condition
for the series in powers of 7); similarly, we equip Z. with the filtration by the
degree in 0;; let us work as above on some open set U, so that the graded
rings are respectively the commutative rings 0(U)[r][r~!] and &(U)[r~!];
the former is flat over the latter (cf. for instance [AM69]); we can apply the
statement of [Sch85] and then come back to germs at c.

The ring E<8T> can be identified with the subring of &, consisting of series
Disio a;(t)7", where the a; are polynomials of bounded degree. In order to
show flatness, we apply the same technique as above: we equip the ring &, with
the (¢ — ¢)-adic filtration; one similarly checks that it is a Zariskian filtration,
whose associated graded ring can be identified with E<3T>; we conclude by
using once more [Sch85]. O
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Proof (of Proposition 3.4). This is the microlocal analogue of Theorem 2.7.
The question is local at the singular point ¢, that we assume to be 0 in order
to simplify notation. Let us begin with the regularity of .#{'. The kernel
and the cokernel of the localization homomorphism M = .#, — M[t!] are
Pp-holonomic modules having support at the origin and .#,[t ] is a (k, V)-
connection with regular singularity. By an extension argument and according
to the flatness lemma above, it is enough to consider the case where the
germ M has support at the origin or the case where M is a (k, V)-connection
with regular singularity.

In the first case, it is also enough to consider M = %,/ %, - t (cf. Example
1.5-(3)) and the lattice F generated by the class of 1. Then M* = &,/&p -t =
Clr][r7Y = k and F* = &(0)/&(0) - t = C[r], the connection being the
connection V on k.

In the second case, one can assume, according to Theorem I1.2.25 and by
the same extension argument as above, that M has rank one, hence is isomor-
phic to 2o/ % - (0¢t — ) with Rea € [0,1[. We have .Z* = &,/& - (t — aT)
and we conclude as in the first case.

For what concerns 7', the only point to check is the finiteness as a C[7]-
module, because the stability under the action of 72V 4_ is true by definition of
the connection. Moreover, if the finiteness is true for some lattice %, it is also
true for any other lattice of .#y. We can then use once more the extension
argument and reduce to checking the assertion for the lattice generated by
the class of 1 in each of the previous examples, which is easy and left to the
reader. ]

3.b Formal decomposition of the Fourier transform
3.6 Proposition. The composed C[[7]-linear mapping
G = E Qc[r-1] M — F((C,/k\! QCd] %) — F((C, e//f“)

s an zsomorphzsm compatible with the action of t, which identifies the for-
malized module F~ of the lattice F of G to I'(C, F").

We thus get the formal decomposition® of the meromorphic bundle with
connection (G, V) at 0: as a matter of fact, as .#* has support at the singular
points ¢ of .4, we can write I'(C, #") = @, .#}. On any summand, the left
multiplication by ¢ is identified with the action of 72V g._; moreover, £/7 @ .4}
is a (E @)—connection with regular singularity (Proposition 3.4).

8 A more precise statement relating the Stokes structure of G at 7 = 0 with proper-
ties of . also exists. One can write both Stokes matrices introduced in Example
11.6.11 in terms of the wvariation operators acting on the solutions of .Z. We will
not use this result and refer the interested reader to [Mal91, Chap.XII] and to
the references given therein.
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Proof (of Proposition 3.6). Let us first notice that

G =k ® M=k ® ((C[T,T_l] ® N?JI)
Clr—1] Clr,7=1] Clr—1]
=k ® G=C[] ® G,
Clr,r=1] Clrl

so that G is indeed the formalized module of G at 7 = 0.
Assertion. The k-vector spaces G and @D, .« have the same dimension.

Let us take this statement for granted and end the proof. First, it is clear
that the mapping is compatible with the action of ¢ and that it sends F in
b. 7L

Let us now show that the mapping F — ZFF, composition with the pro-
jection to the summand of index ¢, is surjective. After Nakayama’s lemma,
it is enough to show that the composed mapping F — FH /7. FH is so. As
Fe = O, @cpy F, there exists my,...,m, € F such that any germ m € % has
a decomposition m = ZZ wim; with ¢; € O.. On the other hand, there exists
an operator P € C[t](0;) annihilating all the m;; in other words, there exists
d € N and a4(t) € C[t] such that

d
Ofaq(t)-mi € > OFF (i=1,...,p).
k=1
If n denotes the order of vanishing of ayq at ¢, we deduce that the element
(t —¢)™(1 ® m;) belongs to 7.7} for any i. Taking the Taylor expansion of
the ¢; up to order n, we can write m = m’ + (t —¢)" Y, ¥ym; with m’ € F
and ¢; € O.. We deduce that 1@ m =1®m' mod 7.} in F}, whence the
desired surjectivity.

We also deduce that G~ — .Z/ is surjective for any c. Therefore, so is
/T @G — YT @ M, which shows (according to Exercise 11.5.9) that,
for any ¢, €/ @ G can be decomposed as the direct sum of a (E, ﬁ)—vector
space with a purely irregular singularity and of a (E,@)—Vector space with
regular singularity, the latter being mapped onto £/ ® .Z": indeed, any
homomorphism from a (E @)—Vector space with purely irregular singularity
to a (E, V)-vector space with regular singularity is zero (cf. Exercise I1L5.5).
Coming back to G, we thus see that the map in the proposition can be
decomposed as the direct sum of its projections on each of the summands
Y. 1t is thus surjective and, after the assertion, it is bijective. We also

deduce that it induces an isomorphism F - b, 7. |

Proof (of the assertion). According to an argument that has yet been used,
it is enough to show it for modules M of the kind C[t](d;)/(P), where P =
aq(t)0 + -+ has regular singularities even at infinity. In this case, we have
seen that the rank of G is equal to the degree of ag4, while that of .Z} is
equal to the valuation of a4 at ¢, that is, the multiplicity of ¢ as a root of ay.
Therefore, the assertion is clear. O
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3.c A microdifferential criterion for the symmetry of the
characteristic polynomial

The lattice F of G admits a characteristic polynomial at infinity, constructed
in §I11.2.b and denoted by X5 (s). This is a polynomial of degree d = rkF.
We will give a condition on the microlocalized module ## in order to get a
symmetry relation

X2 (s) = (=) (w — 9)
for some suitable w € Z.
Let us first notice that, after Corollary I11.2.8, it is enough that G comes

equipped with a nondegenerate sesquilinear form of weight w with respect
to IF.

In order to obtain a sesquilinear form on G, it is enough to be given a
homomorphism DM — M the kernel and the cokernel of which are free C[¢]-
modules of finite rank: as a matter of fact, such a homomorphism induces,

by Fourier transform and according to (2.5), a homomorphism DM — M the
kernel and the cokernel of which have support at 7/ =0, so that, by localizing
with respect to 7, we get an isomorphism (DM)[r'~1] = G; lastly, according
to Proposition 1.9, we can identify the left-hand term to G*.

Controlling the weight with respect to F can be done in a microdifferential
way. Let us first note that, according to the flatness of & over 2, we have

Ext'o(MP,E) =& ® Exto(M, D)

(analytic and sheaf-theoretic versions of duality in §l.c), in other words,
D( ") = (DA Y. In a way analogous to Proposition 1.9, we have:

3.7 Proposition. For any c € C, we have an isomorphism
D(A") ~ Homg, (ML k) = (MF)*.

Proof (Sketch). We proceed in a way analogous to that of Proposition 1.9.
We first show that the sequence

0 g(&) @t///cu M) @@T) @/{é‘ — A
k k

is exact, and we deduce, by flatness 3.5-(2), that the sequence

t®l1-1®t

0— E. Q.M Ee @ M! — M
k k

is so, then we end as in the proof of Proposition 1.9. O
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3.8 Proposition. Let DM — M be a homomorphism of C[t](d;)-modules,
whose kernel and cokernel are Clt]-free of finite rank. If there exists w € Z
such that, for any singular point ¢ of A , the induced microlocal isomorphism
D(AMP) ~ (ME)V — M sends (FE)* in 77 FL, then the induced homo-
morphism G — G defines a nondegenerate sesquilinear form on G of weight w
with respect to F.

Proof. We have yet indicated that the sesquilinear form is nondegenerate.

According to Proposition 3.6, the formalized module at 7 = 0 of F is sent
bijectively to the formalized module at 0 of 77" F. This shows that the kernel

=* ~
and the cokernel of F — 77 "F have support in 7 # 0. But as, on the other
hand, the morphism that we deduce after localization with respect to 7 is an
—
isomorphism (it is nothing but G — G), this kernel and this cokernel are
Z€ro. g



VI

Integrable deformations of bundles with
connection on the Riemann sphere

Introduction

When considering deformations of one-variable meromorphic differential sys-
tems, one is lead to ask questions that we treat in this chapter:

(1) Given a meromorphic differential system analytically depending on pa-

rameters, let us assume that we have solved, for some particular value of
the parameter, the Riemann-Hilbert Problem IV.1.1 or one of its variants.
Can we find a solution to this problem for nearby values of the parameter,
a solution which would depend analytically on the parameter?
We can moreover ask whether, the initial solution being fixed, the family
of solutions thus found is unique, as in the Cauchy Theorem for instance.
In order to get existence and uniqueness results, it is essential to im-
pose the integrability condition: it must be possible to complete the given
differential system to an integrable system of linear partial differential
equations.

(2) When the Riemann-Hilbert problem or Birkhoff’s problem is solved in
a family, the integrability condition takes the form of a nonlinear matrix
differential system which is often remarkable. The resolution of this system
is thus equivalent to that of the Riemann-Hilbert problem or of Birkhoff’s
problem, whence a “geometric” method of resolution of such a system.

(3) Lastly, some integrable deformations of a one-variable meromorphic dif-
ferential system are universal. The properties of the system are hidden in
the parameter space of the deformation, which underlies then a rich struc-
ture. We will exploit this structure in the study of Frobenius manifolds
done in Chapter VII.

We will illustrate these questions for the Riemann-Hilbert problem, as well
as for Birkhoff’s problem for a meromorphic differential system with pole of
order one.

It is impossible not to mention here the Painlevé equations, which are
one of the main sources of examples of isomonodromic deformations, since
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R. Fuchs’ discovery relating the sixth Painlevé equation to a universal isomon-
odromic deformation of a system of rank two with four regular singular points
on the Riemann sphere (cf. §1.b). The reader can refer to the books [IKSY91],
[IN86] and [Con99] for more details, as well as to the article [JMUS81].

The contents of this chapter are inspired by the articles [JMUS81, JM81,
Mal83c, Mal83a, Malg6).

We take up the notation of §1.5. In particular, if X is a manifold and z° is
a base point of X, we denote by A° the restriction to P! x {z°} of the object A
defined on P! x X.

1 The Riemann-Hilbert problem in a family

1.a Integrable deformations of solutions to the Riemann-Hilbert
problem

We take up in this section the situation described in Remark I11.1.22. In other
words, let X be a connected complex analytic manifold of dimension n and,
for any i € {0,...,p}, let ¢; : X — P! be a holomorphic mapping. We assume
that, for any « € X, the values ¥;(x) (i = 0,...,p) are pairwise distinct.
Therefore, the graphs X; C P! x X of the mappings 1; do not intersect each
other.

There exists a family of automorphisms of P! parametrized by X sending
{0} x X to Y. We have even a better result:

1.1 Lemma. There exists an automorphism ¢ of P! x X such that the fol-
lowing diagram commutes:

XX%IFMXX

satisfying p({oo} x X) = Xy, o({0} x X) = X1 and ({1} x X) = Xy.
Proof. Let t be a coordinate on P! \ {co}. Then ¢ is given by

Yo(x)t — () (W)
ot z) = 1(z) — ¥a()
- (=0
V() — Ya(z)
We will then suppose in the following that ¥y = oo and we will fix a
coordinate t on Uy = P! \ {oo}.
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1.2 Theorem ([Miw81, Mal83c]). Let us suppose that the manifold X is
2-connected (i.e., 1-connected and having its second homotopy group equal to
zero) and let us fix some point x° of X . Let us pick A, ..., A € My(C). There
exist then matrices A1, ..., A,, which are holomorphic in the neighbourhood
of x° and meromorphic on X, such that the matrix 1-form

zp: t N %( ))
P t—vi(x)
fulfills the integrability condition df2 + 2 N 2 = 0. Moreover, the matri-
ces A; are determined in a unique way by the initial condition A;(x°) = A?
(i=1,...,p).
Let us first be more explicit on the integrability condition.

1.3 Proposition (Schlesinger equations [Sch12]). Let Ay,..., A, be ma-
trices of holomorphic functions on some connected open set X' of X. Then
the matriz 1-form

o ZA — i(x))

t — i)
is integrable if and only if the matrices A; satisfy on X' the differential system
d(i — ;)
1.4 dA; — A A =0.
1.4 2 A=
J#i
1.5 Remarks.

(1) We will see below that the local existence in Theorem 1.2 is an easy
result, being a straightforward consequence of integrability, in the sense
of Frobenius, of Schlesinger equations (Proposition 1.8). The geometric
method that we will use in the proof gives the global existence (in the
meromorphic sense) of the solutions to these equations. We say that the
system of Schlesinger equations fulfills Painlevé’s property.

(2) If the matrices A; are solutions to Schlesinger equations on the connected
open set X', their diagonal parts A; satisfy dA; = 0, hence the A; are
constant matrices. The proposition also enables one to show that the sum
P | A; of the matrices A4; is independent of z € X'.

(3) Moreover, the characteristic polynomial of each A; does not depend on x:
indeed, it is a matter of verifying that it is locally constant on the con-
nected open set X’; in order to do that, it is enough, as the determinations
of the logarithm are indexed by the discrete set Z and according to Exer-
cise I1.4.5, to show that the characteristic polynomial of each monodromy
matrix T; does not depend on x; this is a consequence of the isomon-
odromy of the family of connections on the trivial bundle ﬁgl of matrix

T

integrability condition (cf. Proposition 0.16.6).

dt, which is a consequence of the fact that (2 satisfies the
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(4) If we have for any i the equality A? + ‘A? = w;Id, then we also have
A; +'A; = w; Id. Indeed, one verifies that A; —w; Id and —’4; are solutions
to Schlesinger equations with the same initial conditions. According to the
uniqueness assertion in Theorem 1.2, these solutions coincide everywhere.

Proof (of Proposition 1.3). We have

e

dA; A dip;
=y A
=1 t_wi

and

t— i) ANd(t — ;)
(t — i) (t — )
B [dt A d(hi — )] + [dibs A dij]
S LA T )
AZ,A dt/\d(d) 1/)])] [d¢z A dd]y]
N Z t—% ( 1bJ)

Q/\Q:ZAiAjd(

i,j

The integrability condition df2 4+ 2 A 2 = 0 is then equivalent to

(1.6) Z dA; = (A, Aj] d(; — ;)

t=hi = (=) (i =)
and
dA; Ndy; [Ai, Aj] dpi Adyy
(1.7) 21: t— _%:(t—%') (Vi —abj)

By taking the residue of (1.6) along the hypersurfaces X, = {t — ¢, (x) = 0},
we find the Schlesinger equations (1.4). Conversely, Equations (1.4) imply
(1.6). They also imply

dA; Ndp; [Ai, Aj] d(Y; —ay) A di;
Z t— 72(?5—%) (Wi =)

i (]

whence (1.7). O
Proof (of Theorem 1.2: existence). Let (E°,V°) be the trivial bundle ¢,

equipped with the connection V° having matrix » 7_; — ( ) in the canon-
K3

ical basis €°. It also has a logarithmic pole at infinity. As X is 2-connected
we can construct on P! x X, according to Remark I11.1.22, a bundle (E, V)
with connection having logarithmic poles along the X; (i = 0,...,p) such that
(E,V)iptx{ao} = (E°,V°).
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Let 7 be the connection induced by V on Xy = {oo} x X, in the sense of
§0.14.b. This is a flat connection on Eu, = i5 F = Ej{o}x x- Therefore, as X
is 1-connected, the bundle F., is trivializable; more precisely, there exists a
unique basis €’ of E,, which extends the canonical basis of ES, = C¢ and
which is \/-horizontal.

As E° is trivial, there exists, after Corollary 1.5.8, a hypersurface ©
of X, not containing z°, such that the restriction morphism & (x7~1@) —
%% &(»771O) is an isomorphism. It follows that the meromorphic bundle
& (*¥771O) is trivializable and that it is equipped with a basis €, obtained by
lifting the basis €', which restricts to the canonical basis €° at x°.

Let {2 be the matrix of V in the basis €. It is a matrix of meromorphic dif-
ferential 1-forms on P* x X, with logarithmic poles along the X; (i = 0,...,p)
and also with poles along P! x .

Let A; be the residue of {2 along X;. It is a matrix of meromorphic functions
on Y; ~ X with poles along ©. Let us consider then the matrix

;_ o d(t = i)
) _Q—;Al(m)m.

For z fixed in X \ O, its entries are meromorphic differential forms on P!,
with at most logarithmic poles at infinity. As HO(P', 2}, (c0)) = 0 (because
2}, (00) 2 Op1(—1)), we conclude that the coefficient of dt in 2’ is zero. We
can thus write, in local coordinates, {2/ = Z?Zl By (t,x) dzy, where the By
are holomorphic on C x (X \ ©). As the matrix of 5/ in the basis €’ is zero,
we have

lim By(t,z) =0

[t]—o0
d(t — 1
and thus By, = 0. We deduce that 2 = Y7, Az(x)(t_l;/)z((j))) Therefore,
the matrices A;,..., A, are a solution to the problem. ' a

Proof (of Theorem 1.2: uniqueness). The question of uniqueness in Theorem
1.2 is a local problem, as the open set where two systems Aj,..., A, and
A}, ..., Al of solutions are holomorphic is connected, being the complement of
an analytic hypersurface in X (cf. Lemma 0.2.1). We can consider the system
(1.4) of Schlesinger equations as a Pfaff system on the manifold X x My(C)P
in the neighbourhood of the point (z°, Af,..., A7). According to §0.13.b, in
order to obtain the local uniqueness, it is enough to show:

1.8 Proposition (The Schlesinger equations are integrable). The
Pfaff system of Schlesinger equations is integrable and defines a foliation of
dimension n = dim X in the neighbourhood of (x°, AY, ..., Ap).

The tangent space to the leaf passing through (z°, AY, ..., A7) is transversal
to the subspace {0} x Ma(C)? of T(zo, a5,...,a9)(X x Ma(C)?).

yeeey
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Indeed, once this result is obtained, the inverse function theorem gives a
local parametrization of the leaf going through (x°, A7,..., A7) by a neigh-
bourhood of z° in X, whence the uniqueness. O

Proof (of Proposition 1.8). Let us begin by showing that when n = p, X = X,
is the open set of CP consisting of the (z1,...,x,) such that z; # x; if i # j
and ¥;(z) = z,. Let # be the subsheaf of Q}(pod(C)p generated by the

entries of the matrices

2 = dA; — Z[AivAj]M~

1
J#i v

It is a matter of verifying (cf. Lemma 0.13.2) that ¢ is a subbundle of rank p
of Q}(pod(C)p and that the entries of df2; vanish modulo _# A Q}(pod((C)p.

But one can write, modulo # A 2% i ey

—d2; = ([dAi, Aj] + [As, dAj])M
i i
= (A Akl A dwi — o) | dlzi — 2;)
i ki Ty — Tk xi—mj
‘ d(zj —xp) | d(@i — ;)
£ 20Tl 4y, AW T A S

For j, k # i and j < k, the coefficient of dz; A dxj, in the right-hand term is
equal to
[[Ai7Aj]7Ak] — [[Ai’Ak]vAj] 1 ([Ai7 [AkvAj]] + [Ai’ [Aijk]]>

(i — ) (zi — k) oy —a) \ (i — ) (2 — ;)

and, according to Jacobi’s identity, it is zero. The coeflicients of dx; A dx; are
treated similarly.

Let us denote by &1, ...,&, the coordinates on 77/, X,, and by b,(fe) that on

the it factor My(C), k,¢ = 1,...,d. Therefore, an element of the cotangent
bundle T*(X,, x My(C)?) to X, x My(C)? has coordinates

Equations (1.4) define a subbundle F' of T*(X,, x My(C)?) isomorphic to the
bundle T*(X,) x Mg(C)? by

(xla"'vxpa(a](:())kl:1 ..... d7€17"'7€p)
1=1,...,p

[— (xly"')zp7(a](;€))k,e:1 ..... d’§1’-~-’§p7(bgg))k,€:1 ..... d)
i=1,...,p 1=1,...,p
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with
b _Z (i.5) & &Gi—&

—
where the coefficients c; ) are computed from the entries of A; and A;.

For any (z,A:,...,A4,) € X, x Mg(C)? the fibre F, C CP x My(C)? is
thus a subspace of dimension p, transversal to the subspace having equations
& =+ =&, = 0. The proposition is thus proved in this particular case.

For X arbitrary, the Pfaff system (1.4) is the pullback by the mapping
(1, ... p, Id) : X X My(C)P — X, x Mg(C)?

of the Pfaff system considered above. It is then integrable (cf. Remark 0.13.3).
One can see as above that it defines a subbundle of rank n of T*(X x My (C)P)
isomorphic to T*(X) x Mg(C)? and the fibres of which are transversal to
X x T*(Mg(C)P). O

1.b An example : the sixth Painlevé equation as an isomonodromy
equation

We will give details for the particular case of Schlesinger’s system (1.4) with
four singular points in P! (we fix the three first ones at 0, 1, 00, according to
Lemma 1.1, and only the last one is variable, but distinct from 0,1, 00), and
where the size d of the matrices is equal to 2.

We thus assume that X = P!~ {0, 1,00}, and that the three first functions
1;(x) are constant, equal respectively to 0,1, co. Lastly, the fourth one is the
identity = +— z. With a slight change of notation, the differential form {2 can
be written as

dt dt d(t — )
N=A —+ A —— + Ay () ——F,
(@) G+ Ar(e) 7o + Aule) T
and Schlesinger equations take the form
dAy = [Ao, Ay ]dm dA; = [Ay, A=A, = (A, A 4+ (4, 4,2
r—1 T r—1

If we define Ay, by the relation Ay + A; + A, + A = 0, we conclude that
Ao is constant, and that the system reduces to the system

1 1
A()(x) = _; [AO>A1 + AOO]; Ai(ff) = 1 [A1,A0 +Aoo],

z—
if we denote by A’(x) the derivative of A with respect to z.

Remark. The differential equation for Ay (resp. A1) as given above is said
to have the Laz form.
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Recall (cf. Remark 1.5) that the trace and the determinant of these matri-
ces are constant. By adding to each A; the matrix —% tr A; Id, we can assume
that the A; have trace zero. Let us assume for instance that both (opposite)
eigenvalues of A, denoted by £\, /2, are nonzero. We can choose a basis in
which A, is diagonal.

The diagonal parts and the determinant of Ay and A; being constant, it
remains for one entry to be determined in each matrix. One can show (see
for instance [IN86] or [Con99, p.48]) that each one can be obtained from a
solution y(x) of the sixth Painlevé equation

O R
yy-Dy-2)¢ gz z-1 a@-1)
.’Il‘2<:1,‘—1)2 ( +ﬂy2 +’7(y_1)2 (y_x)g)

where the parameters «, 3,7,d are determined by the eigenvalues (indepen-
dent of x) of the matrices A;:

I N P RS TP
o = 9 aﬁ_ 2’7—2, 6= 2

1.9 Remark. We have followed here in an opposite way the path which led
to the discovery of Painlevé equations. The problem that Painlevé wanted to
solve concerned differential equations of the kind

y'(z) = R(z,y,9),

where R is a rational fraction. The solutions y(z) of such a nonlinear equation
may have poles (behaviour in 1/(z — ¢)¥), ramification points (behaviour in
(z — ¢)® or in log(x — ¢), etc.) as singularities, and also essential singularities
(for instance y(x) = exp(1/(x — ¢))). The parameter ¢ may depend on initial
conditions (this possible dependence on the integration constant is due to the
nonlinearity of the equation). The solutions are said to have no moving singu-
larity if the ramification points or the essential singularities of the solutions
do not depend on these integration constants.

Therefore, the goal of Painlevé was the determination of a minimal class of
such differential equations, in such a way that the resolution of any differential
equation of this kind, all the solutions of which have no “moving singularity”,
can be reduced to the resolution of some equation of the class. In particular,
it was a matter of finding “new transcendental functions”.

This nonexistence of moving singularities is called “Painlevé’s property”.
It is easy to give examples of differential equations with moving singularities:
take for instance the differential equation satisfied by y(z) = exp(1/(z — ¢)).

The solutions of Schlesinger equations fulfill this property as they only
have poles (along a divisor © which a priori depends on initial conditions).
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1.c Universality

1.10 Definition (of universal integrable deformation). An integrable
deformation (E,V) of (E°,V°) is a bundle with a flat meromorphic con-
nection on P! x X, having logarithmic poles along a smooth hypersurface
YU ({oo}x X) of P* x X which is a covering of degree p + 1 of X, inducing
(E°,V°) when restricted to z° € X.

We say that the integrable deformation (E, V) of (E°, V°) is complete at x°
if, for any other integrable deformation (E’, V', 2'°) of (E°, V°) parametrized
by (X', 2’°), there exist neighbourhoods V, V' of 2°,2’° in X, X’ and an ana-
lytic mapping

[V a?) — (V,2°)
such that (E’,V’) is isomorphic (by an isomorphism inducing the identity
when restricted to (E°, V°)) to the pullback of (E, V) by the mapping

dxf:P'xV' — P xV.

We say that the deformation is universal at x° if, moreover, the germ of f
at x’° is unique.

Let X4 be the complementary set of the diagonal x; = z; in C?, equipped
with coordinates z1,...,zq, having 2° = (29,...,2%) as a base point. This
space is not simply connected: its fundamental group is the colored braid group
with n strands (see [Bri73] or also [AGZVSS, vol. 2, p. 72]). One can show! that
its higher homotopy groups are zero. As X is an open set of C%, its tangent
bundle is trivial and equipped with the basis 0,,, ..., 0y, associated to the
coordinate system @1, ..., Zq.

Let us denote by @ : (X4, 2°) — (X4, 2°) the universal covering with base
point z° of the space X4 equipped with its base point z°. Its second homotopy
group is zero, as the same property holds for X4, and Xd is thus 2-connected.
As X, is a covering space of Xy, its tangent bundle T X, is the pullback
bundle of that of X4 by the covering map w. It is therefore also trivialized
and equipped with the basis 0,,, ..., 0,;,. We will say that this trivialization
is canonical.

Lastly, let us notice that the symmetric group &4 acts freely and transi-
tively on X4. The quotient space Yy is the space of monic polynomials without
multiple root and the quotient mapping associates to (z1,...,24) € X4 the
polynomial H?Zl(sfzi). Let us identify the space X/, = Xgn{z1+- - -4z = 0}
to (C*)9~1 with the coordinates ; — z;41 (i = 1,...,d — 1). This space is
stable by &4 and the quotient space is the subspace Y of Y consisting of
polynomials for which the sum of roots is zero.

! By using the homotopy exact sequence [Ste51, p.90] of the fibration 74 : Xq —
Xa—1 (forgetting the last component) and arguing by induction on d > 3; the
vanishing of the higher homotopy groups follows then from the fact that the
universal covering space of the complex line minus d — 1 points is contractible.
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‘% |

Fig. VI.1. The space Y, is the complement of the swallow tail.

We can now apply Theorem 1.2 by taking d = p, X = )~(p Let (E,V) be

the bundle on P! x )N(p that we have constructed in the proof of this theorem
and let © be the associated hypersurface.

1.11 Corollary. The bundle with meromorphic connection (E,V) induces a
universal deformation of its restriction (E,V)p1 x {30} -

Proof. Let (E',V') be an integrable deformation of (E°,V°) parametrized
by a germ of manifold (X', 2'°). The manifold X C C x X’ is equal, in the
neighbourhood of z’°, to the union of the graphs of p functions 1, ...,v,.
The mappings 1, ...,1, define a unique mapping f : X’ — X,,. According
to the uniqueness property in Theorem 1.2, the bundle (E’, V') is isomorphic
to the pullback of (E, V) by this mapping. O

2 Birkhoff’s problem in a family

2.a Integrable deformations of solutions to Birkhoff’s problem

Let D be a disc in the complex line Uy centered at the origin and let X be a
connected complex analytic manifold of dimension n, that we also assume to
be simply connected (up to changing X with a simply connected open set or,
better, with its universal covering). Let us now denote by 7 the coordinate on
P! in the chart Uy centered at 0.

Let (E,V) be a holomorphic bundle on U := D x X, equipped with an
integrable meromorphic connection having a pole of order one along {0} x X
(cf. §0.14.c)%.

Let us pick z° € X. We regard (E, 6) as an ntegrable deformation of the
bundle with connection (E°, V°), restriction of (E,V) to U° = D x {z°}, in
the sense of §0.14.a. o

As we have fixed a coordinate 7 on D, we can associate to (E,V) a
“residue” endomorphism Ry of the bundle E|{0}x x as well as a Higgs field &
on this bundle (cf. §0.14.c).

2 As the connection is assumed to be integrable, the size of the disc is not significant
and one could also start from a germ, along {0} x X, of a holomorphic bundle
with meromorphic connection.
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Let us assume that we can solve Birkhoft’s Problem 1V.5.1 for (EO, 60),
for the value z° of the parameter. Let thus €° be a basis of E° in which the

= B§ dr
connection matrix V¢ can be written as 2° = ( o+ B )—, where Bj
T

and B, are two matrices in My(C).

2.1 Theorem. With these conditions, there exist a hypersurface © of X not
containing x° and a unique basis € of & (x «(D x ©)) which coincides with e°

at 2° and in which the connection matriz V takes the form

(2.2) 0— (Bo( x) dr C’(x)

e p) i Gl
T T T
with By(z°) = B§, where Bo(x) (resp. C(x)) is a matriz of holomorphic func-
tions (resp. of 1-forms) on X ~ @ and meromorphic along O.

Therefore, there exists a canonical solution to Birkhoff’s problem for al-
most all the values of the parameter, if we are given a solution for a particular
value. Let us notice that the theorem implies in particular that the bundle
& (x(D x @)) is trivializable.

Proof (of the existence).

(1) Let D’ be an open disc of P! centered at oo such that the annulus A =
D N D' is nonempty. Let us denote by 7/ the coordinate on D', so that
7 =1/7in A. On A x X, the bundle (E,V)|4xx is determined by its
monodromy. As X is l-connected, we have m (4 x X) = m(A) = Z,
so that (E76)\A><X is isomorphic to the pullback p+(EO,6°)|A by the
projection p: A x X — A.

When restricted to A x X, the trivial bundle 0%, v, equipped with the
connection having matrix —(7'B§ + Boo)dr' /7', is thus isomorphic to
(E, §)| Ax x- Let us note that this connection has logarithmic poles along
{0} x X.

We can thus glue both bundles to get a bundle (E, V) on P! x X, equipped
with a flat meromorphic connection having poles along {0, 00} x X, loga-
rithmic at oo and of order one at 0. By assumption, the restriction E° of
E to P! x {x°} is trivializable.

(2) The bundle i & is equipped with a holomorphic flat connection 7
(cf. §0.14.b). Giving such a connection is equivalent to giving the locally
constant sheaf of its horizontal sections. As X is 1-connected, this locally
constant sheaf is trivializable; so is thus the bundle i & and, more pre-
cisely, any basis of the fibre at x° of this bundle can be extended in a
unique way as a horizontal basis of the bundle (cf. Theorem 0.12.8).

(3) Corollary 1.5.8 gives an isomorphism

E(xr10) ~ i E(x11O),

where 6 is the hypersurface associated, by Theorem 1.5.3, to the bundle F
constructed in (1).
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(4) Let us apply this to the basis €, to obtain a basis . It defines thus, after
(3), a basis of the bundle &(*7~10) as a Op1  x (¥7~160)-module; in other
words, the elements of the basis can be extended as global sections of &,
at least on the complementary set of 7=1O.

2.3 Lemma. In such a basis € and in the chart of P! centered at 0, the
connection matriz of V takes the form (2.2).

Proof. The matrix {2 in the basis € has order one. It can be thus written as

+ Boo(z, T)) de + oz, 7) + CS”) ,

( By ()
T
where B,, and Cj are holomorphic. The logarithmic behaviour at infinity
shows that B,, and Cj are independent of 7. The horizontality of the basis
with respect to the restriction to infinity of the connection shows that Cy = 0.

The horizontality of the residue with respect to the connection 57 (cf. Exercise
0.14.6-(2)) shows that the matrix Bo, is constant. O

Proof of the uniqueness. Let € and €” be two such bases, meromorphic along
O’ and O" respectively. Let us set © = @' UO”. There exists thus an isomor-
phism
(Ohux (+(D x 0)),V') == (6%, < (+(D x 6)),V"),

where V' and V” take the form (2.2), whose restriction to D x {z°} is the
identity. Let us consider then its restriction to D x X, with X° = X ~\ 6. We
will show that it is equal to the identity, which will give the desired result.

Let us note that the connections V' and V", by their very definition,
exist on the bundle &g, ., and have a logarithmic pole along {oco} x X°.
As P preserves connections, it can be extended as an isomorphism of bundles
with connection on C x X (as the inclusion D x X° < C x X° induces an
isomorphism of fundamental groups).

Therefore, P is a solution of a differential system with regular singularity
along the hypersurface {oco} x X, namely that associated to

Hom (O o, V'), (O 0, V")).

Theorem II1.2.25 and an argument analogous to that of Exercise I1.2.6 show
that the entries of the matrix P are meromorphic along {oo} x X°.

Let us also notice that the system satisfied by P is still in the Birkhoff
normal form. If we write P as a vector, the system can thus be written, in the
coordinate 7 at infinity, as

/

P = [(Aoo + T'A(z))dTi, + D(x)T'] P,

If weset P =3, , 7"t Py(x), we deduce in particular

(%) dP, = D(z)P,_,.
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We have P, = 0 for £ < {y. If £y < 0 we also have Py, (z°) = 0. According
to (x) we have dP;, = 0, hence, as X \ © is connected (cf. 0.2.1), we have
Py, = Py (xz°) = 0. We deduce that the entries of P are holomorphic on
P! x X°: they are thus independent of 7/. Therefore, P(7',z) = Py(x). We
also have, after (x), the identity dPy = 0, hence P(7/,z) = Py(z°) =1d. O

2.4 Exercise. Use Remark II1.1.20 to show that P, defined on D x X°, can
be extended holomorphically to P! x X°.

Remark. The matrix —B,, is the matrix of the residue at infinity of the
connection in the horizontal basis €. The integrability condition for V can
then be written, in this basis, as

dC =0
CANC=0
(25) [B.C] =0
dBy + C = [Bs, C].
In local coordinates z1,...,z, on X, we can write C = > 1" | C9(x) dx;,

where the C(9) are matrices of meromorphic functions on X with poles
along 6. The system (2.5) takes the form

oc® 9o

9. " om Lwj=1,...,n
) ] v
(2.6) [C(l),c(])] = 0 Z,] = 17. .., N
[By, CD] =0 i=1,...,n

0By

e +C% =[By,CY]  i=1,...,n.

If for instance the matrix Bo(x) is regular® for any x, that is, if its min-
imal polynomial is equal to its characteristic polynomial, any matrix which
commutes with By(x) is a polynomial in By(z). If the equations of the third
line are satisfied, the CV)(z) are polynomials in By(z) and, in this case, the
equations of the second line are also satisfied.

2.b Constructions with a “metric”

We keep the previous situation and we analyze the consequences of the exis-
tence of a duality on the bundle (E, V). Let us consider the case of a sesquilin-
ear duality, the coordinate 7 being fixed on the disc D. The reader will check
as an exercise that analogous arguments can be applied in the case of a bilinear
duality.

3 Recall that a regular matrix B is a matrix which has only one Jordan block for
each eigenvalue. The matrices which commute to B are then polynomials in B
and form a vector space of dimension d. The set of regular matrices is an open
dense set of Mg(C).
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Let us thus assume that there exists a sesquilinear form G on (E, 6), of
weight w € Z: if, as in §I11.1.13, we denote by (E, 6) the conjugate of (E, 6)
by the involution 7 — —7, we regard the form G as an isomorphism

e L == d
(E,V) 5 (B*,V* +wl).
T

We will say that G is Hermitian of weight w if moreover its transpose conju-
gate 'G is equal to (—1)"G.
If we regard G as a sesquilinear pairing

(&,V)® (&,V) — (tYOpxx,d),

we have, for any two local sections e and e’ of & , the identity

‘Ge,e') = G(e,e).

Moreover, the coefficient of 7% in é(e,e' ) only depends on the classes of e

and ¢ in &/7& = it &. Therefore, given G, we can define a bilinear form go
on the restriction i E of E to {0} x X. We have

Gle,e) = 7go([el. ) + 75" ([e]. [¢]) + -
As a consequence, if G is Hermitian of weight w, the form gg is symmetric
bilinear on i§E. Similarly, we see that the “residue” Ry of V along {0} x X,
which is an endomorphism of the bundle iSE, is self-adjoint for go. The Higgs
field @ also satisfies * = &, that is, for any germ of vector field £ on X, the
endomorphism @¢ of the bundle i§E is self-adjoint with respect to go.

We can now extend the statement of Theorem 2.1 in the presence of G.

2.7 Proposition. With the conditions of Theorem 2.1, assume moreover that

(1) there exists a sesquilinear (resp. Hermitian) form G of weight w on (E,V);
(2) when restricted to P! x {x°}, the form G° can be extended as a sesquilinear
(resp. Hermitian) form G° of weight w on (E°,V°).

There exists then a unique sesquilinear (resp. Hermitian) form G of weight w
on the meromorphic bundle (& (x7~10),V) which extends G and G°.

Proof. Tt is a matter of seeing that the construction used in Theorem 2.1,
taking [(E, V), (E°,V°)] to (E, V), is functorial. If

(8,¢°) : (B, V), (B, V°)] — [(E', V'), (B, V")]

is a homomorphism, one shows as in the “uniqueness” part in the proof of
Theorem 2.1, that ¢ can be extended to C x (X ~ ©), then that the homo-
morphism so defined is meromorphic along {oco} x (X \ @) and, lastly, that
its matrix in the bases € and &’ is constant. This implies the existence and
uniqueness of an extension ¢ : (E,V) — (E',V’) of (¢, ¢°). Functoriality
immediately follows. O
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2.8 Remark. If G and G° are nondegenerate, so is G: in the proof above, it is
a matter of seeing that, if (¢, ¢°) is an isomorphism, then so is its extension ¢;
this follows from uniqueness.

Let us now give an interpretation of the presence of a sesquilinear or Her-
mitian form on the bundle (&, V) on P! x X, equipped with the meromorphic
basis € given by Theorem 2.1. Let us denote by Eq the free &x [r]-module of
sections (polynomial in 7) of E on the open set Uy x X centered at {0} x X.
Then Eq is the &x-module Eqg on which C[r] acts by h(7) - e = h(—7)e and,
if A(7,) is the matrix of Vj, in some @x[r]-base, that of Vj_ in the same
basis is —A(—7, ).

On Uy x X, the form G defines a sesquilinear mapping
Go:Ey®@Ey — 7V 0x]|7]
which is compatible with connections, that is, such that

h(T)Go(e,€') = Go(h(T)e,€') = Go(e, h(—T)e’)
gg@o(@, 6/) = Go(V§€, 6/) + Go(e,V&“e/),

where Z:Gy(e, ¢’) denotes the derivation of the function Gg(e,e’) along the
vector field ¢ (Lie derivative). The coefficient of 7% in Gg(e, e’) only depends
on the classes of e and e’ in Ey/7E: this is go([e], [¢/]). If we write as above

Gole,e') = go(le], [¢']) + 7+ g{" ([e], [€]) + -

we see that, if e, ¢/ € Eq are sections which can be extended as sections of E
on P x X, we have Go(e,e’) = 7%go([e], [€'])-

2.9 Exercise. Working in the chart Uy, define the form g, on i3 E. Prove
similarly that goo is symmetric when G is Hermitian of weight w.

2.10 Proposition. The form g is N\/-horizontal. If moreover G is Hermi-
tian and nondegenerate of weight w, the forms gy and g, are symmetric and
nondegenerate. In such a case, if € is a horizontal basis for 7 (assuming X
stimply connected), so that, in this basis, the matriz of V takes the form (2.2),
we have on X \ O

B, =By, Bl +Bsx=wld, C"=C,
if B* denotes the adjoint of B with respect to g.

Proof. The form G is a horizontal section of the bundle with connection
Home(E @ E, Ow]); the natural connection on this bundle has a logarith-
mic pole at infinity. When restricted to 7 = oo, the component on 2% of the
equation VG = 0 is the equation 7G(0co, ) = 0. This gives the first point.
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On the other hand, we have an isomorphism of locally free &'x-modules
i* (E*) = (i*_ E)*, so that, if G is nondegenerate, so is go. The case of g is
similar and the symmetry has been seen above.

The matrix of V* in the basis dual to € is minus the transpose of that

of V. That of V' [w] can thus be written as

‘B d iC
T T T
which gives the last point. O

2.11 Remarks.

(1) Let € be the d-dimensional C-vector space consisting of horizontal mul-
tivalued sections of V on C* x X. It is equipped with a monodromy en-
domorphism T. The form G induces a bilinear (resp. nondegenerate and
symmetric) form G on this space and the monodromy is an automorphism
of this bilinear form.

(2) In the following, we will commit the (usual) abuse to call “metric” the
Hermitian form G, or the forms gy and go,. The latter are only com-
plex symmetric nondegenerate bilinear forms and no positivity property
is required.

2.c Summary of §§2.a and 2.b

Let E be a bundle of rank d on P' x X equipped with a flat meromorphic
connection V, having poles along {0,00} x X, logarithmic along {co} x X
and of order one along {0} x X. Let us assume that the restriction E° of F
to P x {z°} is trivial.

2.12 The hypersurface @. The closed set © of points x € X at which the
restriction E, to P! x {2} is not the trivial bundle is empty or a hypersurface
of X (hence if it has codimension > 2 in X, it is empty).

2.13 Meromorphic identification. Both bundles Ey := ijE and Ey :=
15 E of rank d on X are identified in a meromorphic way along @ through the
isomorphisms of Ox (x@)-modules induced by the restrictions

Ep(x0) «— T, E(xO) — £, (xO).

We will denote by .# the meromorphic bundle 7,8 (x0) on X. It thus contains
two locally free lattices, namely &) and &, and an intermediate “lattice” &7,
namely 7,& (note that m,& is a torsion free Ox-coherent sheaf, hence is
naturally contained in .#, but is not necessarily locally free).

2.14 Data at infinity. The lattice &, is equipped with a flat connection v/
and with a s7-horizontal endomorphism R, (residue of the connection V, with
matrix —By in a horizontal basis). We deduce a flat meromorphic connection
and a horizontal meromorphic endomorphism on .# and on the other lattices.
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2.15 Data at 0. The lattice & is equipped with an endomorphism R
(“residue” of V) depending on the choice of the coordinate on the chart Uy
of P! up to a multiplicative constant. It induces a meromorphic endomorphism
on .7 and on the other lattices.

The lattice & is moreover equipped with a 1-form @ with values in the
endomorphisms of &y, which satisfies ® A & = 0; in other words (&, P) is a
Higgs bundle.

2.16 Behaviour with respect to parameters. The formation of ©, .Z,
&0y Eo, P, Ry, v and R, is compatible with base change: if f: X’ — X is
an analytic mapping and if E’ denotes the pullback of E by Id x f on P! x X',
equipped with the pullback connection V', the previous objects relative to E’
are obtained from that relative to £ by the pullback f*.

2.17 Relations. In any v/-horizontal basis, the matrix of V takes the form
(2.2) and the matrix of Ry is By, that of R is —Bs, that of @ is C. The
integrability conditions (2.5) are then equivalent to the relations

V2=0, V(Ry)=0, ®ADP=0, [Ry,d]=0

Let us be more precise on the meaning of these relations:

e The connection 77 on & induces in a natural way a connection on the
bundle Fomeg, (&, &) (cf. §0.11.b), which is also denoted by V. We hence
get sections /(R ) and /(Ro) of 2% ®ey Home, (&,8).

e We have seen in §0.12.a the definition of the curvature 72 and, in §0.12.b,
the definition of the expression @ A @ as sections of the sheaf 2% ®g,
Home, (£,8).

e We denote by [Ry,®] : & — 2% ®¢p, & the homomorphism defined, for
any vector field &, by

[Ro,q)]g = [Ro,ﬁpg] 1 E— 8.

The definition of [@, Ry] is similar.
e According to §§0.12.a-11.b we have an operator

V0% Ry Homey (E,8) — 0% Qg Home, (E,8).

The expression /(@) € 2% ®g, Home, (&, is thus meaningful, as
can be regarded as a section of 2% ®g, Home, (&,8).

2.18 Behaviour with respect to a “metric”. Moreover, let us be given
a nondegenerate Hermitian form G on E, compatible with the connection V
and which has weight w € Z. We deduce symmetric nondegenerate bilinear
forms gg and g, on &y and &, which coincide on .#. They satisfy, on X \ O,

v(g) =0, Rl 4+ Re=-wld
" =d, R:=R.
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The first (resp. the second) line can be extended to X by using & and goo
(resp. & and gp).

Let us indicate that the equality ®* = @ means that, for any vector field &,
we have (@¢)* = &¢. Lastly, /(g) = 0 means that, for any vector field ¢ and
all local sections e, e’ of &, we have

Zegle,€') = g(Vele),€') + gle, Ve(e)).

2.19 Converse statement. Let us be given a locally free Ox(xO)-
module .Z, equipped with a flat connection 17, with an endomorphism @
taking values in Q2% (¥©), with endomorphisms Ry and R, all being mero-
morphic along © and satisfying Relations 2.17. Then we can equip the bundle
7% , which is a bundle on P! x (X \ @), meromorphic along O, with a flat
connection V having logarithmic poles along {oo} x X and of order one along
{0} x X: we set

VZV-F(&—Roo)dT (0]

T T T

One could also choose
R dr @
V=v- [(°+Roo)+].
T T T
We do not give here any precision concerning a possible holomorphic ex-

tension along P! x ©. If the relations 2.18 are also satisfied, we can lift the
bilinear form ¢ as a nondegenerate Hermitian form on n*.Z.

3 Universal integrable deformation for Birkhoff’s
problem

We adapt to Birkhoff’s problem the notion of universal deformation intro-
duced in §l.c.

3.1 Definition (of a universal integrable deformation). An integrable
deformation (E, V) of (E°, V°) is a bundle with a flat meromorphic connection
on P! x X, having poles of order one along {0} x X and logarithmic along
{0} x X, inducing (E°, V°) when restricted to 2° € X.

We say that the integrable deformation (E, V) of (E°, V°) is complete at x°
if, for any other integrable deformation (E’, V', 2/?) of (E°,V°) parametrized
by (X', 2'°), there exist neighbourhoods V, V' of z°, 2’° in X, X’ and an ana-
lytic mapping

f: (V/,l'lo) N (V, CL’O)
such that (E’,V’) is isomorphic (by an isomorphism inducing the identity
when restricted to (E°,V?)) to the pullback de (E, V) by the mapping

dxf:PtxV — P xV.

We say that the deformation is universal at x¢ if, moreover, the germ of f
at 2’° is unique.
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3.a Existence of a local universal deformation

Given two matrices B§ and By, in My(C), let (E°, V°) be the trivial bun-
dle of rank d on P! equipped with the connection having matrix 2° =
(B§/T + Boo)dT/T.

3.2 Theorem ([Mal83a, Mal86]). If the matriz B§ is regular, there exists
a germ of universal deformation of (E°,V°). It has dimension d.

One should notice that, here and in §3.b, unlike the general case of The-
orem 2.1, we do not need to know (E, V) to construct the matrix By (x) and
the matrix of 1-forms C(z).

Proof (of Theorem 3.2). Let us consider the system (2.5) on a manifold X in
the neighbourhood of a point z°. Locally, the first equation can be solved in
a unique way in the form C(z) = dI'(x), where I is a matrix of holomorphic
functions satisfying the initial condition I'(2°) = 0. Moreover, as B is regular,
so is By(z), for x nearby z°, for any holomorphic matrix Bg(z) satisfying
Bo(x°) = BS.

The system is therefore equivalent to the system for pairs (By(x), I'(x))

[Bo,dI'] =0
d(By+ I') = [Bso, dI]

and thus equivalent to a system for I" only, as the second line is equivalent to
By = By — I' + [Boo, I'], because I'° = 0.

In conclusion, solving (2.5) amounts to solving the system

(3.3) [(B§ —I'+ [Bx,I),dI'] =0

with initial condition I'® = 0. We can consider the system (3.3) as a Pfaff
system on the space My(C) of matrices I

3.4 Lemma. If B§ is regular, the system (3.3) is integrable on Mg(C) and
defines a foliation, the leaves of which have dimension d in the neighbourhood
of the origin.

Proof. Let us first compute the 2-form d[(B§ — I" 4+ [Bwo, I']), dI'] with matrix
values. We will use that

d[A,dI') = [dA,dD; := dANdAD 4+ dI" A dA.
Then we have
d[(BS — I' + [Boo, I')),dI'] = —2dI" A dT" + 2[Beo, dI" A dT).
Let (7;;) be the canonical coordinates on My (C). Therefore, dI" = (d~;;). Let

1 _ (€3] d @ — (2) 9
R R ot

]
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be two vector fields on My(C) in the neighbourhood of the origin. In or-
der to show integrability, it is enough to verify (cf. Lemma 0.13.2) that, if £&(1)
and £2) are annihilated by all the entries (1-forms ) of [(B§—I"+[Buo, I']), dI'],
then ¢ A €3 is annihilated by all the entries (2-forms) of the matrix
d[(B§ — I' + [Bs, I]),dI].

By assumption, the matrix By = Bj — I' + [Bs, I'] = (b;j) is regular for
any I near 0. We have

[BO7 dF]mn = Z(bmkd’ykn - bknd"}/mk)a
k

so that, if we denote by = the matrix (&;;), the vector field & belongs to the
kernel of all 1-forms [Bg, dI'],, if and only if

(3.5) [Bo, =] = 0.

One verifies in the same way that £ A£(2) belongs to the kernel of all 2-forms
(d[Bo,dI"),  if and only if

(3.6) —2[2W 2@ 4+ 9[B,,[EW, =@ = 0.

As By is regular, (3.5) for (1) and Z®) implies that 51 and 53 are
polynomials in By, hence pairwise commute and, as a consequence, (3.6) is
also satisfied.

Let us now compute the dimension of the leaves of the foliation we have
obtained, in the neighbourhood of the origin. For any ' € My4(C) near 0,
the matrix A° = Bf — I'° 4 [Boo, I'?] is regular. The vectors £2 =7, £7.0,,;
tangent to this leaf at A° are the vectors such that [A°,=°] = 0. As A° is
regular, this space has dimension d. O

Let us now come back to Theorem 3.2. Let Y C My(C) be the integral
manifold of the system (3.3) going through 0, in the neighbourhood of the
origin (we only consider its germ at 0). Let % = 0% be the trivial bundle of
rank d equipped with the connection V whose matrix in the canonical basis is

T T
where we have set By = BO — I' 4+ [Bs, I'], and where we restrict functions
and 1-forms to the submanifold ¥ of My(C). We will check that (F,V) is a
germ of universal deformation of (E°,V°).

Let (E,V) be an integrable deformation of (E°,V®) parametrized by a
manifold (X, z°) of dimension n. As the problem is local, we may assume
that X is a small open ball in C" and, in particular, that X is 1-connected
and, according to Corollary 1.5.4, that the bundle F is trivial. Using the same
argument as in Theorem 2.1, we see that there exists a unique basis € of F in
which the matrix of V takes the form

(BO(m) + Boo)dl 4 C@)

T T
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with By(x°) = B§. According to (2.5), dC(x) = 0. There exists thus a holo-
morphic mapping I' : X — My(C) such that dI'(x) = C(x) and I'(z°) = 0.
As the system (2.5) is satisfied by (B(z),C(x)), we deduce that I" takes val-
ues in Y and, by construction, we have (F,V) = ['*(F, V). This shows that
(F,V) is a complete integrable deformation of (E°,I'°).

Let f be a holomorphic mapping (X, 2°) — (Y,0) and let us set (E,V) =
f1(F, V). The unique basis € of (E, V) considered above is then the pullback
of the canonical basis of F' and the mapping f is nothing but the mapping I
considered above.

It f,f : (X,2°) — (My(C),0) are such that the meromorphic bundles
fH(F, V) and f'*(F,V) are isomorphic by an isomorphism inducing the iden-
tity on (E°,V?), the “uniqueness” part in the proof of Theorem 2.1 shows
that this isomorphism is the identity. The computation above proves then
that f = f’, as this mapping is nothing but I". We deduce the universality
property of the deformation. O

3.b Existence and construction of a global universal deformation

Given two matrices Bg, Boo € My(C), let us assume now that B is diagonal
regular (i.e., with distinct eigenvalues); we set B§ = diag(z9{,...,z9). Insuch a
situation, we will construct an integrable deformation of the differential system
with matrix (B§ /74 Boo)dr /7. We will see that this deformation is universal.
This deformation takes two distinct forms (associated to two particular bases
of the deformed bundle). We will analyze with details both forms and their
relations. The semisimplicity of B§ will enable us to use Theorem III.2.10 and
to give a more global version of Theorem 3.2.
We regard here the space Xy of §1.c as that of diagonal matrices

T

Zq
having pairwise distinct eigenvalues.

3.7 Theorem ([JMU81, Mal83c]). There exists a hypersurface © of Xy

and a unique pair (Bg, C), meromorphic on X4 with poles along ©, solution
of Equations (2.5), such that By(z°) = B§ = diag(z9,...,z9) and that, for
any T € X \ O, the matriz Bo(T) is conjugate to diag(zy,...,xq).

Let us begin with a statement in terms of bundles.

3.8 Proposition. There exists on P* x Xy a bundle (E,V) such that

(1) the connection V is flat, with pole of order one along {0} x Xy and loga-
rithmic along {oo} x X4,
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(2) the restriction (E°,V°) of the bundle (E,V) at Z° has a basis in which
the matriz of V° is (By/T + Bs) d7/T,

(3) for any T € X, the d-uple of eigenvalues of the “residue” Ry (cf. §0.14.¢c)
is equal to w(T) up to a permutation.

Moreover, such a (E,V) is unique up to isomorphism.

Proof. Let D be a disc centered at the origin of P! According to Theorem
I11.2.10, we can construct on U = D x X4 a bundle (E, V) with a flat con-
nection having pole of order one along {0} x Xy whose “residue” Ro(%) has
w(x) =2 = (x1,...,24) as its set of eigenvalues at any T € )N(d, unique up to
isomorphism. We get (E, V) as in the first point of the proof of Theorem 2.1.

The uniqueness is obtained as in Theorem 2.1. O

As in Theorem 2.1, we thus get a hypersurface ©(z°) of X, and a flat
connection v/ on % &, hence a flat connection, that we also denote by 57, on
& (@), having poles along 6.

Proof (of Theorem 3.7). The existence is obtained by using the same argu-
ments as in Theorem 2.1, according to Corollary 1.5.8 and Lemma, 2.3. Let us
consider the “uniqueness” part, which is local on Xj.

Let (Bo(Z), C(Z)) be a meromorphic solution of the system (2.5) (for By
fixed) which satisfies the initial condition By(z°) = B and such that, for any
T € de away {rom some hypersurface ©, the matrix By(Z) is conjugate to
diag(x1,...,zq). Let V be a sufficiently small open neighbourhood of z° on
which exists a solution of C(Z) = dI'(Z) with I'(z°) = 0. Then I" defines a
mapping f : (V,2°) — (M4(C),0) with image contained in the local universal
deformation (Y,0) of (E°, V°) given by Theorem 3.2. Let (F, V) be the uni-
versal bundle on Y. Then the spectrum of By = B§ — I' + [Boo, I'] defines a
holomorphic mapping g : (¥,0) — (X4, 2°), that we can lift in a unique way
(in the neighbourhood of 0 in Y) as a mapping (Y,0) — (X4, 2°).

By assumption, we have g o f = Id. We deduce that Tyg o To f = Id. As
the tangent spaces TpY and T30 X, have the same dimension, the mappings f
and g are inverse one to the other in the neighbourhood of z°. This shows that
I'(Z), hence C(Z) and By(Z), are determined in a unique way by the spectral
mapping ¢ in the neighbourhood of z°. O

3.9 Proposition. The bundle with meromorphic connection (E,V) given by

Proposition 3.8 induces, for any ¥ € Xg~\ O, a universal deformation of its
restriction (Ez, V) to the fibre P1 x {7}.

Proof. Let us fix T € Xq ~ ©. Then the bundle (E, V) constructed with the
initial condition (E°, V°) at z° is equal to the bundle constructed in the same
way with the initial condition (E, V)p1 3} at 7, due to uniqueness. It is thus
enough to showing universality at z°.
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Let (E’,V’,2'°) be an integrable deformation of (£°,V°). The “residue”
R}, remains regular semisimple in some neighbourhood of 2/° and its eigen-
values define in a unique way a mapping f : (V/,2°) — ()N(d,fo). That the
bundle (E’, V') is isomorphic to f*(F,V) comes from the uniqueness, up to
isomorphism, of (E’, V') with the initial condition (FE°,V?), which can be
proved as in Proposition 3.8. g

3.c Universal deformation with metric

In the setting of §3.b, we moreover assume that the matrix B, satisfies
By 4+ Bso = wld for some w € Z, i.e., the matrix Bo, — w/21d is skewsym-

metric. In other words, the form G on E° for which G°(ef,9) = d;; defines
an isomorphism (E°, V°) — (E"*,v"*)[w]. Then this isomorphism can be

extended in a unique way to an isomorphism which is meromorphic along the
hypersurface ©(Z°):

* —*

(E(x1710),V) == (& (x7716),V ) [w].

Indeed, if G° can be extended, then the associated form g, is horizontal
for 7 and thus G(g;,¢;) = d;;. Conversely, if we define G in this way, it is
enough to check that the matrix By and the matrices C*) are symmetric. The
skewsymmetry assumption for B, shows that the system (2.5) (or its local
expression (2.6)) is stable under transposition, that is, if (By, 1), ..., C(™)is
a solution, then (‘By,'C™, ... 'C™) also. As B is diagonal, the uniqueness
property in Theorem 3.7 shows that By and the C9) are symmetric. g

3.d The basis ¢

According to Theorem 2.1, there exists a unique basis € of Ey := E| (0} K
meromorphic along @, which coincides with €° at z° and such that the con-
nection matrix of V in this basis lifted to E takes the form

Bo(7) dr o)
2= (F0 B T

where By and the C?) are holomorphic on X4~ 0 and meromorphic along 6.
The integrability condition for V is equivalent to Conditions (2.5). Moreover,
By (%) is conjugate to diag(zy,...,zq) for any .

3.e The basis e

As the “residue” Ry of V is regular semisimple and as )?d is 1-connected, the
restriction Ey of the bundle E to {0} x X4 can be decomposed as a direct sum
of eigen bundles of rank one. According to Theorem II1.2.15 and Proposition
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II1.2.12, each of these bundles can be equipped with a flat connection and,
as Xy is 1-connected, giving a nonzero section of each bundle at z° also gives
a global trivialization of it. As, by assumption, B is diagonal in the basis €,
this basis is adapted to the decomposition when restricted to 2°. We thus have
a trivialization of Ej, and more precisely a unique basis e which coincides with
€? at £° and which is compatible with the decomposition.

In the following, we will analyze the connection matrix of V expressed in
the basis e.

3.f Comparison of the bases € and e

Theorem II1.2.15 implies that there exists a base change, formal in 7, with
holomorphic coefficients on Xy \ @ and meromorphic along ©, which trans-
forms the matrix £2 of V in the basis € to a matrix 2’ which takes the form

0 = —d(M) + Aood%,

T

where Ag(Z) = diag(x1,...,xq) and A is a constant diagonal matrix (which
gives the “formal monodromy”).

3.10 Exercise. Show, by adapting the proof of Theorem I1.5.7, that A, is
nothing but the diagonal part of the matrix B,.

Let ﬁ(%, T) = Y peo Pe(Z)7F be the matrix of this base change. We then
have R L
Q=prPQ' Pt —drp!

and thus dP = P2 — (’P. We deduce, by considering the coefficient of 7%
with £k = —2,—1,0, that we must have the relations

PyAg = By Py
PiAy — BoPy = Boo Py — PyAss
(3.11) CWPy = —PyD;
0P,

=-CYPp — P D,

al‘i
where D; = 04/dx; is the diagonal matrix whose only nonzero term is equal
to 1 and is located at (4,7). Therefore, we have Ag = ). 2;D;.

Once this formal base change is known, the basis e introduced in §3.e is
obtained by considering only the order 0 part of the base change, that is, the
matrix Py: as a matter of fact, we restrict the formal bundle associated to FE
to 7 = 0 to find the basis e. As a consequence, the matrix £’ of V in the
basis e satisfies

' = Py 0Py + Py ldR,
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with the normalization Py(z°) = Id, as e° and €° coincide. If we use the

relations above and if we set T(Z) = —Py(Z) "1 P1(Z), we obtain
A d
(3.12) o = —d(TO) + (Boo + [40, TN T + [T, dAAy).

One should notice that the perturbation 2 — 2 of the diagonal matrix 0%
has no diagonal terms.

Lastly, the matrix of 37 in the basis e is the restriction to 7 = oo of the
part of 2 which is independent of dr, that is here, [T, dAy] that we can also
write as Zle A;(z)dx; with A; = —[D;, T]. We have

[T, dAth = Tlij (dCCj - dZZ?,)
Let us note that the last relation (3.11) can be replaced with the relation

0P
a.’I}i

Let us set M(z) = [Ao,T], so that M;; = (x; — z;)T;;. Giving M is
equivalent to giving T', as the functions z; — z; (i # j) are invertible on X,
We have M° := M(z°) = Boo — Ax. Then the integrability condition on V
expressed in the basis e shows that M satisfies the differential system

(3.13) dM = [[dAy, T], M + A].
3.14 Remarks.
(1) We have Y. A; = —[>, D;,T] = —[Id, T] = 0. Consequently, the matrix

of /. ,, in the basis e is zero. On the other hand, the matrix of ¢ in the
basis e is given by

(2) The matrix T only shows up its nondiagonal entries in Equation (3.13).
We can then replace, in the expression of M and in (3.13), the matrix T
with the matrix T obtained by killing all diagonal coefficients of T'. Let
us also notice that T is known as soon as M is so.

3.g Case where B, is skewsymmetric

The previous results become simpler if we suppose that B, is skewsymmetric
or, more generally, when B, — (w/2)1d is so, with w € Z (in this case Ay, =
(w/2)1d). Then:

3.15 Proposition. If B, — (w/2)1d is skewsymmetric, the matriz By and
the matrices C9 are symmetric.

Proof. Tt is enough to use that the system (2.5) is invariant by transposition
(cf. also §3.c). O
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This property can also be read in the basis e:

3.16 Proposition. The matric By, — (w/2)1d is skewsymmetric if and only
if the matric M = [Ag,T| is so. If this property holds, the basis e is g-
orthonormal and the base change matrixz Py between the bases € and e satisfies
PytPy = 1d.

Proof. By construction, we have M° = B, — (w/2)1d, hence one of the
ways is clear. If B, — (w/2)Id is skewsymmetric, we deduce that the matrix
T° = (ad Ag)~1(Bs) is symmetric. By considering the integrable system
satisfied by T which is deduced from the system (3.13), we conclude that T
is symmetric and thus M is skewsymmetric. B

For the second point, let us consider the restriction to P! x (X4 ~\ ©)
of the nondegenerate Hermitian form G on (E,V) constructed in §3.c. The

isomorphism
(3.17) (E,V) = (E",V)[w]

that we deduce from it induces an isomorphism of the formalized modules
along {0} x (X4~ ©). As the rank one factors in the formal decomposition
are pairwise nonequivalent, this isomorphism preserves the formal decompo-
sition. By restricting the isomorphism (3.17) to {0} x (X4 \ ©), we thus get
a nondegenerate bilinear form gy for which the basis e is orthogonal.

On the other hand, the form G induces a bilinear form g on w*éal %0
(by taking global sections). In the basis e, it coincides with g, and in the
basis e with gg. We deduce that PPy is equal to the diagonal matrix having
the go(e;, e;) as diagonal entries.

Lastly, let us show that Py'Py = Id. It is enough to show that, for any
I(Py'Py)

8o:i

first notice that, as T' = Po_lPl is symmetric, we have the identity

i=1,...,d, we have = 0, as the equality is satisfied at z°. Let us

PP, = P,'P,.

On the other hand, using the two previous relations (3.11), we get

P, . .
g; 1Py = —(CYP, + PLD;)-'Py = [P'Py,CY]
‘otp, . .
Py (%_0 = —Py- (tPCD 4 DIP) = [CD, PytPy].
The identity above enables us to conclude. |

3.18 Exercise. We keep the skewsymmetry assumption for B, — (w/2)1d.
In particular, the matrix 7" is symmetric. Let v = ), v;(Z)e; be a section of &

on X4\ ©. Prove the following properties:
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(1) The section v is horizontal for 57 if and only if the v; satisfy the following
equations (4,7 =1,...,d):
ov; (T - ~ ov;(Z ~
vi(T) = —v;(2)T;;(x) ifi#j and uilT) = ka(x)Tk(x)
8:cj 0 Py

(2) In such a case, the form Y, v?(Z) dz; is closed.
(3) Set &, = >, x;v;(Z)e;. If moreover v is an eigenvector of M with eigen-
value o € C, we have

d
veE, = Z(a + 1)ejv; dx; + Z M;jejv; dx;
Jj=1 5]
and for any i the function v?

25T 0 v = 2a0?).

Tj Y

is homogeneous of degree 2a (i.e.,

3.19 Exercise (After A. Givental [Giv98]).

(1) Prove that the integrability condition on the matrix [T, dA¢] of the con-
nection 7 can be expressed by the following relations, for any pair (¢, j)
with i #£ j:

0T},
a’Ez

oT;;

= —TyTy ((#1i,j) and Z e =

(2) Weset Q = Py YP = (1—7T+72S+---), so that Q"' Q'Q+Q~dQ = '
By considering the coefficient of 7 in this equality, prove that the diagonal
entries of T also satisfy

aT'” aTm
6955 Ly ( Z and Z 81‘4

that is, dTy; = Y, TieTei(dz; — dxy).
(3) Deduce that, if By, — (w/2)1d is skewsymmetric (hence if T' is symmetric),
the 1-form ), Tj; dx; is closed.

3.20 Examples.

(1) If d = 2, one can easily check that M and [dAg, T] are proportional, hence
dM = 0 and M is constant. Let us set u = x1 — x5 and v = x1 + x2. Let
b = Boo,12. We thus have T1o = b/u. Exercise 3.19-(2) shows then that
T11 and Thy are independent of v and satisfy

0Ty _ 0Ty _ b

ou  Ou  wu?

2 2
hence Th1 = T e 207/ and Thy = Tg,e? /.
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(2)If d =3, weset u =1 — 22, v = x2 —x3 and w = 1 + x2 + 3. We
also set T = a, Ths = b and Ti3 = ¢, so that M5 = au, M3 = bv and
M3 = ¢(u + v). The system (3.13) can now be written as

d(au) = —bc(vdu — udv)
d(bw) = —ac(vdu — udv)
d(c(u +v)) = ab(vdu — udv).
It is convenient to consider the coordinates ¢ = u/v € C \ {0, -1} and

t = u-+wv € C*. We then see that the entries &« = M5, § = M3 and
v = M3 of M only depend on ( and satisfy the system

(0= =13 OO
N N
70 = g )
2V(C) = %a(omo

These equations clearly emphasize the invariance of the quantity —R? =
a? + 32 4+ 2. Moreover, the eigenvector of M

B

v
«

with respect to the eigenvalue 0 is horizontal for ;.

Theorems 3.7 and I11.2.15 show that there exists a solution («, 3,7) to
the previous system, which is a meromorphic function on the universal
covering space of C ~ {0,—1}. This solution is unique once the initial
condition M° = B, — Ay fixed. The divisor © of poles a priori depends
on this initial condition.

3.21 Remark (A Hamiltonian system). The notion of integrability for
nonlinear differential systems, like those coming from physics, is not easy to
define*. A way to consider it consists in giving these systems a Hamiltonian
form and in looking for the maximal number of first integrals. For instance,
K. Okamoto found a Hamiltonian form for Painlevé equations (cf. [IKSY91]).
Let us see what happens to the system (2.5), written as (3.13).

* The introduction of [GR97] begins as follows: “It would seem fit for a paper
entitled ‘Integrability’ to start with the definition of this notion. Alas, this is not
possible. There exists a profusion of integrability definitions and where you have
two scientists you have (at least) three definitions of integrability.” N.Hitchin
[Hit99] adopts the repartee of Louis Armstrong as his own: “If you gotta ask,
you’'ll never know!”
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We still assume that Bo, —w/21d is skewsymmetric. In the basis €, the ma-
trix of the endomorphism Ry remains conjugate to the matrix diag(z1, . .., zq),
although that of R, remains constant. On the other hand, in the basis e, the
matrix of Ry is equal to diag(xy,...,xq), but that of Ry, + w/21d, that is,
— M, varies in the space of skewsymmetric matrices, being governed by the
differential system (3.13).

In [JMMS80]° the Hamiltonian structure of the system satisfied by M is
emphasized. This system can be interpreted as a Hamiltonian system on the
space Xg X O 0, where Q0 is the adjoint orbit of the skewsymmetric matrix
MP° = B — (w/2) Id equipped with its usual symplectic structure. Indeed we
set, for any (Z, M) € (X4~ O) x so(d,C)

2
M

Ty — Ty

Hy(@, M) ==
J#i

and we denote by X;(z, M) (i = 1,...,d) the corresponding Hamiltonian field
tangent to Opro. We can then write Equation (3.13) as (cf. [Hit97, Th.4.1])

oM
6xi

= X;(7, M). O

3.h Relation with Schlesinger equations by Fourier transform

The universal deformation that we have constructed in §3.b by using, among
others Theorem II1.2.10, can also be obtained from the universal deformation
constructed in §l.c for suitable initial conditions. We pass from one to the
other by a partial Fourier transform, as we have done (without parameters)
in §V.2.c. We will be more explicit concerning this correspondence.

We thus fix B§ = diag(x{,...,z3) with 2° € X; and By € Mg(C). We will
assume in the following (cf. Proposition V.2.10) that B + k1d is invertible
for any k € N, or, if one prefers, that B, has no negative integral eigenvalue.

The free C[r]-module E° of rank d equipped with the connection Ve having

matrix Y
(B 5o
T T

and the free C[t]-module E° of rank d equipped with the connection V° having

matrix
d

ol g (Boo — Id)D;
are Fourier transforms one from the other. Let us note that the matrix A; =

(Boo — Id)D; has rank one: its unique nonzero column is the i-th column of
B — Id.

5 Cf. also [Har94], [Dub96, Prop.3.7], [Hit97, Th.4.1] and generalizations in
[Boa99].
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Let (E,@) be the universal deformation of (I/E\I",@O) constructed in §3.b,
parametrized by the space X := X4\ ©. Therefore, E is a free Ox[r]-module
of rank d, equipped with the basis € in which the connection matrix V is

written as B(5 J oz
T T T

As in §V.2.c, let us denote by t the action of 72Vy_ and by 9; that of
771, the action of z; and 0,, being unchanged. Then E becomes, for the
same reason as in Proposition V.2.10, a Ox|[t]-module generated by e, that
we denote by E, equipped with a connection V.

3.22 Lemma. The Ox|t]-module E is free of rank d, having € as a basis.

Let us take this lemma for granted and let us continue to examine the
inverse partial Fourier transform. If we write the basis € as a column, we have

Dp,e ='CD(@)r e
=CO(@)(t1d =By (7)) " (*Bo — Id)e,

in other words, the connection matrix of V in the basis € is written as

2 = (Bao — 14)(t1d —By(7))~" (dt +3 9@ dxi).

It is not a priori evident that this matrix takes the form given in Theorem 1.2
(with ¢;(x) = x;). We will see that such is the case by utilizing the basis e,
obtained from the base change of matrix Py (cf. §§3.e and 3.f). One verifies in
the same way as above that the matrix 2/ of V in this basis is written as

Q' = ((Aso = 1d) + [A0, T)) (t1d = Ag) " d(t1d —Ao) + [T, dAo],

that is also

d

2= ((Aw —1d) + [A07TDD1‘M PR,
i=1 i
= Py QP + Py ldPy
with )
2= ;PO ((Ase —1d) + [AO’T])DZ,PFGT(;%ZZ-).

The matrix {2 thus takes the form given in Theorem 1.2. In this way, for
By fixed, the solution (By(Z),C(Z)) of Equations (2.5) with initial con-
dition B = z° at z° given by Theorem 3.7 enables one to get a solu-
tion (A1(Z),...,Aq(x)) of Schlesinger equations (1.4) with initial condition
(Boo —Id)Dy,...,(Bs —1d)Dy at z°.
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Proof (of Lemma 3.22). As € generates E over Ox|[t], we have a surjective
morphism @x[t]? — E. Let K be its kernel. As the module E is free over Ox [7],
it is also free over Ox, hence E is free over Ox. Let m;z be the maximal ideal
of Ox at . We deduce that K/mzK is the kernel of the induced morphism
C[t]* — E/mzE. We have seen in Proposition V.2.10 that it is an isomorphism.
We deduce that K/mzK = 0 for any 7 € X, hence K = 0 (indeed, a section
of K consists of d polynomials in ¢, the coefficients of which are holomorphic
functions on X which vanish at each point of X). O



VII

Saito structures and Frobenius structures
on a complex analytic manifold

Introduction

At the end of the seventies, K. Saito (cf. [Sai83a, Sai83b]) brought into promi-
nence, in a conjectural way, a mixed structure on the space of parameters of
the universal unfolding of any holomorphic function with an isolated critical
point. This conjecture stated that there should exist a flat “metric” on the
tangent bundle (hence an affine structure, see Remark 0.13.5) and a prod-
uct compatible with the “metric”, both structures being linked by relations
analogous to that considered in §§V1.2.17-2.18. Therefore, the presence of an
integrable deformation is central in such a structure, which we will call in the
following a Saito structure. The main tool in order to exhibit such a structure
is the infinitesimal period mapping.

This conjecture has been proved with all generality by M. Saito ([Sai89)]).

One should notice that the existence of an affine structure had yet ap-
peared in some articles, published one century earlier, on the periods of fam-
ilies of elliptic curves (cf. [FS82]).

More recently, B. Dubrovin (cf. [Dub96]) has shown that this structure pro-
vides solutions to some nonlinear differential equations introduced by physi-
cists, called “WDVV equations”!. Moreover, he also showed that this struc-
ture appears in other contexts (quantum cohomology for example, see also
[MMO97]), thus revealing relations between mathematical domains apparently
of a very different nature. An essential fact in this approach is the local exis-
tence of a potential satisfying the WDV'V equations, also called associativity
equations. This structure is also called by B.Dubrovin a Frobenius structure
if it is presented starting from the potential, which is then called the potential
of the Frobenius structure.

Since then, another way to produce such structures has been proposed by
S.Barannikov and M. Kontsevitch [BK98] (see also [Man99b, CZ99]), making

! These are the initials of Witten, Dijkgraft, Verlinde and Verlinde.
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the Frobenius structures play ([Bar99]) a prominent role in mirror symmetry
(see for instance [Vo0i99, BP02]).

In this chapter we will expound the former aspect of the question. After
having introduced the notion of an infinitesimal period mapping in the general
framework of Saito structures, we will show the existence of universal examples
of such structures, with an hypothesis of semisimplicity. We will treat some
examples and we will indicate the general framework for the construction of
the Frobenius structure associated to singularities of holomorphic functions
by K. Saito. We will only give some indications as to the other approaches,
which go far beyond the techniques developed in this book.

This chapter is partly inspired from the articles [Dub96, Hit97, Aud98a,
Aud98b, Sab98] and of the book [Man99al.

1 Saito structure on a manifold

Let M be a complex analytic manifold of dimension d and let T'M be its
tangent bundle. We will now work with the notions introduced in §0.13. In
order to emphasize the respective roles of the metric and of the associated
connection, we will begin with definitions which do not involve the metric.

1l.a Saito structure without a metric

1.1 Definition. A Saito structure on M (without a metric) consists of the
following data:

(1) a flat torsion free connection 7 on the tangent bundle TM,

(2) a symmetric Higgs field @ on the tangent bundle T'M,

(3) two global sections (vector fields) e and & of @, respectively called unit
field and FEuler field of the structure.

These data are subject to the following conditions:

(a) the meromorphic connection? V on the bundle 7*T'M on P! x M defined
by the formula

dr

T

@ (€

V:w*v+ﬂ —<Q+v(’3)
T T

is integrable (in other words, Relations VI.2.17 are satisfied by <7, &,

Ry = —P(€) and R, = VE);

2 Recall that @(¢) and 7€ are endomorphisms of the tangent bundle T'M, i.e., Onr-
linear endomorphisms of the sheaf ©j;. Here, we regard them in a natural way
as endomorphisms of the sheaf 7*@);. On the other hand, 7"/ is a connection
on this sheaf (cf. Example 0.11.10) and, similarly, 7*® is a Higgs field.
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(b) the field e is s7-horizontal (i.e., 7(e) = 0) and satisfies . = —1d (i.e.,
the product x associated to @ has e as a unit field).

We will now indicate some quite immediate consequences of this definition.
They will provide a better understanding of the simplest examples. We let the
reader give details.

1.2 Modification of the Euler field. We can obtain Saito structures
parametrized by A € C: the field € can be replaced with & + Xe. The en-
domorphism Ry is the multiplication® by €. It is changed into Ry + AId. The
endomorphism 1€ remains unchanged.

1.3 Relation between the Euler field and the unit field. It follows
from one of the relations VI.2.17 that the endomorphism R., = 7€ is /-
horizontal. Moreover, the unit field e satisfies \7.& = e, which is equivalent,
as v/ is torsion free, to Ze(e) = —e, if % denotes the Lie derivative relative
to €: indeed, the relation 7(Ry) = [P, V€] — @, applied to the pair of vectors
(e, e), gives on the one hand

Ve(Ro)(e) := Ve(Ro(e)) = Ro(Vee) = Vel(ex €) = ve(€)
and, on the other hand,
[Pe, VE|(e) — Pe(e) = [—1d, VE€](e) +exe=exe =e.

1.4 The Euler field in flat coordinates. Any covering (in particular
the universal covering) of a manifold having a Saito structure is naturally
equipped with such a structure.

Let us suppose then that M is 1-connected. Still because v/ is torsion free,

there exists on M (see Theorem 0.13.4) a flat coordinate system* ty,... tq,
i.e., such that v7(d;,) = 0 for any 7. One can choose it in such a way that
8t1 = €.

The matrix of the endomorphism 7(€) in the basis (9, ...,0:,) is con-
stant. Let us assume it semisimple. It is then possible (and often convenient for
computation) to choose these coordinates in such a way that the fields J;, are
eigenvectors of v7(€). We can thus write, in this basis, 7€ = diag(1, da, . .., 04)
with 6; € C and 6; = 1, as .€ = e. If we set € = >, a;(t1,...,tq)0,, the
equalities Vo, € = 0;0;, imply that a; = §;t; +r; with r; € C. Let us trans-
late the flat coordinates so that 7; = 0 if §; # 0. The Euler field can thus be

written as
¢ = Z 5jtj8tj + Z T'jatj.
J16;7#0 J16;=0

3 Although this is not important, we will take right multiplication, in order to follow
the analogy with the connection.
4 In the étale sense, cf. Remark 0.2.4.
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1.5 Covariant derivative and Lie derivative of the product. Due to
the symmetry of @ (Definition 1.1-(2)), the relation /(@) = 0 in 2%, ®g,,
Endg,, (@) amounts to the following relation, for any triple of vector fields:

Vem*0) —7n(Ex0) +Exynb —n*x /el — Len* 6 =0.

Indeed, we notice first that the left-hand term is linear in &, 1,0, so that it
is enough to check this equality in a local basis. As v/ is torsion free, we can
consider a system of flat local coordinates t1,...,ty. The relation then means
that the expression
vati (afj * 8tk)

is symmetric in 1, j, k. In order to check that this is equivalent to the equation
V(®) = 0, we write ® = 3. dt; ® CV). The relation 7(®) = 0 is equivalent
to the relations 9C) /ot; = 9CW) /ot; for all 4, j (see the system VI.2.17). By
definition we have

sy % Dy, = =P, (D) = — Céf}iatw
0

so that the symmetry of @ is equivalent to the fact that, for any /, lej,g is
symmetric in j, k. This implies that so is 60;7,2 /0t;. Due to the flatness of the
coordinates, we have
()
aCy,
ot;

Vati (atj *8tk) = — 8t£.

L

Therefore, taking into account the symmetry of @, the symmetry in ¢, j, k of
Vao., (O, * O,) is equivalent to the symmetry in i, j of 80%3 /0t; for all k, ¢,
in other words, to the relation 7@ = 0. O

The relation 7(Ry) — [@,V€¢] = — applied to a pair (£,7) of vectors
amounts to

Vem*€) = Tenx €+ Ex7p€ — ey € = £ %1

This can be checked by the same argument as above.
Modulo the relation /(@) = 0, this is equivalent to the relation

Le(§xn) — Lelxn —Ex Len=Exn.

If we regard the product x as a section of the bundle of symmetric homo-
morphisms of @y ® Oy in Oy, on which € acts by the Lie derivative, the
previous relation means that?

g@ (*) = *. 0
® The first relation of §1.5 also implies (cf. [Her02])
Lean(x) = Ex Ly(%) + Ze() % 1.
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1.6 Example (Saito structures in dimension two). We will exhibit the
Saito structures on the complex plane C2? equipped with the usual flat connec-
tion, for which the canonical coordinates (t1,t2) are flat. We assume that O,
is the unit field. We also assume that 7€ is semisimple with eigenvalues 1
and Jo and, according to §1.4, that the coordinates are translated in such a
way that the Euler field takes the form

¢ {10 + 0220, if dy # 0,
© 410, +720:, (ro €C) if 5 = 0.

The product * will be determined by the value of Jy, * Jy,. Let us then set
8152 * 8t2 = Oél(th tg)atl —+ a2(t1, t2)3t2 .
The relations that we did not use yet are

Vo, (6t2 * at2) = Vo, (8151 * 8152) = Vo, 8t2 =0

and

fg(@tz *8t2) — 23@(8@) *8,52 = 6t2 *8t2.

The first one shows that c; and as only depend on t5. The second one shows
that

o if 5y # 0 and if we set 62 = 1/(1 +m), we have a; = ¢1t3™ and ag = coth
(c1,co € C); therefore, such a structure exists on C? if and only if m € N
when ¢o # 0 and 2m € N when ¢y = 0; we then have

8t2 * 8t2 = t?(cﬁ?@tl + 023t2);

o if 55 = 0, we have a1 = c1€2®2/" and ay = 2e’?/™ (c1, ¢y € C); we then
have
8,52 * 8t2 = etz/T2 (Cletz/r2 6,51 + 028t2).

1.7 Embedding of the manifold L4 as a hypersurface. The Euler field &
defines a linear form on each fibre of the cotangent bundle, that is, a linear
homomorphism of TM to the trivial bundle M x C. Let us denote by A the
coordinate on the factor C. Let Lg be the submanifold of the cotangent bundle
T* M associated to @, as in §0.13.d. If for any x € M the endomorphism Ry
of T, M is regular (i.e., its minimal polynomial is equal to its characteristic
polynomial), the mapping Le — M x C, induced by the Euler field €, is a
closed immersion and its image is defined by the equation det(AId —Ry) = 0.

Indeed, it is a matter of seeing that the corresponding morphism
Op[N] — Op is onto. The multiplication endomorphism by € is equal
to Ry. It is thus regular; for any section £ of @, the multiplication by & com-
mutes with the multiplication by &, hence can be expressed as a polynomial
in Ry with coefficients in &);. As a consequence, { = £xe is a polynomial in €.
Lastly, the kernel of &)[\] — Oy is generated by the minimal polynomial
of Ry, which is its characteristic polynomial. O
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1.8 The manifold Lg is Lagrangian [Aud98a]. Let us suppose that M
is simply connected and Ry is regular semisimple at any point. In such a
situation, the algebra structure on 7, M is semisimple for any x € M. The
eigenvalues of Ry define d functions z1,...,xq on M. These functions form a
system of canonical coordinates® (cf. definition 0.13.10) on M and the mani-
fold Lg is nothing but the disjoint union of the graphs of the dx;.

Indeed, it is enough to check this locally. As in §VI.3.e, we construct (by
fixing a base point x° € M) a basis e of O, according to Theorem I11.2.10
and, in this basis, the matrix of Ry is diagonal at each point of M. The
expression VI.(3.12) shows that the matrix of ¢ in this basis is then equal to
—dRy; in other words, we have, for any i = 1,...,d, the equality

@(61) = —dxl- ® €,
that is, for all 4,7 =1,...,d,
eixej = Lo, (x;) - €.

As the product * is commutative, we deduce that %, (x;) = 0 for i # j. Ac-
cording to the existence of a unit field, we can see that, as in Remark 0.13.11,
the functions A\, = Z.,(x;) do not vanish. As the Jacobian determinant
det (fej (xl)) vanishing nowhere on M, the mapping (z1,...,24) : M — C¢
has everywhere maximal rank. Let us set €] = e;/\;; we thus have ejxe’. = d;;e;
and Z/ (x;) = 6;;. We deduce that e; = 0/0x; and that (z1,...,z4) defines
in the neighbourhood of any point of M a system of canonical coordinates.
The assertion on Lg follows from Exercise 0.13.12. O

We deduce a holomorphic mapping, everywhere of maximal rank, from M
to an open set of the manifold X4 of §VI.1.c.

Conversely, any holomorphic mapping everywhere of maximal rank
from M to an open set of Xy, for which x, e and € are as above, is obtained
by canonical coordinates, hence is unique up to a permutation of these.

Theorem 4.2 will make precise these results.

Therefore, in this situation, the manifold M possesses two types of coor-
dinate systems, one adapted to the connection, the other one to the product.

1.9 Example 1.6, continuation. In Example 1.6, when d2 # 0 and ¢ = 0,
c1 = 1, we must have 2m € N, and the matrix of Ry is equal to

tr Sty
62t2 3]
so that Ry is regular semisimple away from {to = 0}. The canonical coordi-
nates are the eigenvalues of Ry, that is,
Sty

r1 =11+ Tm To =11 —

1+
52t2 m

1+m

in any simply connected open set of {ta # 0}.

5 In the étale sense, cf. Remark 0.2.4.
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1.10 The discriminant. Let us assume that the endomorphism Ry (multi-
plication by €) is invertible for almost all points of M. As @, has no Oy-
torsion, being locally free, the endomorphism Ry is everywhere injective and
induces an isomorphism onto its image. The discriminant A of the Saito man-
ifold M is the hypersurface of M defined by the equation det Ry = 0. This
hypersurface, when it is not empty, plays an important role in the geometry
of the manifold. It possesses itself a very rich geometry”.

One can easily deduce from the Saito structure a remarkable property
of this hypersurface: it is a free divisor. Recall the definition introduced by
K. Saito [Sai80]: let D be a hypersurface of M; the subsheaf ©y;(log D) C Oy
of logarithmic vector fields along D consists of the vector fields which are
tangents to the smooth part of D; let U be an open set of M on which D is
defined by the vanishing of a holomorphic function without multiple factor h,
and let & be a vector field on U; then £ is logarithmic along D N U if and only
if the function .Z¢(h) vanishes on D or also, after the Nullstellensatz, if this
function is a multiple of h.

This definition clearly implies that @y (log D) is a sheaf of &);-modules
which coincides with ©); away from D. One can show that this subsheaf of
O\ is coherent. One can moreover show that the sheaf ©)(log D) satisfies
the following property: if X' is a closed analytic subset of M everywhere of
codimension > 2 and if j : M ~ X <— M denotes the inclusion, then

On(log D) = j.Opn(log D) ar s NOum C juOu s

Indeed, for any vector field £ on an open set U of M on which h = 0 is an
equation for D, if Z¢(h) vanishes on D \ X, then Z¢(h) also vanishes on D.

The hypersurface is a free divisor (in the sense of K. Saito) if the sheaf
O (log D) is locally free as a Opr-module (hence of rank dim M). One can
show (by duality) that this property is equivalent to the local freeness of the
sheaf of logarithmic 1-forms (cf. Remark 0.9.16-(3)).

Let us come back to the Saito manifold M and the hypersurface A. If Ry
is moreover regular semisimple on an open set dense of M which contains an
open set dense of A, the divisor A is free.

Indeed, it is enough to check that the sheaf @,/(log D) is equal to the
image sheaf of Ry : ©); — O as, by assumption on Ry, the latter is locally
free. The closed analytic set X' consisting of points of A where Ry is not
regular semisimple has codimension > 1 in A, hence > 2 in M. As image Ry
is locally free, we also have

image Ry = j. (image RO)U\/I\E N Oy,

which can be seen by expressing a local section of the right-hand term in
some basis of image Ry with holomorphic coefficients on the complementary
set of X', hence with a removable singularity along X.

" The reader will refer to [Tei77] for that question, in the case where M is the basis
of the universal unfolding of a singularity.
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It is thus enough to check the equality of both subsheaves in the neighbour-
hood of any point of the complementary set of this closed set. There exists
then, in the neighbourhood of such a point, canonical coordinates x1, ..., x4,
and A is defined as the union of the hypersurfaces z; = 0. In the canonical
basis, the matrix of Ry is diag(zx1, ..., zq) and, in the neighbourhood of z; = 0
for instance, we have o, ..., x4 # 0, hence the image of Ry is generated by
the vector fields ©10,,, 0x,, - - ., Ox,, i.€., the logarithmic fields. O

1.b Saito structure with a metric

Asin §0.13, we will call a metric on the tangent bundle @), any nondegenerate
symmetric Oy;-bilinear form.

1.11 Definition. A Saito structure with metric on the manifold M consists
of a Saito structure (v7,®,e, &) and of a metric g on the tangent bundle,
satisfying the following properties:

(1) 7(g9) = 0 (hence v/ is the Levi-Civita connection of g);
(2) ¢* = P, i.e., for any local section £ of Oy, ¢ = D¢, where * denotes
the adjoint with respect to g; in other words, we have g(&; x £2,&3) =

g(&1, &2 * &3) for all vector fields &7, &a, €33
(3) there exists a complex number D € C such that

V(€)* + (€)= DId.

One can notice that the torsion free connection 57 can be deduced from
the metric and the latter is therefore a flat metric. On the other hand, the
existence of a Euler field gives some homogeneity to the manifold M. In the
examples originally treated by K. Saito, the endomorphism 7€ is semisimple.

We will now consider some supplementary properties that one can deduce
from the existence of such a metric.

1.12 Homogeneity of the metric. As Ry = —®(€), we have R§ = Ry. On
the other hand, the skewsymmetry condition on 7€ is expressed as

9(Ve€,m) +9(&,vy€) =D -g(€n) YEn

that is, as /(g) = 0 and v/ is torsion free, as

ZLe(9)(&,m) = Le(9(&m) — 9(Le&,n) — 9(§, Len) = D -g(§,n) V.

One can write this equality as Ze¢(g) = D - g: the field & preserves the metric,
up to a multiplicative constant, by the Lie derivative; one says that it is
conformal (recall also, for good measure, the equality Lg(*x) = *, seen in
§1.5).

If we apply the first formula to £ = n = e, we get (D — 2)g(e,e) = 0, as
Ve€ = e (cf. §1.3).
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1.13 The counit. Let e* be the 1-form on M defined by e*(n) = g(e,n)
for any vector field . We say that e* is the counit of the Saito structure. It
follows from 1.11-(2) that, for all &, n, we have g(&,n) = e*(£ xn). Moreover,
the form e* is closed: indeed,

0.,6"(0.,) = Dugle,0.,) = gle, V. 0,) (a5 7(g) = 0 and e = 0)

= g(e, wzjazi) (as v is torsion free)

= 0,,7(0s,).
If M is simply connected (or if we replace M with its universal covering),
there exists a holomorphic function n such that e* = dn and this function

(denoted originally 7 by K. Saito) is unique up to the addition of a constant
(cf. Exercise 0.9.8). This function 7 is flat (cf. Remark 0.13.8).

1.14 Flat coordinates adapted to the metric and to the Euler field.
There exists on any simply connected open set U of M (or, better, on the

universal covering space of M) a flat coordinate system t1,...,t4 such that
the associated vector fields dy, , . .., 0;, form a g-orthonormal basis of T, M for
any x € U.

In general, one cannot obtain flat g-orthonormal coordinates such that the
0Oy, are eigenvectors of 7€ (as in §1.4), as for instance g(e,e) = 0 if D # 2.
Depending on the case, we will choose one of these properties.

If Vo, € = 0,0, and Vatjt’f = 0;04,;, we have (0; + 9;)9(04,,0:,) = D -
9(0t,;, 04, ), hence 0y, and 0y, are g-orthogonal as soon as §; + 0; # D.

When g(e,e) = 0 (if D # 2 for instance) and & is semisimple, there
exists a flat coordinate system t¢i,...,¢s such that e = 9,,, that 0;,,...,0:,
are eigenvectors of €& and that

1 ifitj=d+1,

0,0, ) =
9(%:, ) {0 it Al

Indeed, in any flat g-orthonormal coordinate system, the matrix of 7& —
D/21d is constant and skewsymmetric; hence, for any A, the multiplicity of
an eigenvalue A is equal to that of —\. Let ¢,...,t, be a flat coordinate sys-
tem such that the 9, are eigenvectors of /€. By the Gram-Schmidt process,
we can find a constant base change (and therefore another flat coordinate sys-
tem t1,...,tq) such that the required properties are satisfied, with possibly
only g(04,,0¢4,,_,) # 0. As Oy, # O4,, we can, still keeping J;, = e, obtain
9(0,,0¢y.,_,) = 1 by multiplying the 9, (i > 2) by constants, and modify the
coordinates accordingly.

1.15 Example 1.6, continuation. Let us consider the metric g such that
g(at178t1) = g(at278t2) =0 and g(at17at2) =1

In order that this metric is compatible to the product *, it is necessary and
sufficient that g(9,*0;,, 0y, ) = 0, that is, co = 0. We then have 7€+ (7 €)* =
(2 + 209) Id.
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1.16 A potential for the metric. If we have a system (x;) of canonical
coordinates (cf. definition 0.13.10) on some open set of M (in the situation of
§1.8 for instance), then we have g(0,,,0,,) = 0 if i # j: as a matter of fact,

9(0r;,0z;) = g(Op, * Or,,0z;) (canonicality)
9(0z;, 0z, % Or;) (compatibility of g and x)
9(0z,,0) =0 (canonicality).

If we set ¢;(x) = g(Oy,, Ox,), the metric can be written as g = >, ¢i(x)(dx;)%.
One can also check that the counit e* can be written as ), ¢;(x) dz;: indeed,
by definition, e* =}, g(e, 9z,) dz; and the assertion follows from e = . 0,
As e* is a closed holomorphic form (cf. §1.13), there exists on any simply
connected open set of M or on its universal covering (cf. Exercise 0.9.8) a
function ¢ such that ¢; = 9¢/dz; for any i = 1,...,d.

1.17 Exercise. Express the flatness condition for the metric g in terms of ¢.

1.18 A tensor with four legs. Let us set ¢(&1,&2,83) = g(&1 * &2,&3),
regarded as a section of the bundle (£21,)®3 and let /¢ be defined as a section
of the bundle (£2},)®* (see for instance [GHL87, Prop. 2.58]). It is clear that c
is symmetric in its arguments. We will prove that

Ve is symmetric in its four arguments.

Recall that syc can be computed, in any system of local coordinates
(21, .., 24), by the formula

0c(0.,,0-;,0-,)

(1.19) Dz = (Vaz( C)(821:78Zj’82k) + C(Vazz azq‘,vazg'vazk)
+ C(azi I Vaze azj' b azk) + C(azi I 8Zj I Vazl azk )
Let us then consider flat coordinates such that the fields 9y, ,...,0;, are

g-orthonormal. The matrix of @ can be written as ), C% dt;, where C is
the matrix C](Z,i Then

¢ symmetric <= C,S; = C;ijl) Vi, g k
oCc®  oC®)
Oty - ot;

o =9 = O\) =) Vijk.

VP =0 << Vil

Lastly, we have, in flat coordinates (t1,...,tq),
acy)
Vatg(c)(ati;atjvatk) =0y, (C(at,,ﬁtj,atk)) = Te’v

which is thus symmetric.
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1.20 Exercise. Write the tensor ¢ in canonical coordinates, assuming the
Saito structure is semisimple.

1.21 The homogeneity constant. In various situations (see for in-
stance §3), the number D can be naturally expressed as D = 2¢ + 2 — w,

where w is an integer and ¢ € C. It is then natural to set R., =

o R d
v(€) — (1 4+ ¢)Id. The connection V = v + — + (70 - Roo)l is
T

still integrable and the compatibility conditions 1.11Tare equivalent to giving
a Hermitian nondegenerate form G on 7#*T'M, which is compatible with the
connection V and has weight w (cf. §V1.2.b). On the other hand, the unit e
is an eigenvector of R.,, corresponding to the eigenvalue —¢, making the
meaning of this number ¢ more precise.

2 Frobenius structure on a manifold

We will now present the definition of a Frobenius structure on a complex
analytic manifold M, as given by B.Dubrovin [Dub96]. A priori, it does not
refer to the isomonodromic relations; it rather emphasizes the properties of
some tensors on the manifold.

2.a Frobenius structure

Let us then be given on T'M a symmetric nondegenerate bilinear form g, an
associative and commutative product « with unit e. This provides each tangent
space Tp,, M with the structure of a Frobenius algebra (in the sense given in
Exercise 0.13.13). It is equivalent to be given three tensors ¢ € I'(M, 23,),
g € I'(M,(25,)%?) and I'(M, (£2},)®3), the last two ones being symmetric,
satisfying the properties of Exercise 0.13.13.

This family of Frobenius algebras will be called a Frobenius structure on M
if it satisfies two supplementary conditions, namely an integrability condition
and an homogeneity condition. These conditions are expressed as follows:

(1) the metric g is flat and, if 5/ is the associated flat torsion free connection,
we have v7(e) = 0;
(2) the 4-tensor s7c¢ (see 1.18) is symmetric in its arguments;
(3) there exist a vector field & (Euler field) and a complex number D subject
to the following conditions:
(a) the endomorphism 7€ of @) is a s7-horizontal section of
EndﬁM (QM)v
(b) we have Ze(g(&,n)) —9(Le&,n) — g(&, ZLen) = D-g(&,n) for all fields
&, n; in other words, Le(g) = D - g;
(c) we have Ze(Exn) — Lel*n — Ex Len = Exn for all fields &, n; in
other words, .Le(x) = .
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2.1 Remarks.

(1) Given Condition (1), the horizontality (3.a) of the endomorphism 7€ is
consequence of Condition (3.b). It is however important to stress upon
this property. In order to check that (1) + (3.b) = (3.a), we will work
in a flat coordinate system ti,...,ts such that the fields 0, ,...,0;, are
g-orthonormal. Let us set € = >, ¢(t)0s,. Let us show (cf. Exercise
0.12.11(2)) that, assuming Condition (3.b), the section s, € remains
horizontal. As v/ is torsion free (Condition (1)), it is equivalent to proving
that Ze(0r,) = — D1 O (k)0 is horizontal, i.e., that the Jy, (pr) are
constant for all ¢, k. Condition (3.b) can be written, due to the assumptions
on the basis 0y, ,...,0,,

O, () + O, (pi) = —Ddj Vi, j=1,...,d,
that is, setting ¥; = ¢; + Dt; /2,
Oy, (V) + 0, (i) =0 Vi,j=1,...,d.
We deduce from these relations that the dy,(1);) are constant for all 4, j:
indeed,
04,0, (1) = =04, 0, (V) = =0, 0, (i) = 04,01, (¥r) on the one hand,
= 0,0, (1) = —04,0¢; (Y1) = —04; 01, (11) on the other hand.

Hence 0y, 0y, (v;) = 0 for any k. O
(2) We deduce from Condition (3.c), taking £ = n = e, that the unit e is an
eigenvector with eigenvalue 1 of 7 &, that is, Lge = —e.

(3) B.Dubrovin also imposes a semisimplicity condition for \7&. This condi-
tion is not essential for what follows.

(4) One can weaken the notion of Frobenius structure by imposing only Con-
ditions (1) and (2), that is, without introducing the homogeneity condition
provided by the existence of the Euler field. The associativity of the prod-
uct (i.e., the symmetry of @) and Condition (2) amount then to the van-
ishing of the curvature of the family of connections 57 + A® parametrized
by A € C (see [Dub96] or [Man99al).

2.2 Proposition (The Saito structures are the Frobenius structures).
On any manifold M, there is an equivalence between a Saito structure with
metric and a Frobenius structure.

Proof. That a Saito structure with metric gives rise to a Frobenius structure
is a consequence of the properties following Definitions 1.1 and 1.11.
Conversely, given a Frobenius structure, let us set @¢(n) = —& x 1. The
commutativity and the associativity of x give the symmetry of @ and AP = 0.
The entries C’J(l,i of @ in some s7-horizontal orthonormal basis are such that
8CJ(.2 /Oty is a symmetric expression in 4, j, k, . This implies that \7(®) = 0,
and hence Property (3.c) of € is equivalent to the relation 7(Rg) + @ =
[2, /€], as mentioned in §1.5. O
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2.b The potential of the Frobenius structure and the associativity
equations

Let us be given a Frobenius structure (possibly without a Euler field, as in
Remark 2.1-(4)) on a manifold M that we will suppose to be 1-connected.
Let us fix a flat coordinate system (t1,...,tq) on M. That the tensor w/(c)
is symmetric in its four arguments implies that there exists a holomorphic
function F': M — C such that we have, for all 4, j, k, the relation

PF

(23) ot;0t;0ty,

= c(@ti 5 atj s ('9“) = g(@tl * 8,5]. 5 atk).

We note first that, if such a function exists, it is well determined only up to the
addition of a polynomial of degree 2 in t1,...,t4. Let us prove the existence
of F. We will work in flat g-orthonormal coordinates for simplicity. In these
coordinates, we have c(0y,,0y,, 0, ) = Cj(l,:

A first consequence of the symmetry of \/(c) is that the 1-form ), C'j(z,)C dt;
is closed. For any pair (j, k), there exists thus (cf. Exercise 0.9.8) a function
F; 1. (defined up to a constant) such that dFj, =", Fj(f,z dt;. Still because of
symmetry, we have dFj = dF} ;, so that we can adjust the constants (the
manifold M being connected) to get moreover Fj, = F}, ; for all j, k. Still by
symmetry, we see that the form ), F} dt) is closed, and there exists thus
functions Fj such that 9F};/0t;, = Fj. The form ), Fj dt; remains closed,
whence the existence of F.

When 7€ is semisimple and g(e,e) = 0, we have, in the flat coordinates
of §1.14, g(0, x 04;,04,) = 1 if j +k = d + 1 and 0 otherwise, so that we can
write

d
1
(2.4) Flty,... ty) = Qtl(;titLHli) FGta,. .. ).

2.5 Example 1.6, continuation. Let us take up the situation of Example
1.15. The only third derivatives of F' which are possibly nonzero are, setting
{=2m €N,

PF 1 0*F

— = and ——= 2t2/r2)
O30ty ot3 )

= cltgz (or cre
We thus have, up to a polynomial of degree 2,
Lo 043 Lo I 2ty )ra
F(tl,tz) = §t1t2 + Cth or F(tl,tg) = itth + cie

for some suitable constant ¢].
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2.6 Homogeneity of the potential. Let us suppose that 7€ is semisim-
ple. We can then choose flat coordinates as in §1.4. We have in particular
Ze(0;) = —0;0;, for any j. We deduce from the conformality of € with re-
spect to the metric g (§1.12) that, for all 7, j, k, the function c(0;,,0y;, 0%, ) is
¢-homogeneous of degree D + 1 — §; — &; — Oy, that is, satisfies the equation

g@C(@n,atj,@tk) = (D +1-90; — (Sj — 6k)c(8ti,8tj,8tk).

We deduce that Zg(F) — (D + 1) - F is a polynomial of degree < 2.

In particular, if all the §; are > 0, this implies that I is a polynomial,
as the coefficient of " ---13? in F' is zero unless } . d;n; = D + 1 when
Z]» Uz 2 3.

2.7 Associativity equations. The associativity of the product imposes con-
straints on (the third derivatives of) the function F'. These are nonlinear par-
tial differential equations, known as “WDVV equations”.

Let us fix a flat coordinate system (¢1,...,%q), that we will assume to be g-
orthonormal for simplicity. We thus have { =" ¢(§,0,,)0;,, for any field &
and therefore

By, + Oy, —Zg Or, % Oty 0r,,) Zatat Bty O

The associativity (0, x Or,) * Oy, = O, * (04, * O3, ) amounts to the relations®:

OF
2.
(28) ;atiatjat ot atkatg Zatkat Oty Ot Ot 0t

for all 4,7, k,¢ € {1,...,d}, which can be expressed by the fact that

) o
— 0t;0t;0t,, Oty 0t,0t,
is symmetric in 1, j, k, £.

2.9 Exercise (Associativity equations in adapted flat coordinates).
Assume that g(e,e) = 0 and that 7€ is semisimple. Prove that, in a flat
coordinate system ti,...,tq as in §1.14, the associativity property can be
expressed as the symmetry in ¢, j, k, £ of

Z ' PF
— 0t;0tj0tm,  Otar1-mOtiOty

8 Exercise: write analogous relations in flat coordinates, which are not necessarily
orthonormal.
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3 Infinitesimal period mapping

We describe here a procedure to construct a Frobenius manifold from a family
of bundles on P!, equipped with a flat meromorphic connection. In order to
obtain the metric of the Frobenius manifold, it will be necessary to suppose
that this family possesses a nondegenerate Hermitian form. In order that the
construction is defined, it is necessary that the family of bundles has a prim-
itive section. The Frobenius structure is then obtained with the infinitesimal
period mapping provided by this primitive section. In this way, we follow word
for word the steps of K. Saito [Sai83a).

3.a Infinitesimal period mapping associated to a primitive section

Let us be given a bundle F' of rank d = dim M on a manifold M. We deduce
a bundle E = 7*F on P! x M. We assume that it comes equipped with
a flat meromorphic connection V having a pole of type 1 along {0} x M
and a logarithmic pole at infinity. It amounts to giving on F' the objects v/,
@, R, Ry satisfying the relations of §VI.2.c. In the following, we will set
Ey = F =ijE. Here, we have a fixed identification Ey = F.

Let w be a sy-horizontal section of &y. To this section is associated an
infinitesimal period mapping

Yw: TM — Ep,

which is the bundle morphism on M defined by

Pu(§) = —Pe(w)
for any vector field £ on M.

3.1 Definition (of a primitive or homogeneous section). A t/-hori-
zontal section w of & is said to be

e homogeneous if it is an eigenvector of R,
e primitive if o, is an isomorphism of bundles.

3.b Flat connection and product on the bundle T'M

If w is a primitive section, we can carry on T'M through ¢, the structures
which exist on Ey. They will be denoted with an exponent w on the left to
remind us of the dependence with respect to the primitive section. We thus
have a flat connection “s7 on T M defined by

“T(&) = 05" v (pu(9)).
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The form & also defines a product® = on the sections of TM by

Pu(§xn) = —De(pw(n)).

3.2 Proposition.

(1) The flat connection “y on T M s torsion free or, equivalently, the section
Yu of 23, ® &y satisfies Vp, =0 in 23, @ &.

(2) The product x is associative, commutative and admits e = p ' (w) as a
unit, which is a horizontal section with respect to the flat connection “~;.

Proof.

(1) Let us locally fix a s7-horizontal basis € of Ey = E, and local coordinates
Z1,...,2q of M. In such a basis, the section w has constant coefficients.
We also have, taking the notation of VI.(2.2), ¢, (0.,) = —CW(2) - w.
Then

V., (Pw(azj) = _aZi(C(j)(z)) )

as w is 7-horizontal. Moreover, 9., (CY)(z)) = 0,,(C¥(2)), after VL.(2.6).

Consequently, “7y. 0., = “Vy, 0., We deduce the vanishing of the tor-
i J

sion of “y7.

Lastly, we have by definition (cf. Exercise 0.12.1), when we regard ¢,, as

a section of 21, ® &,

Vew(§,n) = Velpw(n) — Vn(vw(€)) — pu(l€ nl)

and the horizontality of ¢, is equivalent to the vanishing of the torsion of
Y. g
(2) The product is given by
Pu(0z; % 0z) = =Po. (0 (02,))
—_cW pu(0s,)
=0 .00 .y,

and the first assertion comes from the relation [C, C]| = 0.
We have on the other hand

Pu (€ *e) = =Pe(pu(e))
- 7@5(“}) - @w(f)a

which gives the second point (the horizontality of e is equivalent to that
of w). O

9 Here also, we should attach an exponent w to the notation; in the examples of §4
we will see however that this product does not depend on the chosen primitive
section.
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3.3 Remark. If &) is equipped with a nondegenerate bilinear form ¢ such
that the relations of §VI.2.18 are satisfied, this form is carried by ¢, to a
bilinear form on T'M, that we denote by “g. Then “g is “s7-horizontal, as g is
V-horizontal and “57, being torsion free, is the Levi-Civita connection of the
bilinear form.

3.4 Exercise. The endomorphism R of & defines a section Sy, of 2}, 2&
by
“Seo(§) = Roo(pw(§))-

Prove that /(“Se) = 0 in 2%, ® &.

3.c The Euler field

3.5 Proposition.

(1) There exists a unique vector field “€, called the Euler field of the primitive
section w, such that the endomorphism & — & % “€ is the endomorphism
“Ro of TM.

(2) If w is homogeneous of degree —q (i.e., Roo(w) = —qw), we have

VY€ ="Ree + (1+¢)1d
and in particular Y7 (“s7 Y€) = 0.
Proof.
(1) If the field “€ exists, it must satisfy, as e is the unit of *,
Y€ = ex“€ = “Ro(e) = ¢ (Ro(w))

Let us therefore set €, = Ry(w) and “€ = @1 (€&,,). We have, by assump-
tion,

P (02, * “€) = —Py., (€s)

= —Sli)a% . Ro(w)
= —Roy - ®s, (w) after VI.(2.6)
= Ro(pw(9z,))-

(2) Let us compute in a s7-horizontal basis e:
Vo.,(€y) = 0z, (Bo(w))
= (9::(Bo)) ()
( Boo, O] — c<i>) (w)
(1 + @)9w(0z;) — Boo(0w(0:,))- 0
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We can summarize the results above:

3.6 Theorem (The infinitesimal period mapping produces a
Frobenius-Saito structure).

(1) Let M be a manifold equipped with a bundle Ey and of data <7, ¢, Ry,
R and g satisfying the relations of §§VI.2.17 and 2.18. If & admils
a primitive homogeneous section w, the infinitesimal period mapping ¢,
equips M with the structure of a Frobenius manifold for which the field
e = ¢, (w) is the unit field.

(2) Conversely, any Frobenius manifold is obtained in this way, taking as a
primitive section the unit field. O

3.7 Remark (Construction of a primitive section). In practice, the
primitive section is determined by its initial value at z°. As a matter of fact,
let w® € E§ be an eigenvector of Ry (acting on E§). There exists then, on
any simply connected open set of M containing z° (or on the universal cov-
ering space of M), a unique v/-horizontal section w of Fjy, the restriction of
which to ¢ is w®. If moreover ¢, induces an isomorphism 7,0 M — Eg, there
exists a hypersurface @0 in M, away from which ¢, is an isomorphism (its
equation is the determinant of ¢, in any local bases of TM and Ey). Then,
when restricted to M ~\ O, w is a primitive section.

3.d Adjunction of a variable in the infinitesimal period mapping

Let us be now given a bundle F’ on a manifold M’, with tk F/ = dim M’ + 1,
and let us assume that F’ is equipped with /', R._, ?', R, (and possibly ¢’),
satisfying the relations of §VI.2.c (and possibly of §VI1.2.18). We wish to equip
the manifold M = Al x M’, where Al is the affine line with coordinate 7, with
the structure of a Frobenius manifold, by identifying I with TMo}xar =
Co, ®TM'.

We will say, in such a situation, that a s7-horizontal section w’ of .Z’ is
primitive if the infinitesimal period mapping

Yo : TMgoyxarr — F

defined by 1)/ (&) = @u (§) = —P¢(w') if £ is a section of TM' and 1. (0;) =
w’, induces an isomorphism of bundles. We will denote in the same way the
lifted morphism v, : TM — p*F’, if p: M — M’ is the projection; in other
words, we extend v, by O);-linearity.

Let us consider on I := p*F” the data 7, R, @, Ry and g defined by

V=0V, R =p'Rl, g=p'g/, &=p"® —1ddr, Ry =p Ry +71d.

We see that «’ is primitive, with the meaning given above, if and only if
w:=1®w’ is a primitive section of F in the sense of Definition 3.1, and then

Y = Pu-
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The Frobenius structure defined on M = Al x M’ by a homogeneous
primitive section 1 ® w’ of F, using the method of §3.b, admits as unit e the
field 9.

3.8 Exercise (Adjunction of a variable to a Frobenius manifold). Let
M be a Frobenius manifold. Use the procedure above to equip Al x M with
the structure of a Frobenius manifold, for which the unit field is 9., if 7 is the
coordinate on Al.

3.e Justifying the terminology

We now explain the choice of the terminology “infinitesimal period mapping”
for the morphism ¢,, associated to a homogeneous primitive section w. The
explanation will be clearer for the morphism 1, of §3.d; this is not very
restrictive, according to Exercise 3.8. We thus take up the situation of §3.d
and we assume that R — kId is invertible for any k € N.

Let us set F = Opp/[7] ®g,,, F' (this is an algebraic variant of the bundle
p*F’ of §3.d). This bundle is equipped with the connection

_ & (R d
V:p*v—LJr(TOjLRm)TT}.

Let F be the inverse partial Fourier transform of F (cf. §V.2.c and §VI.3.h).
One can show, as in Lemma VI.3.22, that it is a free &) [t]-module of
rank dim M’ + 1 and that the connection V has regular singularities (one
will notice that the computation of the connection matrix done in §VI.3.h
does not use that By has pairwise distinct eigenvalues).

If £ is a vector field on M’ and if w is a local section of F = @, we have,
by definition, Vew = Vew.

Let us also consider the section 7w. For such a field &, we then have

Ve(rw) = 7V(w) = —P¢(w).
We also have by definition
Vo, (Tw) = 771w = w.

Therefore, after Fourier transform, the mapping ), is nothing but the map-
ping

Oy — F, n+—V,(tw).
The terminology that we use comes from the fact that, for the period mappings

considered in algebraic geometry, the associated tangent map can often be
expressed in this way.
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4 Examples

4.a Universal semisimple Frobenius-Saito structures

Let (29,...,29) be a point of X (cf. §VI.1.c) and let B, be a matrix such
that Boo — (w/2)Id is skewsymmetric. We will associate to these data and to
the choice of an eigenvector of B, a Frobenius structure on the complement
of a divisor in the universal covering X,.

Let thus w® be an eigenvector of B, with eigenvalue @ € C. We will
suppose that the coefficients w{ of w® are all nonzero. Let us then set Bf =
diag(z9,...,z9).

Proposition VI.3.8 and its complement of §VI.3.c provide us with a bun-
dle £ on Xy, a holomorphic flat connection 57 and a_s7-horizontal endo-
morphism R.,. On the complement of a divisor @ C X, we also have the
holomorphic objects @, Ry, g and we are now in the situation described in
§3.a.

As X is 1-connected, there exists a unique section w of &, horizontal with
respect to 7 and such that w(z°) = w?, if 7° is a fixed lift of 2° in X;. We
will restrict this section to )N(d \ 6.

Let us consider the basis e of éa‘)}d\@ introduced in §VI.3.e. As the basis e
is meromorphic, the entries w; of w on the basis e are meromorphic func-
tions on Xy with poles along ©. Let ©/,, be the union of the hypersurfaces
{w; =0} C X, and let us set O0 = O/, Uo.

We will more precisely associate to the data (B§, Bs,w®) a Frobenius
structure on )Z’d N O 0.

The definition of @, shows that the family w = (u1,...,uq) defined at =
by

ui:wi(%)ei (izl,...,d)

is a basis of & 5 . The homomorphism ¢, can then be expressed as

|Xd\8w0

o T(Xa~ Ouo) - E\)?d\@uo

Oz, — — Do, (W) = u;.
It is thus an isomorphism. It satisfies
vu(e) =w and @,(&) =¢&,,

if wesete=>,0,, and € =), x;0,,.

Therefore, we can apply the results of §3 to deduce a Frobenius structure
on Xg\ 6,0.

Moreover, the product % of vector fields is given by

@w(awi * 89:j) = _éami (@w(axj))’
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a formula that we extend by -linearity to all vector fields; one can check
that

Pw (8% * 8acj) = Pw (5ij89:1-)7
hence 0, x 0;; = 6;;0,,. We deduce:

4.1 Proposition. The product x, the unit e and the Euler field € do not
depend on the chosen eigenvector w® of B, (with the nonvanishing assumption
on all of its coefficients). a

We deduce from §1.8 and from the results above:

4.2 Theorem (Dubrovin [Dub96]). There is a one-to-one correspondence
between semisimple simply connected Frobenius manifolds (i.e., for which Ry
is reqular semisimple at any point) and the quadruples (BS, Boo,w®, U), where
B§ is a reqular semisimple matriz, B, satisfies Bl + Boo = wld with w € Z,
w? is an eigenvector of Booy, no component of which on the eigenbasis of Bg
vanishes, and U is a simply connected (étale) open set of )W(d N B0 O

4.b Frobenius-Saito structures of type Ay

This is the simplest example of a Saito or Frobenius structure associated
to a singularity. Here, the computations are simple enough so that we do
not have to use the infinitesimal period mapping, but we will take up this
example with the infinitesimal period mapping in §5.c. It is remarkable that
the flat coordinates can be expressed algebraically as functions of the natural
coordinates, in which the product « is easily expressed.

The universal unfolding of the singularity Ag. Let us denote by M the affine
space C? equipped with coordinates z = (zg,...,2q_1). If u is a new vari-
able, let us consider the subset (hypersurface) 52 of C x M having equation
f(u, z) = 0, with

Flu,z) =u™ + 2w+ zpu 2.

This polynomial describes the universal unfolding of the function u — u?*?,

also called “singularity A;”'°.
A singular point of the hypersurface 5 is a point (u°, 2°) of S where
the polynomial

8f d—1
f(u, z) == 5w 2) = (d+ Dut + 3 iz~
i=1

vanishes. The singular set .7 () is thus described by the two equations

f(u,z) =0
(4:3) { Fu,z) =0,

9 The curious reader can refer to [AGZVS8S].
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Its image A C M (discriminant set of f) by the projection p : C x M — M
which forgets the coordinate u is a hypersurface of M, the equation of which
is obtained by eliminating w from both equations (4.3): it is the resultant
polynomial of f and f’, also called discriminant'! of f. This set A is the set
of points z° € M such that f(u,z°) has at least one multiple root.

One can argue similarly for f’, which is a polynomial of degree d in wu,
with leading coefficient equal to d + 1. Let us notice that f’ only depends
on the coordinates 2’ = (z1,...,24_1). Let thus M’ be the affine space C?~!
equipped with these coordinates and let A’ be the discriminant of f’: this is
the bifurcation set of the polynomial f. On any simply connected (étale) open
set U' € M' ~ A/, there exist d holomorphic functions ay,...,ay such that
f'=(d+1)]];(v— ;). Let us note that ). o; = 0 and that, for all ¢, j such
that ¢ # j and any 2’ € U’, we have «;(2') # «;(2').

N a

A/

Fig. VIIL.1. The case d = 3.

Let us consider the projection 7 : M — M’ which forgets the coordinate 2.
Sylvester’s formula computing the discriminant shows that the equation of A
has degree d in z and that the coefficient of z¢ is a constant. Consequently,
the restriction of 7 to A is finite. Moreover, there exists a hypersurface D’ of
M’ such that, for z’ away from this hypersurface, the set 7=1(2’) N A consists
of d distinct points'?.

Let us consider now a simply connected (étale) open set U’ contained in
the complement of D’UA’ and let us consider the roots aq, ..., aq of f/ on U’.

' One can find an explicit expression of the discriminant, for d small, in [Tei77] or
[GKZ94, Chap. 12]. A computation with a computer, taking d = 6 or d = 7, could
leave the reader puzzled... but reading [GKZ94, Chap. 12, §2] should reassure the
reader.

12 D' is the discriminant of A with respect to the variable zg.
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We will assume that z’ stays in this open set. Then, a point («;(2'), 29, 2’)

is a (singular) point of JZ if and only if f(a;(2'),z20,2") = 0, that is, if and
only if

d—1
20 = —(ai(z')d"’l + Z chvi(zl)j>.
=1

In other words, the fibre 7=1(2’) N A consists of d points (assumed to be
distinct)

d—1
z(()l)(z’) == (ai(z’)dH + Z zjai(z/)j) (Z = 17 te ?d>

One can easily compute that, for j =1,...,d — 1,

az(()i) J dai / / / J
9z; 1 0z f(@i(2),2") = —aj.
Then the family of functions z;(z) = zo —z(()i) (2') (i =1,...,d) is a coordinate

system on 7w~ (U’), as the Jacobian (0z;/0z;) is nothing but the Vandermonde
determinant on oy, ..., aq.

By definition, we have z;(z) = f(a;(2’), 2z). In other words, for z° fixed
in U, x;(2°) is the critical value of the polynomial f(u,z°) associated to the
critical point «;(z°).

The manifold M is equipped with a free sheaf of rank d = dim M: it is
the sheaf of Jacobian algebras Opslu]/f'Orlu], a basis of which consists of
the classes modulo f’ of 1,u,...,u?"!. For 2° € M fixed, the fibre of this
sheaf is the quotient Clu]/ f’(u, z°)C[u]. As f" only depends on 2’, this bundle
is the pullback by 7 of the bundle &y [u]/f'Opr:[u]. Moreover, for z'° € U’,
the Jacobian algebra Clu]/f’(u, 2°)C[u] is semisimple: as a matter of fact, let
us consider the polynomials e;(u), with holomorphic coefficients in 2° € U’,
defined by

f'(w)

T e

they clearly satisfy the equalities e;(c;) = d;; and induce a basis of the bundle
Clu]/ f'(u, z°)Clu], as any polynomial r(u) can be written in a unique way as

r(w) =Y r(ei(2°))ei(u) mod f';
lastly, we have e; - e; = d;;¢; mod f’.

The product * on ©y; and the Euler field. The Kodaira-Spencer map

@Oy — Onlul/(f)
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is the O)js-linear morphism which associates to the vector field 0,, the class
of u* = df/9z; modulo f’ and, more generally, which associates to the field &
the class of Z(f) = &(f).

The product x on @), is obtained by carrying through ¢ the natural
product on Opr[ul/(f’): hence, by definition,

Exn = " (&(fIn(f) mod f)

and, for instance, 0., x 0., = o H(u mod f’). In particular, this product is
associative, commutative, with unit (e = 9.,). We have 0., x 0., = 0.,,, if
i+j < d—1. One can also check that 0., 0., only depends on i+ j and that
its coefficient on 0., is a polynomial in z.

The Euler field € is the pullback of the class of f by .

4.4 Exercise.

(1) Compute 0, x 9., for i+ j = d.
(2) Prove that € = E?:_Ol pizi0y,, with p; = (d+1—1)/(d+ 1).

Canonical coordinates. We will check that (z1,...,x4) form a system of
canonical coordinates on the open set U := 7~ 1(U’) considered above. In
order to do that, let us denote by & the vector field ¢ ~!(e;) on U; one can
check that 51 * gj = 51_]

To show that & = 0,,, it is enough to prove that

of
oz, (o) = bijs

which follows, on the one hand, from

0 ;0

— J
_ = (o'
i " g 3:1:,-

7

and, on the other hand, from df /z;(ay) = a,.
The metric. At the point z° € M, let us define the bilinear form ¢ by

(4.5) o(6m = 5 [ (f)(ua;:’()éz(j;)(u,z") .

where I,. is a circle, positively oriented, bounding a disc containing all
the roots of f’(u,z°). This expression only depends on &(f) and n(f)
modulo f/, in other words only depends on ¢(§) and ¢(n). If we regard
E(f)(u,z°) - n(f)(u,z°) du/f'(u,z°) as a meromorphic differential form
on P!, the residue theorem shows that

§(f)(u, 2°) - n(f)(u, 2°) ,
fru, z%)

(4.6) g(§;m) = —resu=co U,
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an expression where the dependence in z° only appears in the 1-form. Making
use of the coordinate v at infinity (v = 1/u), we get in particular
5 pid—2-i—j ;
,0..) = res,— .
9(0s,, z,y) v=0 (d+ 1)+ (d— 1)zg_102 + - - - + z10%)
Then, on the one hand, g(9.,,0.;) = 0if i+j < d—1 and, on the other hand,
fori+j>d—1, g(0s,,0.,) is the coefficient of v/ T1=¢ in the formal series

1 d—1 . _—1
1 (1+ g0 Yooy iz dH=0)
4.7 Lemma (Homogeneity). The Euler field satisfies
d+3
Z = d £ =——9.
e(x)=x and Ze(g) ==
Proof. Let us give the weight p; = (d+1—1i)/(d+1) to the variable z;. We will
say that a polynomial h(zo,...,zq—1) is quasi-homogeneous of degree § if all

its monomials have degree § when one computes the degree of the variables z;
with the weight p;; in other words, Ze(h) = dh. We thus have Le(z;) = pizi.
The polynomial f is homogeneous of degree 1 if one gives the variable u the
weight 1/(d+-1). The expression of g(0.,,d.,) mentioned above shows that it is
a quasi-homogeneous polynomial of degree (i+j+1—d)/(d+1). As Ze(0s,) =
—pi0y,;, we deduce that, for all 7, j, we have (setting D = (d +3)/(d + 1))

gﬁ(g(azwazj)) - g(gﬁazwazj) - g(azwgﬁazj) = Dg(821782j)'

The equality Ze(9., x 0.,) = (1 — p; — p;)0z, * 0., can be shown in the
same way, by induction on i + j, whence the first assertion. (|

4.8 Proposition (Flatness of the metric). The bilinear form g is nonde-
generate and flat.

Proof. In order to prove the proposition, we will exhibit a system of flat
coordinates, which was introduced in [SYS80, Th.2.5.3]. These coordinates
will appear as the coefficients of a Puiseux expansion of f when u — oo. Let us
then set h(v) = 1/f(1/v), that we regard as a section of the sheaf &), [v][v1]
of Laurent formal series (with poles) in v with holomorphic coefficients on M:

h(v,z) = v (14 2g-10® + -+ + ,201)‘”1)71 .

There exists a formal series w(v,z) = v(1 + az(z)v? + ---) such that
w(v, 2)¥" = h(v, 2) and (w, z) is another coordinate system on C x M in the
neighbourhood of v = 0. Let us write

v=v(w,z) =w (1+b(z)w*+-).
The function v = 1/v takes the form

w(w,z) =w! (1 - ﬁ [ta—1(z)w® + -+ to(z)wd“} 4. ) 7
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which defines d functions #y(z),...,t4—1(2). Recall that, by construction, we
have the relation

wi f(u(w, 2), z) = 1.

By expanding this relation and annihilating the coefficients of positive powers
of w, one finds"?

ta—1— 24-1 =0,
tg—o — 242 =0,

and, more generally, for i < d — 3,

ti — 2 = qi(tiza, - ta—1, Zigy2, - -5 Zd—1),

where ¢; is a polynomial with constant coefficients. These formulas define two
algebraic changes of coordinates inverse one to the other: ¢ — z and z — t.
We will check that £ is a flat coordinate system on M, with respect to the
bilinear form g on @j;. Let us notice first that, given the triangular form of
the coordinate change, we have

9 _9 _
8t0_8z0_

Let us set g(u, t) = f(u,z(t)). We thus also have ¢'(u,t) = f'(u, z(t)). We
wish to compute 9q/dt; mod ¢’. We will do this in the coordinate w (and
thus in the ring @ [w][w™1]). According to the relation

w . glu(w, t),t) =1,

we get
dq ou(w,t)
— t),t t),t) =0.
S (w0, 0).8) + 2T (. 1))
On the other hand, the expression of the series u(w,t) shows that
du(w, 1) 1 d—i d+1
= — 4 Z bl t .
ot d+1(w +w i (w ))

We can thus write, as d — i and d — 7 are > 1,

ot ot; (d+1)2

_ ((C(l+ 1)) . t)? <U2d—(i+j) i Sij(’l),t)vd+2) _

dq  0q _ ¢'(u(w,t)t)? <w2d—(i+j)+rij(w7t)wd+2)

13 The brave reader will do the computation.
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Let us now compute the residue defining ¢ in the variables (v,t). We find

dq/0t; - Dq /ot ;
9(D1,,0,) = res,—g M

Sla(wt).t) |

1 L
= res,=o = (vd‘z‘“m + Sij(Uat>) (1+---)dv
0 ifi+j#d-1
= 1
— ifi+j=d-1
ar1i "I
This expression also shows that the bilinear form ¢ is everywhere nondegen-
erate. |

The Frobenius-Saito structure (Dubrovin, [Dub96]). We will now show that
the flat metric g, the product * on @y and the fields e = 0,, = 0, and €
induce a Frobenius structure on the space M = C?. At this stage, we have
checked Properties (1), (3)(b) and (3)(c) of the definition of §2.a.

Let us begin with (3)(a). We notice that, in the coordinate change t; =
2i + Qi(2ix2, ..., 24—1), the polynomial @; is quasi-homogeneous of degree p;,
so that we have, for any 1,

Le(ti) = piti,

hence € = ", p;t;04,. Therefore, in the basis given by the flat coordinates,
v ¢ is the constant diagonal matrix having the numbers p; as diagonal entries,
which implies that /(7€) = 0.

Checking 2.a-(2) is done in a roundabout way. Indeed, a computation
analogous to that done for the metric shows that

12

C(at,i,atj s 8tk) = TreSy=0 m (Ud*i + Tﬂjd+1) (Udfj 4 ,r,j,Ud+1)
dv
d—k d+1
(0 ) o2
1 L . ,
= oS (,Ud—Z—(z+]+k) AL I L )

+ rkvd_l_(j'”)) “(1+---)dv.
When 1, j, k satisty ¢ + j,j + k, k + i < d — 1, this computation gives

1/(d+1) ifi+j+k=d-1
0 otherwise.

C(ﬁti ) atj ) 8tk) = {

On the other hand, when this condition is not fulfilled, this computation is
not sufficient to conclude.

The idea of B.Dubrovin consists in using the canonical coordinates
Z1,...,%q4. As a matter of fact, it is enough to show the symmetry of s7¢ on
a dense open set of M, so that we can assume the existence of a system of
canonical coordinates, according to what we have seen above.
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4.9 Lemma (Darboux-Egorov condition, after Dubrovin). Let us be
given (g,x,e,&) on Op. If there exists a system of canonical coordinates
(x1,...,2q) for the product x and if (g, e, &) satisfy Conditions (1) and
(3) of §2.a as well as the condition

(2") there locally exists a function ¢ such that the metric g satisfies

¢
g(awlaaxj) = 6ij87xia
then (g,*, e, €) defines a Frobenius structure on M.

This lemma applies to the unfolding of the singularity A4. Indeed, we have
©(0z,) = e;(u) and the expression (4.5) for the metric shows that

0 if i o
1) =)
We will check that the function ¢(x) = z4—1(x)/(d 4+ 1) satisfies the relation

o 1
(4.10) = T

Recall, on the one hand, that the coordinate change z — «x gives the relations

9(0s,,0s,) = {

0 & ;0
(411) 872:] = — g 8;171

(j=0,...,d—1).

On the other hand, the coordinate change z — t being triangular and the
fields 0;, being g-orthogonal, we deduce that, for any j =0,...,d — 1,

0 ifj£d—1

3z.,8z - a '78 =

Due to the g-orthogonality of the fields 9,, and of (4.11), we deduce

d j e -
(412) i :{o ifj£d—1

1/(d+1) ifj=d—1,
which shows (4.10). O

4.13 Exercise. Using (4.11), prove, for any ¢ = 1, ..., d, the equality of poly-
nomials
— 0z u—

=

—0 O G

d
k

and deduce a proof of (4.10) not using flat coordinates.
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Proof (of Lemma 4.9). The symmetry property (1.19) of 5/c¢ is shown by using

the canonical coordinates (z1,...,24). It easily follows from the two relations
1 0%

4.14 O, 0z,) = = ,

(4.14) 9(Vao., Ou;s Oz,) 3 92,07,

(4.15) 9(Vo,, 0z,,0:;) =0 ifi#j, j#kandi#k.

The first relation is a consequence of the horizontality of g with respect to v/
and of the vanishing of its torsion. For the second one, one moreover uses the
pairwise g-orthogonality of the fields 9, (cf. §1.16): we have

and, by iterating three times the cyclic permutation i — j — k — i, we get
(4.15). |

The potential F'. The homogeneity property seen in §2.6 shows that, as the
p; are positive, the function F' is a quasi-homogeneous polynomial of degree
D=(d+3)/(d+1).

4.16 Exercise (The potential of the singularities A; and Aj). Give
details for the previous computations in the case of As; and Aj singularities,
and prove that the potential F' is given by

1 1
Fa,(to,t1) = ﬁtﬁtl - Wt%’
1 1
Fa,(to,t1,t2) = 3 (tota + tot?) — % 22 + ﬂtg.

4.17 Remark. It is interesting to compare the Frobenius structure con-
structed as above to the universal Frobenius structure of §4.a. Given a point z°
in the open set U considered above, let us denote by x° its canonical coor-
dinates (assumed to be pairwise distinct) and by ¢° its flat coordinates. The
weight w (cf. §1.21) is here the number of variables u, that is, 1, and the corre-
sponding number ¢ (D = 2¢+2—w) is thus equal to 1/(d+1). The matrix of
B = (¢+1)Id — 7 € in the basis 0, is equal to diag((i+1)/(d+1)i=0,....a—1)
and an explicit formula for the coordinate change t — x would enable us to
express this matrix in the basis of d,,. The primitive section w is the unit field
820 - Ez 8911

Therefore, in this example, the Frobenius structure of Ay restricted to U
coincides with the structure constructed in §4.a if we choose as initial data
at z° the data above. One should notice that Theorem 4.2 would have only
given the existence of such a structure on an open set of the universal covering
space of U and only in an implicit form.

4.18 Exercise (Frobenius structure for the universal unfolding of the
Laurent polynomial u + 1/u). We consider the unfolding f(u, zo,21) =
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20+ z1u+ 1/u of the Laurent polynomial u+ 1/u of the variable u € C*. The
manifold M is here the open set z; # 0 in the complex plane with coordinates
20, 21. The sheaf of Jacobian algebras is @pr[u,u™']/(f’) and the Kodaira-
Spencer mapping ¢ sends 0., to the class of 1 and 9, to that of v modulo f’.
The metric g is defined by

gEm == > resea, (w(f)w(n) du)

AT SNY
il f (u,00)=0 f u

= —21 [resy=0 + resy=oo (90(5)90(77) du> .
o u

Prove the following results and deduce a Frobenius structure on the mani-
fold M (more precisely on the double covering on which /z7 is defined):

(1) The Euler field € is equal to z¢0,, + 2210,, and D = 2 (hence ¢ = 1/2 if
we choose w = 1). Compute the products 0., x 0., .
(2) The canonical coordinates are given by

Ty = 20 + 271, Ty =20 — 2\/z1
and the potential ¢ by ¢(x1,z2) = 2.
(3) The flat coordinates are given by

to = 2o, ty = 2y/z1
and (0,, 0¢,) is a g-orthonormal basis of ©);.
(4) The potential F' of the Frobenius structure is

1 1
F(to,t1) = gtf; + 5m%.

Lastly, identify this structure with the universal structure of §4.a with Bf =
diag(1,—1) and By, = 1d /2.

4.19 Exercise (Frobenius structure for the universal unfolding of the
Laurent polynomial u? + 1/u). Same exercise as the previous one, with
fu, 20,21, 22) = 20+ 210+ 22u® + 1/u and M = C3\ {25 = 0}. The Kodaira-
Spencer map is given by »(9,,) = u’ (i = 0,1,2). The metric is here defined
as being 2,/z3 y  residues.

(1) Prove that € = 20, + 2210;, + 3220, and D = 3/2 (hence ¢ = 1/4 if we
choose w = 1). Compute the products 0., x 9., .
(2) Determine the domain of existence of canonical coordinates.
(3) Show that the formulas
2
2] 21 1/4
to=20— -, 1= ——, ty=2V2
0= 20 825 1 N 2 V2 2
define (étale) flat coordinates M.
(4) Compute the potential F' of this structure.
(5) Identify this structure with the universal structure of §4.a with B§ =
3-272/3 . diag(1,7,5%) (4% = 1) and B, having eigenvalues 1/4, 1/2, 3/4.
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4.c Frobenius structures defined by their potential

It is a matter of exhibiting the “functions” F of dcomplex variables t1,...,t4
satisfying the WDVV equations (2.8). By construction, the coordinates ¢;
are the flat coordinates on the manifold; in other words, we wish to equip an
open set of C?, given its natural affine structure, with a structure of Frobenius
manifold. A way to produce such potentials consists in expressing the WDVV
relations as inductive relations on the coefficients of the Taylor expansion of F'.

4.20 Exercise (Polynomial Frobenius structures in dimension 3, af-
ter S. Natanzon). We are given §; = 1, 3,03 # 0 with 20, = d3+1 := D and
we look, in flat coordinates t1,ts,t3 as in §1.14, for homogeneous polynomial
potentials F' of degree D + 1 (up to a polynomial of degree 2) with respect to
the Euler field € = 10y, + 02t20;, + J3t30,,, satisfying the WDVV equations
of Exercise 2.9. We write, as in (2.4),

1
F(ty,to,t3) = §t1(t1t3 +2) 4+ G(ta, t3).

(1) Prove that the only WDVV constraint not trivially satisfied is

3

> OF PF 3 PF OPF
L= Otadtadty, Ota—pnOtzdts = Ot20t30t,,  Ota—mOta0ty’

which can also be written as (G223)2 = G333 + G222G233, if we put Gijk =
3G/ 0t;0t;0ty,.

(2) Express the homogeneity and polynomiality constraint on G.

(3) Deduce three types of solutions G, hence F' (among which is the potential
F4, of the singularity As).

The polynomial solutions are nevertheless quite rare. Once one has solved
these inductive equations, one is left with the problem, difficult in general,
of determining the domain of convergence of the Taylor series thus obtained.
This is why one introduces the notion of formal Frobenius manifold, defined
by a potential F' which is a formal series in t1,...,t;. The coefficients of the
series, solutions of the inductive equations deduced from WDVV, are then the
important objects. Here is an example:

4.21 Proposition (Potential of quantum cohomology of the projec-
tive plane). There exists a unique sequence Ny of integers (d > 1, Ny =1)
such that the formal series

t3d 1
t27t3 ZNd 3d t2

is a solution of the equation (Gaa3)? = G333+ GoaaGazz. The formal potential
F(t1,ta,t3) = G(ta,t3) + t1(tits + t3)/2 is homogeneous of degree D +1 =1
with respect to the Euler field € = t10;, — t30y, + 304,
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Proof (Indication). One shows that G satisfies the WDVV equation above if
and only if the sequence Ny satisfies the inductive equations, for d > 2,

3d—4 3d—4
_ 2 _
No= Y NeNk f[€<3k_2> k(gk_lﬂ. O

k4-4=d

The remarkable fact, due to M. Kontsevitch, is that the coefficients Ny
possess a nice interpretation in enumerative geometry: the number Ny is that
of rational curves in P? passing by 3d — 1 points in a general position. That
is how the Frobenius structures arises in quantum cohomology'*.

5 Frobenius-Saito structure associated to a singularity of
function

Universal unfoldings are the source of an important family of examples
of Frobenius-Saito structures. We have already analyzed with details the
Frobenius-Saito structure produced by the singularity A, (cf. §4.b). We will
indicate how K. Saito has generalized such a construction to a large family of
functions (cf. [Sai83b, Oda87]). We will take up the unfolding of the singular-
ity Agq with this method in §5.c. The general case cannot be completely treated
within the framework of this book, but we will indicate the main concepts,
which will serve as a guide in §5.c.

5.a General sketch

One can distinguish between a local and a global setting.

e In the local setting, we start with a germ f, : (C**1,0) — (C,0) of holo-
morphic function which has an isolated critical point at 0, that is, for
some sufficiently small representative of this germ, the partial derivatives
0fo/0u; do not vanish simultaneously away from the origin.

e In the global setting, we start with a regular function f, on a nonsingular
affine variety U of dimension n+1 (cf. §0.10, for instance, f, is a polynomial

in the variables wg,...,u, or a Laurent polynomial in these variables)
which has only isolated critical points and which “has no critical point at
infinity!'°”.

There are a few steps to construct such a Frobenius-Saito structure. Let
us sketch them.

14 Regarding this we refer to the articles and book mentioned in the introduction
of this chapter. One should also note that S. Barannikov and M. Kontsevitch re-
cently have introduced a new construction of formal Frobenius structures, giv-
ing a way to the mirror symmetry phenomenon in terms of such structures
(cf. [BK98, Bar99, Man99b]).

!5 There exists a precise definition for this notion; see for instance [Sab06].
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One associates to the function f, a meromorphic bundle with connection
(G°, V) of rank d on the complex plane C (variable 7 of the §V.2.c), called
the Gauss-Manin system of f,. One show that it has a singularity at 7 = 0
and 7 = oo only, the latter being regular. It comes moreover equipped with
a natural lattice E°, called the Brieskorn lattice'® and which is the Fourier
transform of the system of Picard-Fuchs equations classically associated
to f, (variable t of §V.2.c). The lattice E° is equipped with a nondegen-
erate Hermitian form of weight w = n 4+ 1 (number of variables of the
function f,), related to the Poincaré duality on the nonsingular fibres of
the function f,.

This construction has its origin in the search for an asymptotic expansion,
when 7 tends to 0, for integrals like

I(T):/e*fa(“)/Tw,
r

where w is a holomorphic differential form of degree maximum and I is
a cycle of dimension dimU (for instance, if U = C"*1, ' = R"*!). This
aspect is widely explained in the book [AGZV88]. We will not insist on it
here.

When there exist coordinates (in the étale sense) wo, ..., u;, on the mani-
fold U (such is the case in the local setting, of course, and sometimes in
the global setting, for instance if U = C"*! or U = (C*)"*1), one can
consider the Jacobian quotient of the ring of functions on U by the ideal
of partial derivatives of f,. In various situations, one can identify in a
natural way this Jacobian quotient with the quotient space E°/7E® and
choose functions 1, A1(w),...,Agq—1(uw) on U which induce, through this
identification, a basis of the space E° / rE° (for instance, one can choose
the eigenvectors of the residue at infinity considered above; when f, is the
polynomial u — u?*!, one recovers the family 1,u,...,u?"1).

One can then consider, on the product U x C? or on its germ at the origin,
the function

d—1
flu,z) = folu) + ) zidi(u),
=0

that we will call “universal unfolding of f,”. The parameter space M will
be a neighbourhood of the origin in C¢ (coordinates z). By assumption the
Kodaira-Spencer mapping ¢ : Oy — Oy /(0f /Ou) is an isomorphism
of locally free &'j/-modules in the neighbourhood of 0 € M. The natural
product on the sheaf Oy /(0f /Oug,...,0f /Ouy,) of Jacobian algebras
is carried as a product x on @,;. One can show that this product admits
a system of canonical coordinates on some dense open set of M. The class
of f in the Jacobian quotient defines, via ¢, the Euler field €.

6 The original construction by Brieskorn can be found in [Bri70].
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(4) In order to construct the flat torsion free connection and the metric on M,
one uses an infinitesimal period mapping. One first shows that the con-
struction of the Gauss-Manin system G and of the Brieskorn lattice E can
be done in a family, as well as that of the nondegenerate Hermitian form.
Hodge theory provides a filtration of G°, which is opposite to the filtra-
tion induced by E° and compatible with the Hermitian form, in such a
way that, by the criterion of M. Saito of §IV.5.b, one gets a solution to
Birkhoff’s problem for E°, a solution also equipped with a nondegenerate
Hermitian form. One moreover shows that the residue at infinity of the
connection on the (trivial) bundle on P! so constructed is semisimple. Its
eigenvalues are nonpositive rational numbers'”: they form the spectrum
of the singularity'® (local setting) or the spectrum at infinity of the func-
tion f, (global setting). The corresponding characteristic polynomial is
the characteristic polynomial at infinity of the Brieskorn lattice, in the
sense of §II1.2.b.

According to Theorem VI.2.1 and to Proposition VI.2.7 one can extend
such a solution to Birkhoff’s problem for E? in a solution to Birkhoff’s
problem for E. The bundle F = E/7E on M comes therefore equipped
with data (v, @, Ry, R) as in §VIL3.a.

It remains then to exhibit a primitive section in order to obtain a
Frobenius-Saito structure on M with the associated infinitesimal period
mapping, as in §VIL.3. In the local setting, the existence of such a primi-
tive section has been proved by M. Saito [Sai91]. In the global setting, the
existence of such a primitive section is not known in general, but in var-
ious families of examples (cf. [Sab98, Sab06]). The reader will find more
details in [Her02] and [DS03, DS04, Dou05].

As the reader will notice, the construction of such a structure involves
most of the objects and techniques introduced in the previous chapters. It
also requires other techniques of analysis and geometry, Hodge theory for
instance.

Moreover, it is not in general possible to give an explicit description of this
structure as for the singularity Ay4. Let us mention however that some other
singularities also give rise to explicit computations.

5.b The de Rham complex twisted by e ™' f

We will indicate a general procedure to construct the Gauss-Manin system of
a function. Let then U be a nonsingular affine variety (cf. §0.10) and let f be a
regular function on U, depending on holomorphic parameters in some analytic
manifold X. In other words, f is a section of the sheaf Ox[U] := Ox @c O(U).

17 These numbers are even negative in the local setting or if U = C**!.
'8 For a germ of holomorphic function, the spectrum of a critical point has been
introduced by A.N. Varchenko [Var82].
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Let us denote similarly by 2% [U] = 0x @c 2%(U) the sheaf of algebraic k-
forms on U having holomorphic coefficients with respect to X. The relative
differential d : 2% [U] — Q%T[U] is thus Ox-linear.
For simplicity, we will set below & = Ox [U] and 2% = Q% [U].

The twisted de Rham complex, variable 7'. Let 7/ be a new variable (the
notation is supposed to correspond to that of Chapter V). On the space
k7] = C[r'] @c 2% of polynomials in 7/ with coefficients in 2, the rel-
ative differential d defined by

d( Z wiT’i) = Z(dwi)T'i

K3
can be twisted by e~™'f: one notices indeed that the operator
dy = el doe

keeps the polynomial behaviour in 7/, as we have dy = d — 7/ df A, in other

words,
df(ZwiT'i) = Z(du% - df AN wi,l)T/i.

Moreover, we have df o d¢ = 0, as the same holds for d. We have thus defined
a new complex, the de Rham complex of U twisted by e Tt

dy

d d
(5.1) 0— o] —Ls Q'] L o S onr ) o,

The differential d; commutes with the action of O'x [1], as it only differentiates

with respect to the variables of U, so that each cohomology sheaf M® is a
Ox[7']-module.

On the other hand, each sheaf £2¥[7'] (that we can regard as a meromorphic
bundle of infinite rank on the complex line with variable 77) is equipped with
the connection V obtained by twisting the natural connection (differentiation
with respect to 7/ only) by e~ /. We thus have

=~ Ow
(5.2) Vo, w= 577
This connection makes 2%[7'] a module!® over the Weyl algebra C[7'](9,).
Moreover, it commutes with the differential dy, as the differentiation with
respect to 7’ commutes with the differentiation d (with respect to the variables
of U). It induces thus a structure of the same kind on each cohomology sheaf
M®) of the complex (5.1).

Lastly, each sheaf 2% of relative differential forms is equipped with an
integrable connection with respect to the variables of X: this is the differ-
entiation dx : 2F — 0% ®e, 2F. It can be trivially extended to Q2F[r']

19 Which does not have finite type in general!
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as a partial integrable connection, still denoted by dx. One can, in the
same way, twist the latter by e~ to obtain a partial integrable connec-
tion dx f = eT,dee_T,f =dx — 7'dx fA. As d and dx commute, so do d;
and dx r. Therefore, each M®) is equipped with a partial integrable connec-
tion. Finally, as dx ¢ is linear with respect to 7/, this partial connection can
be extended as an integrable connection V on the @y [r']-module M(*).

Inverse Fourier transform. We can apply a partial Fourier transform to each
sheaf 2%[7'] or to the cohomology sheaves M®): when we regard the sheaf
M® as module (not necessarily of finite type) over Ox|[t], where ¢ is the
action of 7637,, we denote it by M) It is then equipped with an integrable
connection V such that, for any local section [w], we have

Vo, lw] = 7'[w] and Vo, [w] = Vs, [w].
In particular, if w € 2% has degree 0 in 7/, the formula (5.2) shows that
tlw] = [fuw].

5.3 Definition. The Gauss-Manin systems associated to the function f
are the Ox[t]-modules with integrable connection M(*). The corresponding
Brieskorn lattice E*) is the image of 2% in M®*). Tt is a @' [t]-module.

5.c Frobenius-Saito structure of type A4, second version

We take up the case of a family of polynomials of one variable u € C whose
coefficients are parametrized by the points x of a complex analytic manifold X.
Let us then set

d
fluz) = a3 ai(@),
1=0

where the a; are holomorphic functions of x. We recognize an unfolding (that
we do not yet assume universal) of the singularity A, considered in §4.b. The
function f defines a mapping

(CXXL(CXX

(u,2) — (t,z) = (f(u,x),x)
which is proper with finite fibres (having cardinal d + 1).

Trace of functions and of 1-forms. Any function h(u,x) € I'(W, Oxu]) on
an open set W of X has a trace relative to f, which is a polynomial in ¢
with coefficients in @x (W) (the reader should check this): it is defined by the
formula )

tr(h)(t,z) = T > h(u,x),

(u,x)—(t,x)
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where the roots are taken with multiplicity. Let us denote by Ox [u]<4 the sheaf

—_—

of polynomials of degree < d in u with coefficients in &x and by Ox [u] <q that
of polynomials of the same kind which, moreover, have trace zero. The trace
gives a Ox-linear decomposition

—~—

Ox[u] = Ox[t] ® Ox[u] ylt] == Ox[] & O,

by identifying ¢ and ¢ o f: f. Therefore, 0 is the subsheaf of functions hav-
ing trace zero. We deduce a Ox-linear decomposition of the sheaf of relative
differential 1-forms:

—_~—

2! = Ox[u] du = Ox[t]dt & Ox[u] ,[t] dt © Ox[u]<a—1 du
= Ox[t]dt ® Ox dt ® Ox[u]<a1 du
= Ox[t]dt ® 2,

by identifying dt and df. The projection on the summand Ox|t]dt is, by
definition, the trace operator for the relative differential 1-forms. Therefore,
2" is the subsheaf of 1-forms having trace zero.

5.4 Exercise.

(1) Identify the term Ox[u]<q—1 du to the sheaf dOx [u]gd, as well as to the
Jacobian quotient 2%/ Ox[u] df ~ Ox[u]/(f'), if f' denotes the derivative
of f with respect to u.

(2) Show that the trace operator for relative 1-forms satisfies, for any h €
Ox (W)[u], the following properties, if d denotes the differential relative
to u only:

tr(dh) = d(tr h)
tr(h - df) = tr(h) - dt.
(3) Prove that, if g has degree < d — 1, then, for any k& > 0, the quotient of
the division of f¥g by f’ has trace zero (multiply all the terms by du).

5.5 Example. When there is no parameter, hence f(u) = u?*!, the 1-forms
having trace zero are the forms g(u) du, where g is a polynomial for which the
coefficient of u*(@+1)=1 is zero for any k € N.

5.6 Exercise. Prove that
(1) 2 is a free Ox|[t]-module of rank d;
(2) the relative differential is diagonal with respect to the decompositions

Oxlu) = 0 ® Ox[t] and Oxu]du= Q' ® Ox|t]dt

and d : 0 — Q' is bijective (this is the reason for introducing objects
having trace zero);
(3) the quotient 21/ - dt is a locally free &x-module of rank d.
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The Gauss-Manin system and the Brieskorn lattice. Let us introduce as in
§5.b a new variable /. The Gauss-Manin system is the quotient

M := .Ql['r’}/dfﬁx[u,T']
= Oxlt, '] dt / (d — ' dtN) Ox[t, 7] ® O[] / (d — ' dtA) 6]

= Oxt, 7] dt / (d— 7' dtn)Oxt, 7] ® M,

where we have set 0[r'] = C[r'] ®¢ €, and similarly for 22! and 2'. The de-
nominator is a Ox[r']-module, but not (in a natural way) a &x|[t, 7']-module,
as the relative differential d is not linear with respect to multiplication by ¢.
Therefore, M is a Ox[r']-module. The partial connection Vp, equips this sheaf
with the structure of a Ox [t](9;)-module. Lastly, this module is equipped with
an integrable connection V' with respect to the variables z;. That V' com-
mutes with the action of C[t](0;) means that the connection V is integrable.

We summarize the essential properties in the following exercise.

5.7 Exercise. Prove that

(1) the term Ox[t,7'] dt/(d— 7' dt\)Ox|[t, '] can be identified with the (rank
one) trivial bundle Ox[t] equipped with its natural connection;

(2) the action of 9; on M is bijective (use the bijectivity of d shown in the
previous exercise);

(3) the natural mapping £2' — M (taking the class of a degree 0 element of
Q[ is Ox|[t]-linear, injective and its image, denoted by E, is stable by
0; 7 it is in particular a free Ox[t]-module of rank d;

(4) f'(t)0; preserves E;

(5) with respect to the structure of & [r]-module on E for which 7 acts as
O ! (set 7 = 71 as in §V.2.c), there is a decomposition 2' = 7- 2! &
Ox [u]<a—1 du; denote by E the Ox-module E with this structure of &y [r]-
module;

(6) E is isomorphic to the free @x [r]-module (of rank d) &'x [u]<g—1[7] (write
any 1-form of the kind ht* dt, with h € g):/[u]gd, as Tw, where w has
degree < k — 1 in ¢);

(7) the quotient E/7E is the free @x-module (of rank d) /& - dt.

In order to know the action of the connection @, it is enough to define
it on the sections of the €x-module Ox[u]<4—1 du. Let thus hdu be such a
form. Then, by definition,

72Vo hdu = fhdu

and we express the latter term as a function of 7: we write fh = qf' +7r with ¢
of degree < d and r of degree < d — 1; thus fhdu = 7¢' du + r du holds in E,
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as qdf = 7¢ du in E. In the same way, we have TV(’) Jhdu = T¢; du + r; du,
where r; is the remaining term in the division of h - 9 f/0xz; by f'. Let us
consider then the following O'x-linear operators on Ox[ul<g—1:

Ro(z): h(u,z) — r(u, x) Reo(x): h(u,2) — —¢'(u, )
®;(x): h(u,z) — ri(u, ) V;(z): h(u,z) — ¢ (u, ).

The connection V can be written as
d D;
(5.8) (RO(I) _ Roo(x)> Ty (@(m) + (x)) da:.
T T f T

We see in particular that, for any value z° of the parameter, the restriction
of the connection to E° = E/m,.[E takes Birkhoff’s normal form. The connec-
tion V, however, does not take the form VL.(2.2) in any basis of &x [u]<d—1,
as the endomorphism R,, may not have a constant matrix.

Theorem VI.2.1 nevertheless says that, if X is 1-connected, then for any
z° € X and any basis of the vector space Clu]<q—1du, there exists, on the
complement of a hypersurface ©,0 of X, a basis of E which extends the given
basis and in which the matrix of V takes Birkhoft’s normal form. According
to it, we can construct a flat connection 7 on Ey := E/7E. In the present
situation, we can directly obtain the base change P: the integrability property
of V implies indeed that the matrix 1-form ¥ = ZZ Y, dr; on X fulfills the
condition

AV +U ANV =0;

it follows that the Pfaff system dP(z) = —P(z)¥ has, in the neighbourhood
of x°, a unique solution P(z) € GL4(Ox) such that P(z°) = Id; after the
base change of matrix P(x), the connection takes Birkhoff’s normal form. In
particular, the matrices @;(z°) above are also that which come in Birkhoff’s
normal form.

5.9 Example 5.5, continuation. In the basis u‘du (¢ =0,...,d — 1), the
matrix B of Ro(x°) is zero and the matrix Bs, of —Roo(2°) is the diagonal
matrix with (¢ +1)/(d+ 1) as diagonal entries, with £ = 0,...,d — 1. We
recover the matrix Boo = (1 + ¢)Id— <7 € (with ¢ = 1/(d + 1)) of Remark
VIL.4.17.

5.10 Exercise. Prove that, for the unfolding f(u,z) = u?t! + z4_jud=! +

-+ zo considered in §4.b, the form du satisfies the following property: for
any z°, the class w® of du in E° is an eigenvector of R, and the mapping
9., — ®%_(w°) induces an isomorphism T,.C? — Eg. Deduce, by means of
Remark 3 77 and of the construction of Birkhoff’s normal form above, that
in the neighbourhood of any point z° there exists a homogeneous primitive
section whose restriction to z° is equal to the class of du and thus, after §3,
a Frobenius-Saito structure on this neighbourhood.
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Aut<¥, 110
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e (s), 129, 130
XE(s), 136

Der 0z, 26
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d (differential), 20, 21
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\/, 47

“x7, 237
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¢ (Euler field), 43
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e (unit field), 42
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& (Higgs field), 35
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R, 206 Tf, 20

res, 22 T*f, 20

RV, 32 yv, 39

“res”, 24 O (divisor), 78
Res V, 93 QM, 19

o (section of C — C/Z), 93 Vv, 9V, 95
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affine

algebraic set, 25

manifold, 25

structure, 40, 223
algebra

Frobenius —, 44

Jacobian —, 245

Weyl —, 168
algebraic set

affine — 25
algebraization, 95, 99
analytic

extension, 35, 52, 112

function, 2
analytization, 26

bifurcation set, 244
Birkhoff, see Birkhoff’s normal form,
Birkhoff’s problem, Birkhoff-Gro-
thendieck theorem
Bolibrukh, see Bolibrukh-Kostov
theorem
bundle
algebraic —, 71, 75
associated to a divisor, 65
canonical Op1 (1) —, 64
cotangent —, 19
determinant —, 78
Higgs —, 35
meromorphic —, 18, 73
rational — 75
semistable —, 72, 153
tangent —, 19, 37
tautological Op1(—1) —, 63

vector —, 5

category, 57
Cauchy, see Cauchy-Riemann equations,
Cauchy-Kowalevski theorem
characteristic polynomial
of a lattice, 130, 136, 188
of a logarithmic lattice, 129
of the monodromy, 102

chart, 3
étale —, 4, 39
linear —, 5

Chern class, 16, 62
coboundary, 10, 15
cochain, 10
cocycle, 6, 10
codimension, 3
cohomology
Cech —, 14
nonabelian —, 10
quantum —, 223, 254
condition
cocycle —, 6
Darboux-Egorov —, 250
Frobenius —, 38
Fuchs —, 101, 175
connection
flat —, 32, 45, 224, 237
holomorphic —, 27
integrable —, 32, 45
Levi-Civita —, 41
meromorphic —, 44, 45
relative —, 54
torsion free —, 39, 224
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coordinates
canonical —, 42, 228, 246
flat —, 39, 225, 231, 236, 248
covering, 3
criterion
irregularity —, 100
M. Saito’s —, 162
microdifferential —, 188
critical value, 245
curvature, 32

decomposition
formal —, 104, 142, 186
formal and good —, 105
sectorial —, 109
with respect to eigenvalues, 106
defect
of a bundle, 75
of a lattice, 153
deformation
complete integrable —, 199
integrable —, 53, 192, 200, 223
isomonodromic —, 53
universal integrable —, 199, 208
degree
of a bundle, 72
of an operator, 168

Deligne, see Deligne-Malgrange functor,

Deligne lattice
derivation, 19, 27

derivative
covariant —, 27, 226
Lie —, 37, 226

differential form
holomorphic —, 19
logarithmic —, 22
on P!, 67
dimension, 3, 26
Krull -, 26
discriminant, 229, 244
divisor, 65
nontriviality —, 78
free —, 229
duality, 126, 131, 137, 172, 179
Dubrovin, see Dubrovin’s theorem

Ehresmann, see Ehresmann’s theorem
elementary model

irregular —, 103

regular —, 87

equations
associativity —, 223, 235, 236
Cauchy-Riemann —, 1
Painlevé — 191, 198
Picard-Fuchs —, 255
Schlesinger —, 193, 195, 219
structure —, 32
WDVV —, 223

equivalence of categories, 58

étale cover, 49

Euler field, 239, 246

exponent, 131

family
isomonodromic —, 55
of holomorphic bundles, 76
fibre, 6
field
Euler —, 224, 239, 246
Higgs —, 35, 200
unit —, 42, 224, 225
filtration, 122, 124, 136
good —, 170
Harder-Narasimhan —, 72
Zariskian —, 185
flat
connection, 32, 45, 224
coordinates, 39, 225, 231, 236, 248
function, 41
metric, 247
relative connection, 55
flatness
faithful — 26
of a module over a ring, 26
foliation, 38, 195
form
bilinear —, 127, 138
Hermitian —, 204

sesquilinear —, 129, 138, 161, 179, 204

Fourier transform, 176, 219, 255
Frobenius, see Frobenius algebra,
Frobenius condition, Frobenius
structure, Frobenius theorem,
Frobenius manifold
Fuchs (L.), see Fuchs condition
full subcategory, 50, 51
function
analytic —, 2
flat —, 41



holomorphic —, 1, 3, 26
meromorphic —, 17
regular —, 25
functor, 58
Deligne-Malgrange —, 122, 126, 128
essentially surjective —, 58
fully faithful —, 58
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fundamental group, 51, 83

good filtration, 170

good model, 104, 111

goodness, 104

Grothendieck, see Birkhoff-Grothen-
dieck theorem

Harder-Narasimhan polygon, 77
Higgs field, 35, 200
symmetric —, 41, 224
Hilbert, see Riemann-Hilbert cor-
respondence, Riemann-Hilbert
problem
Hodge theory, 256
holomorphic
connection, 27
differential form, 19
differential operator, 168
foliation, 38
function, 1, 3, 26
section, 33
vector field, 19
holonomic module, 169
homogeneity
of a Frobenius structure, 233
of a section, 237
of the potential, 236
horizontal section, 33
hyperelliptic curve, 27
hypersurface, 3

infinitesimal period mapping, 237
integrability

of a connection, 32, 45

of a deformation, 53

of a foliation, 38

of a Frobenius structure, 233

of a Higgs field, 35

of a relative connection, 55
irreducible

algebraic set, 25
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bundle with connection, 152, 158
isomonodromic

deformation, 53

family, 53, 55

Kostov, see Bolibrukh-Kostov theorem
Kowalevski, see Cauchy-Kowalevski
theorem

lattice, 18, 86, 133, 171, 179
Brieskorn —, 255, 258
Deligne —, 93, 97, 135
logarithmic —, 45, 93, 125, 147
of arbitrarily large order, 101
of order < r, 45
quasitrivial —, 152

Laurent expansion, 62, 67
matrix —, 70

leaf, 38

Leibniz rule, 19, 27

lemma
holomorphic Poincaré — 21
isotopy —, 54
Malgrange’s —, 134
Poincaré —, 61

Leray, see Leray’s theorem

Levelt, see Levelt normal form

Lie bracket, 37

localization (of a module), 171

long exact sequence, 15

Malgrange, see Deligne-Malgrange
functor, Malgrange’s lemma,
Malgrange-Sibuya theorem

manifold

affine —, 25

complex analytic —, 3

Frobenius —, 43

Lagrangian —, 43, 228

nonsingular affine —, 27

Stokes —, 114
mapping

infinitesimal period —, 237, 240

Kodaira-Spencer —, 245, 255
matrix

of a connection, 28

regular — 203

Stokes —, 110, 114
meromorphic

bundle, 18
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function, 17
metric, 40, 203, 213, 230
flat —, 247
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moderate growth, 88
monodromy
representation, 45

natural transformation, 58
normal crossing, 24
normal form

Birkhoft’s —, 159

Levelt —, 92

open
elementary — set, 25
covering, 2

operator
formal microdifferential —, 183
holomorphic differential —, 168
intertwinning —, 51

order
of a lattice, 45, 101
of a meromorphic form, 23

Painlevé, see Painlevé equations,
Painlevé’s property

Painlevé’s property, 80, 193, 198

Plemelj, see Plemelj’s theorem

Poincaré, see (holomorphic) Poincaré
lemma, Poincaré rank

Poincaré rank, 45

potential
of a Frobenius structure, 223, 235,
251
of the metric, 232
problem

Birkhoff’s —, 159-161, 182, 200, 208
partial Riemann’s —, 84, 182
Riemann’s —, 84
Riemann-Hilbert —, 146, 147, 155,
182, 192
product
defined by a Higgs field, 41
interior —, 27, 37
on the tangent bundle, 41, 237
tensor —, 138
pullback
of a holomorphic bundle with
connection, 30

of a meromorphic bundle with
connection, 46

of a sheaf of &-modules, 9

of a vector bundle, 6

refinement, 11
regular
function, 25
matrix, 203
singularity, 45
representation
linear —, 50
monodromy —, 45, 52, 101
residue
of a logarithmic connection, 47
of a logarithmic form, 22
of a meromorphic connection, 149
of a meromorphic form, 24, 149
“residue”
of a meromorphic connection, 48,
139, 200
of a meromorphic form, 24
resolution
Dolbeault —, 61
restriction
of a bundle meromorphic with con-
nection, 46
of a holomorphic bundle with
connection, 30
“restriction” of a logarithmic connec-
tion, 47
Riemann, see Riemann-Hilbert cor-
respondence, Cauchy-Riemann
equations, Riemann’s problem,
partial Riemann’s problem,
Riemann-Hilbert problem,
Riemann sphere, Riemann surface
Riemann sphere, 17, 61
Riemann surface, 4, 77, 83
Riemann-Hilbert correspondence, 84,
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rigidity, 80, 132

Saito (K.), see Saito structure
Saito (M.), see M. Saito’s criterion
Schlesinger, see Schlesinger equations
section

holomorphic —, 33

homogeneous —, 237

horizontal —, 33, 101, 114
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locally free —, 7
of derivations, 26
of holomorphic differential forms, 19
of logarithmic differential forms, 22
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Stokes —, 110
structure —, 4
Sibuya, see Malgrange-Sibuya theorem
singularity
apparent —, 152
irregular —, 100, 102, 133
regular —, 45, 86, 100, 175
slope of a bundle, 72
spectrum of a critical point, 256
Stokes, see Stokes direction, Stokes
sheaf, Stokes matrix, Stokes
structure, Stokes manifold
Stokes direction, 114
structure
formal Frobenius —, 254
affine —, 40, 223
Frobenius —, 223, 233, 234, 240, 242,
243, 249, 258
Saito —, 223, 224, 230, 234, 240, 242,
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Stokes —, 110
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complex analytic —, 3
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subset
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symbol, 168
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theorem
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Malgrange-Sibuya —, 117
Plemelj’s —, 152
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theory
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of a module, 169
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transposition, 168
Turrittin, see formal and good
decomposition
type of a bundle, 70, 74

unit field, 42, 224, 225
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